Introduction to univalent functions
Spring 2015
Exercise 1, week 4

1. What is the image of D under the map f(2) = z—12* = $(1—(1—2)*)?
Is f univalent in D7

Hint: Cardioid.

2. What kind of set is the image of I) under the conformal map

()7 -1

(“)+1

N
b=

fz) =

There is no need to write the image set f(ID) explicitly, just understand
what f does. What happens if you replace % by another number?

3. Show that the class S of normalized univalent functions in D is not a
vector space neither a convex set.

4. Let f : D — D C C be a conformal map such that f(0) = 0 and
f'(0) € R. Let f(2) = > o yanz" be the Maclaurin series of f in D.
Show that:

(a) The domain D is symmetric with respect to the real axis if and
only if a,, € R for all n € NU {0}.
(b) The following are equivalent:
(i) f is odd;
(i1) D satisfies the implication w € D = —w € D for all w € D;
(iii) ag, = 0 for all n € NU {0}.
(c) For each k € N\ {1} the following are equivalent:

(i) f is antisymmetric of order k, that is, f(£z) = £ f(z) for each
k:th root € of 1 and for all z € D

(ii) D has "the symmetry of order k£”, that is, w € D = {w € D
for each k:th root £ of 1 and for all w € D;

(iii) f is of the form f(z) = Y o0 ) akn412* ™ in D.
5. Give the details of the proof of Theorem 1.3.

6. Let F : C\D — C, F(z) = z+ by + /2, where bp € C and X € T.
Show that F' € ¥. What can you say about the set C\ {F(C\D)}?

7. Is there an analogue of Corollary 2.4 for the class S? If so, can you
deduce Theorem 3.1 by using this result?
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Introduction to univalent functions
Spring 2015
Exercise 2, week 5

[y

Supply the details of the last part of Corollary 2.4.
Show the “if and only if”-part of Corollary 3.3.

For a € (0,2], the function

fa(z)=%<(ii-z>a_l>, z€D,

is called the generalized Kobe function. Show that f, € S and describe
the image of D under f,.

Show that Ngegf(D) = D(0, §).

Let F' € 3. Show that

|2[*

!
! b
PR < et

z€ C\D.

Let f € S such that [f(z)] < M € (1,00) and f(2) = z+a2® +--- for
all z € D. Show that |ag| < 2(1 — M™1).

Give an example of f € H(D) with f(0) =0 and f'(0) = 1 such that f
satisfies the estimates of the Growth theorem but is not univalent in .
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