Introduction to univalent functions
Spring 2015
Exercise 8

1. Show that [a3 — as| < 3(1 — |as?) for f € C.

2. Show that

4
< <
o S <

for all f € C. Equality occurs only for functions 2(1 — £2)7!, where

] = 1.

e
3. Let k denote the Kobe function. Show that log 2 belengsto-C.
g~ gsto-€.
e (_/-11-[] } Vel

4. Let k denote the Kébe function. Show that log k'(z) belongs-to-S*.
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5. Use the Herglotz formula to show that each f € S* has a unique rep-

resentation )
4 ko(z
f(z) = zexp (/ log —“’Z(—) dﬂ(w)) ,
0

where 4 is a unit measure and k,(z) = 2(1 — €"#2)~? is a rotation of
Ké&be. Observe further that this formula represents a starlike function
for any choice of the unit measure p.

If extra tasks needed, one can take a look at the exercises 12-14 on p. 71
in Duren’s book.
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Introduction to univalent functions
Spring 2015
Exercise 9 (June)

1. Let f € H(D) such that f(0) = 0 and f’(0) = 1. Show that f € S* if
and only if
[f9yec
o ¢

2. Show that each f € S* can be written in the form f(z) = z¢'(2) for
some g € . Show also that each f € C' can be written in the form

/z&dg, z €D,
o ¢

for some g € S*.

3. Complete the proof of Kaplan’s theorem by using normal family argu-
ments. See Duren for a hint if needed.

4. Duren p. 72 19.
5. Duren p. 72 20.
6. Duren p. 72 21.

7. Let ¢ be a convex and nondecreasing function on the real line. Show
that for each f € S,

Lo Coerrgiy) 0= [ (s ega)

for 0 < r < 1 and p > 0. Conclude that My(r,1/f) < My(r,1/k) for
O0<r<land 0<p< oo






72 2. Elementary Theory of Univalent Functions

17. Given the result of Baernstein [1] that M,(r, f) < (1 — r?)~! for all
f €8, deduce that |a,| < (e/2)nforn = 2,3,.... Caveat: This depends upon

the inequality
2 ni2
(1+—) <n+1e, n=12,....
n n+2

18. Prove the Bieberbach conjecture for close-to-convex functions. In other
words, show that |a,| < n for f € K, with equality only for rotations of the
Koebe function. (Reade [17.)

C( et o be a real number with 0 < || < 7/2. Show that the function

_f(Z) = 2(1 — z)_ze"'cusa

is a-spirallike but not close-to-convex. (Hint: Show that the condition (11) of
Theorem 2.18 is violated.)

5_ @Suppose 0 < o < n/2. Show that the function f(z) = z(1l — z)77*" is
o-spirallike il 0 < p < 2 cos «, but is not spirallike if p > 2 cos .

6 @Show that il cos ¢ # 0, the function
@) = (z — 22 cos p)(1 — €¥7)7?

maps D onto the complement of a nonradial half-line. Verify that f'is close-to-
convex but not spirallike.

22, Let f(z) = z + a,z* + - - - be a function in S,

(a) Prove that |a,| < nfor all nif Re{,/f(z)/z} > Lin D.
(b) Prove that |a,| < 1 for all n il f is odd and Re{f(z)/z} > {in D.

(Dvotak [1])

23. For each convex function f € C, show that

2z('(z)  z+{

O T A ey ey z # C,
Fz, 0) = j(z)zf,,go e

142 1=t

NEoR ‘

has positive real part for all points (z, ) € D2. (Hint: A domain is convex ifand
only if it is starlike with respect to each of its points.) Deduce that each f € C
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