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Riemann mappings of invariant components of Kleinian groups

Hiroshige Shiga

ABSTRACT

In this paper, we shall investigate complex analytic properties of Riemann mappings of simply
connected invariant components of Kleinian groups. In particular, we consider the growth of the
derivatives of Riemann mappings to understand Kleinian groups that are quasi-Fuchsian groups,
regular b-groups and Kleinian groups with bounded geometry.

1. Introduction and results

Let G be a finitely generated Kleinian group, namely G is a finitely generated discrete subgroup
of PSL(2,C). Then, G acts properly discontinuously on the hyperbolic 3-space H? and we have
a hyperbolic 3-manifold (or orbifold) Ng = H?/G.

Every g € PSL(2,C) is regarded as a Mdbius transformation on OH? = C. Hence, G acts on
the Riemann sphere C. The region of discontinuity (¢ of G is the maximal open subset of
C where the action of G is properly discontinuous. Throughout this paper, we assume that
Qg # 0. In general, Q¢ is an open set with fractal boundary Ag, the limit set of G.

In some cases, properties of (g, G and Ng may have deep interaction. For example, if Q¢
is a union of two topological disks U; and Us, both of which are invariant under the action of
G, then G is a quasi-Fuchsian group and Ng U (Qg/G) is homeomorphic to [0, 1] x S, where
S = U, /G. Conversely, if Ng U (Qg/G) is homeomorphic to [0,1] x S, then Q¢ is a union of
two quasi-disks (cf. [10]). In this paper, we consider such interactions between them from the
view of geometric function theory.

We state our main results here. We explain the terminology of the results in Section 2. We
begin with the following result by McMullen [12].

PrOPOSITION 1.1. Let G be a finitely generated non-elementary Kleinian group with an
invariant component y; then the following conditions are equivalent.

(1) The invariant component €} is a John domain.

(2) The Kleinian group G is geometrically finite and every parabolic element stabilizes a
round disk in €.
Furthermore, if Q) is simply connected, then Qg is a John domain if and only if it is a quasi-disk.
Hence, G is a quasi-Fuchsian group.

At first, we note that the above result is improved as follows.

THEOREM 1.1. Let G be a finitely generated non-elementary Kleinian group with an
invariant component ). Then, the following conditions are equivalent:

(1) Qo is a Holder domain;

(2) Qo is a John domain;
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(3) G is geometrically finite and every parabolic element stabilizes a round disk in .
Furthermore, if Qq is simply connected, then g is a Holder domain if and only if it is a
quasi-disk. Hence, G is a quasi-Fuchsian group.

REMARK 1.1. Every John domain is a Holder domain, but the converse is not true in
general.

Next, we assume that  is simply connected but the Kleinian group G is not quasi-Fuchsian.
The Riemann mapping theorem guarantees us the existence of a conformal mapping ¢ of the
unit disk D onto 4. Then, we get a result on the growth of the derivative of the conformal
mapping ¢ when G is geometrically finite, namely a regular b-group.

THEOREM 1.2. Let G be a regular b-group having the simply connected invariant
component Qg with 9y C C and let ¢ be a conformal mapping from the unit disk D onto .
Then there exists a constant A > 0, depending only on ¢, such that

A
(1 —=[z[)[og (1 —[2])[?

¢'(2)] < (1.1)

holds for any z near 0D.

REMARK 1.2. (1) As for a conformal mapping ¢ from D onto a quasi-disk, a much stronger
estimate than (1.1),

. A
' (2)] < e

holds for any z € D, where A > 0 and 0 < k < 1 are constants independent of z (cf. [17]). We
also note a weaker inequality,

, A
lo'(2)] < A=

which is obtained by the Koebe distortion theorem; this is an estimate for arbitrary conformal
mappings on the unit disk. Moreover, it is a sharp estimate because the Koebe function k(z) =
2(1 — 2)72 attains the equality. Thus, the above theorem implies that the estimate (1.1) is
worse than that of a quasi-disk but much better than a general one.

(2) Gehring and Pommerenke [9] showed that if ||S,|| <2, then ¢ satisfies the same
inequality as that of Theorem 1.2, where S, is the Shwarzian derivative of ¢ and

18|l = sup (1 —[2])?|Se(2)]-
zeD

In Theorem 1.2, the conformal mapping ¢ : D — €y represents a boundary point of the
Teichmiiller space of a Riemann surface of finite type, with |S,|| > 2. Hence, Theorem 1.2
says that our conformal mapping ¢ still has the same growth of the derivative as that of
Gehring-Pommerenke’s theorem when ||.S,|| > 2.

COROLLARY 1.1. Let G be a regular b-group with the simply connected invariant
component €)y. Then the limit set of G is locally connected. Furthermore, the conformal
mapping ¢ has a continuous extension to 0D, which is denoted by the same letter ¢, and
if A¢ C C, then an inequality
<4
~ |log (61 — 62))

holds for any 01,0, € [0, 27|, where A > 0 is a constant independent of 6, and 0.

[p(e™™) — p(e))] (1.2)
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REMARK 1.3. (1) Abikoff [1] shows that the limit set of G is locally connected if G is a
regular b-group. However, his proof is different from ours. Also, he does not give any estimate
for a Riemann mapping.

(2) Anderson and Maskit [2] give a condition of the local connectivity of the limit sets in
terms of a structure subgroup of the Kleinian group. McMullen [13] shows that the limit set
of a once punctured torus group is locally connected.

The exponent 2 of |log (1 — |z|)| in (1.1) is crucial. Actually, we may show the following.

THEOREM 1.3. Let G be a finitely generated Kleinian group having a simply connected
invariant component g with 0Qg C C and let ¢ be a conformal mapping of the unit disk D
onto €. Suppose that /G has no punctures. Then, the following conditions are equivalent.

(1) There exist constants o > 0, A > 0 and a point (s € Qg such that, for any z € ¢~ *(G(p) \

o1 (00),

A
"(2)] < 1.3
OIS T o 1 D )
holds.
(2) The Kleinian group G is a quasi-Fuchsian group.
(3) There exist constants A > 0 and 0 < k < 1 such that
A
! < —— 1.4

holds for any z near 0D.

REMARK 1.4. This theorem implies that a much weaker estimate (1.3) gives a stronger one
(1.4) if the domain is invariant under the action of G.

Finally, we shall consider the regularity of ¢ when G is a Kleinian group with bounded
geometry.

THEOREM 1.4. Let G be a finitely generated Kleinian group having a simply connected
invariant component g with 0Qg C C and let ¢ be a conformal mapping of the unit disk D
onto €. Suppose that G has bounded geometry. Then, there exist constants A > 0 and a > 0
such that

A

[log (1 — [2[)|

' (2)] < e (1.5)

holds for any z near 0D.

Acknowledgement. The author thanks the anonymous referee of an earlier version of this
paper for giving him an idea of the proof of Theorem 1.1 that is much simpler than the
original one.

2. Notation and terminology

2.1. John and Hoélder domains

DEFINITION 2.1 (cf. [16]). A domain D in C is called a John domain if there is a point
xg € D and a constant ¢ > 0 such that, for any = € D, there exists a path p: [0,1] — D from
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ro to x such that
d(p(t),0D) > cd(p(t), z) (2.1)
for all ¢ € [0,1], where d(-, ) stands for the spherical distance.

DEFINITION 2.2. A domain D in C is called a Holder domain if there exist a point zg € D
and constants ¢y, co > 0 such that
5D (3?0)
dp(z)
for any x € D, where 6p(x) = d(x,0D) and kp (-, -) is the quasi-hyperbolic distance on D, that
is, we have

kp(xo,z) < c1log + ca, (2.2)

ds(x)
kD T1,T2 Zian' s
( ) v Jy 0p(x)
where the infimum is taken over all curves « joining x; and xo in D, and ds is the spherical
metric.

REMARK 2.1. It is easily seen that a John domain is a Holder domain; however, the converse
is not true [18].

REMARK 2.2. In the definition of Holder domains, usually the Euclidean distance is used
instead of the spherical distance. Becker and Pommerenke [4] show that if such a Holder domain
is simply connected, then it is characterized by the Holder continuity of the Riemann mapping.
Also, Smith and Stegenga [19, Corollary 1] show that such Holder domains are bounded. Thus,
any Holder domain defined by using the Euclidean distance satisfies (2.2).

2.2. Kleinian groups and hyperbolic geometry

Here, we shall explain some fundamental facts on Kleinian groups and hyperbolic geometry.
For more details, see [11], for example.

Let G be a Kleinian group; we denote by Q¢ and Ag the region of discontinuity and the
limit set of G, respectively. We call a Kleinian group non-elementary if the limit set contains
more than two points. From now on, we assume that a Kleinian group is non-elementary. A
connected component of Q¢ is called a component of G. A component Q2 of GG is called invariant
if GQ = Q.

By the Poincaré extension, any ¢g € G is regarded as an isometry of the upper half-plane
H? = {(z,y,t) € R3 | t > 0} with the hyperbolic metric

dx? + dy? + dt?
= 3 .

It is known that G acts properly discontinuously on H?. Hence, we have a hyperbolic 3-manifold
(orbifold) Ng = H3/G. The convex hull C(G) of G is the minimal convex set in H? that contains

all geodesics connecting two points of Aq.
Now, we define some classes of Kleinian groups.

ds?

DEerFINITION 2.3. A Kleinian group G is called geometrically finite if the quotient of
e-neighborhood C.(G) of C(G) via G has finite volume for any € > 0. A geometrically finite
Kleinian group G is called convex co-compact if it contains no parabolic transformations. A
geometrically finite Kleinian group is called a regular b-group if it has only one simply connected
invariant component.
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DEFINITION 2.4. A Kleinian group G is said to have bounded geometry if there exists an
€ > 0 such that the injectivity radius with respect to the hyperbolic metric at any point of Ng
is greater than e.

Finally in this section, we give a mapping that plays an important role in the proof of
our theorems. For any point z € Q¢ and for any € > 0, we define the nearest point projection
. (2) € 9C.(G), where we set Co(G) := C(G). Namely, I1.(z) is the point in H* where a horoball
inflated at z first touches C.(G). From the construction, it is easily seen that

Ie(9(2)) = 9(Il=(2)), (2.3)

for every z € Q)¢ and for every g € G.
Here, we present an important theorem on the nearest point projection (cf. [7, 14]).

THEOREM 2.1. For e > 0, the map Il. is (coshe)-quasi-conformal and (4 cosh €)-Lipschitz,
and the inverse II-! : 9C.(G) — Qo is (1/sinh¢)-Lipschitz.

3. Proof of Theorem 1.1

Suppose that £ is a Holder domain. It is known that the Hausdorff dimension of the boundary
of a Holder domain is less than 2. Therefore, from a theorem of Bishop and Jones [6], we see
that G is geometrically finite. Furthermore, from a theorem of Beardon and Maskit [3] on
geometrically finite Kleinian groups we may find a round disk satisfying the condition in (3).

Indeed, let py be a parabolic fixed point on A and let G, be the stabilized subgroup of pg
in G. We find that G,,, is either cyclic or rank 2.

If G, is cyclic, then there exist two round disks U and Us in Q¢ such that 0U; N U, = {po}
and G, (U;) =U; (7 =1,2) (see [3]). If Uy or Us is contained in €y, then the condition (3) is
satisfied. If Uy U Uy is not contained in g, then Qg lies in @\ (Uy UUs). Namely, € is in the
region between two tangent disks. Then it is easy to find points in g that violate (2.2), which
is a contradiction.

Suppose that Gy, is rank 2. We may assume that py = co and G, is generated by g1 : z —
z+1and go:2z+— 2z+c (c ¢ R). Since () is invariant under the action of Gy, we see that
zn = g7 (2) (z € Qo;n =1,2,...) does not satisty (2.2).

Thus, we have shown that (1) implies (3). Other implications follow, by Proposition 1.1.

When ) is simply connected, it follows from a classification of Kleinian groups that G is
either a quasi-Fuchsian group or a regular b-group. We may assume that €y is a bounded
domain because both a quasi-Fuchsian group and a regular b-group have a component other
than Qg.

If G is a regular b-group, then it contains an accidental parabolic transformation, say go.
Therefore, we may take a simple closed curve ¢ passing through the fixed point pg of gy such
that go(c) = ¢, ¢\ {po} C Qo and each component of C \ ¢ contains a point of Ag. Thus, the
limit set A, which is the boundary of €, is tangent at pg. Hence, we may also see that the
condition (2.2) does not hold and we have a contradiction.

4. Proof of Theorem 1.2 and Corollary 1.1

First, we shall prove Theorem 1.2. Let G be a regular b-group with the simply connected
invariant component €2y. Since G has a component other than g, we may assume that € is
a bounded domain. Thus, we may use the Euclidean distance to measure dg, (-) instead of the
spherical distance.
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We use the ball model B3 = {x € R? | |z| < 1} as the hyperbolic 3-space H?. We may assume
that (0,0,0) := 0 € 9C(G), 0 € Qg and I1(0) = 0, where II(z) := Iy (2)(z € ). Hence, we have

1I(g(0)) = g(T1(0)) = g(0) (4.1)

from (2.3).
First we observe the following fact, which is seen in the proof of [5, Lemma 8§]. For the
convenience of the reader, we shall give a proof of this fact.

LEMMA 4.1. For any € > 0, there exists a constant A = A, ¢ > 1 depending on G and ¢
such that

A7%60,(2) < 1 - [TL(2)] < A, (2) (4.2)

for every z € .

Proof. For ¢ € Ag, we denote by L, the line segment connecting 0 € B? and ¢. Since C(G)
is closed and convex, we see that Lo C C(G) C C.(G).
For z € Qq, we take (o € Ag such that

d(z,Co) = b, (2).

For € > 0, let HZ be the horoball at z defining II.(z) and let RS be the radius of HS. Then,
L¢, NIntH: = (). Therefore, we have

Ri < Al(sQo (Z)
for some constant A; > 0. Hence, we have
1= T (2)] < 2R < 24160, (2). (4.3)

On the other hand, let B? denote an open hemi-ball in B3 centered at z with radius do, (2).
Then, dC(G) lies outside of BY. In particular IIy(z) lies outside of BY.

Indeed, if p € C(G), then there exists a geodesic L in B3 such that L 5 p and L C C(G).
The end points of L are in Ag. Thus, the geodesic L lies outside of B? and so does p.

For £ > 0, take another hemi-ball BZ centered at z such that BS C B? and dgs (0B, 0B¢) =
¢. Then, 9C.(G) lies outside of BE because JC(G) lies outside of BY. Also, it is not hard to
see that there exists a constant ¢ > 0 independent of z € Qy(G) such that the radius of BS is
greater than cdg, (2).

Therefore, IntH: does not intersect Ly, and lies beyond the hemi-ball Bf. From this
observation, we have

1~ [IL(2)] > Aado, (2), (4.4)

for some constant As > 0 not depending on z € {)y. Hence, we obtain the desired inequality
(4.2). UJ

Now, we consider a finitely generated Kleinian group H and a finite generating set %
of H and we fix it. For each h € H, we denote by |h| the minimal word length of h with
respect to 2.

We define

—su su |h|k &
o(H) = sup {k | nelr expldgs (0, h(0))} - } ’

where dgs (-, -) is the hyperbolic distance on B3. It is easily seen that o(H) does not depend
on a finite generating set 3. Then, Floyd [8] shows the following.

(4.5)
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PROPOSITION 4.1. Let H be a geometrically finite Kleinian group. Then, «(H) > 2.

Since G is geometrically finite, it follows from Proposition 4.1 that there exists a constant
Aq > 0 such that

2log|g| — A1 < dps(0,9(0)) (4.6)
for any g € G.
Combining (4.2) and (4.6) together with (4.1), we see that an inequality
l9* < A2d0,(9(0)) ! (4.7)

holds for some constant A; > 0 not depending on g € G. On the other hand, it is not hard to
see that

da, (0,9(0)) < Aszlg|

holds for some constant A3 > 0 independent of g € G, where dq,(+,-) is the hyperbolic distance
in €g. Hence we have

da, (0, 9(0))* < Asda, (9(0)) ™" (4.8)
Here we claim that in (4.8) g(0) is replaced by any z in Q.

LEMMA 4.2. There exists a constant As > 0 such that
do, (0,2)2 < A5(5QO (Z)_l (4.9)

holds for any z € Q.

Proof. First we assume that Qy/G is compact. Then we may take a compact fundamental
region w C y for G in £y and we consider @ = II(w). We may assume that w contains the
origin.

Since the hyperbolic diameter |0] of & is finite, we obtain

dgs (0, g(0)) < 2|@| + dgs(p, 9(p))

for any p € @ and for any g € G. Hence, from (4.6) we may find a constant B such that

2log |g| — B < dgs(p, 9(p))

holds for any p € @ and for any g € G. Since the constant B does not depend on p € @, by the
same proof as that of (4.8) we may take a constant A5 > 0 such that

da, (0, 9(w))* < Asda, (9(w)) ™ (4.10)

holds for any w € w and for any g € G. Since Qy = 9eG g(w), we obtain the desired inequality.

If Qy/G is non-compact, it has only finitely many punctures. For simplicity, we assume that
Qo /G has only one puncture. Let ( € 99 be a fixed point of a parabolic transformation gy € G
which represents the puncture of Qy/G. We may take go as a generator of the stabilizer of ¢
in G.

There exists a horodisk D¢ C g such that go(D¢) = D¢ and 0D N Ag = {¢}. We may take
D¢ so small that g(D¢) N D¢ =0 for any g € G\ < go >. We also take a horodisk D} in Dy
such that the radius of D¢ is one-third of that of D¢, go(D;) = D and 9D N Ag = {C}. Let
w C Qg be a fundamental region for G in . We may take w so natural that wo := w \ (D¢ Nw)
is compact. We may also assume that D/C Nw is bounded by two smooth arcs in Dé, say aq
and ag, such that go(a1) = a2 and both arcs end at  non-tangentially in Dy.
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Since wq is compact, it follows from the above argument that there exists a constant Ay > 0
such that, for any w € {J, . g(wo), we find that
doy, (0, 9(w))* < Agda, (g(w)) ™"
holds.

Let a be the center of D;. We may assume that the line segment [a, () is contained in w.
Consider I¢ := [a,() N D¢. For any z € I¢, we have dg,(2) < dg,(a). Since D¢ C Qp, we have
da, (0, 2) < da,(0,a) + da,(a, z) < do,(0,a) +dp,(a, z).

Obviously, dp.(a,z) < —3log|z — (| = —3logdq,(z) for z&€l.. On the other hand,
da, (0,a)? < Agdg, (a) ! because a € wy.
Combining these inequalities, we see that there exists a constant A > 0 such that
da, (0,2)* < Aydq,(2)! (4.11)

holds for any z € I.

Next, we take any point z in D’C. Let D(z) C Dg be a horodisk such that 9D(z) > z,(.
Consider b = 0D(z) N I and take a horodisk Dy(z) centered at b that touches Ag at ¢. Then,
we see that there exists an absolute constant C' > 0 not depending on z such that

|2 — (| < Cdpys (2)M2.

The hyperbolic distance dp,.)(b, z) in Do(z) is not less than dq, (b, z) and it is comparable to
—log dp,(z)(2). Hence, we have

d b
00, (2) < |z —¢] < C'exp (—DO(Z)( 72)) < C'exp (‘dQO(Qb’ Z))

2
and
Cl
do, (b, 2)? <
QU(’Z) 690(«2)

for some constant C” > 0.
Since b € I, we have
day, (0,0)* < Agda, (b)
from the previous argument. Noting that dg, (2) < C"dq, (b) for some constant C”, we obtain
do, (0,2)? < Asdq, (2) 7" (4.12)

for any z € D’C7 where the constant A5 does not depend on z.
The argument above uses a Euclidean geometric model. Thus, the inequality (4.12) holds
for any z € g(D¢) (g € G) with the same constant As. Hence, the proof is completed. O

Now, we proceed to the proof of the theorem. Let ¢ : D — )y be a conformal mapping from
the unit disk D onto €y with ¢(0) = 0. It follows from Lemma 4.2 that, for any z € D, we
have that

dp(0,2)* = da, (0, (2))* < Asda, (p(2)) (4.13)
holds. Here, we use the Koebe distortion theorem, that is,
1 |’ (2)| 4
< < .
L—[z> = da,(e(2) = 1— |27
Noting that dp(0, |z|) = log (1 + |z|)(1 — |2|), from (4.13) and (4.14), we have
A
' (2)] < :
(1 —[z])[log (1 —[2[)|?
Thus, the proof of the theorem is completed.

(4.14)
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Next, we shall prove Corollary 1.1. For any r € [0,1) and 0 € [0, 27], we have

o(re?) = J ¢ (te'?) dt.
0

Hence, from (1.1), we have

| (te™”) | dt

—
=

lp(Re™) — p(re')| <

<AJR ! ! dt
SA) 1=t ogT—Dp

- <log<11— ol 1og<11—r>) |

Therefore, we see that the radial limit o(e'?) := lim, 1 ¢(re'?) of ¢ exists at e’ € dD. Also,
we verify that the convergence is uniform on dD. Hence, the conformal mapping ¢ has a
continuous extension on D U dD and it implies that ¢(0D) = A is locally connected.

To see the continuity of ¢ on D, we take a curve I' = T'y + 'y + I's, where I'; = {(1 — t)e!"1
|0<t<1—p},Ta={pe? |0, <O <O} and '3 = {te?’2 | p <t < 1} for some p < 1. We may
assume that 0 < f — #; < 1. Then, T is a curve from e*%! to 2. Since ¢ has a continuous
extension on D U JD, we have

From (1.1), we obtain

and

Thus, we have

; - —24 A(fy — 04)

7,92 191
p(e — (e < =+ .
e T I (I Y ()
Here, we take p <1 as 1 —p =60y —6; > 0. Then, for some constant A’ > 0, we have

. . A
67,92 o 6201 g ,
[P(e%) ~ o) < [

as desired.

5. Proof of Theorem 1.3

In the proof of Theorem 1.3 we use a similar argument to the one in the previous section. The
statement that (3) implies (1) is obvious. If G is a quasi-Fuchsian group, then € is a quasi-disk
and ¢ : D — €y has a quasi-conformal extension to C. Thus, a theorem of geometric function
theory yields that (2) implies (3). Therefore, we will show that (1) implies (2).

Suppose that (1.3) holds for some (y € . Since it is supposed that 9Q¢ = Ag is compact,
we may use the Euclidean distance to define dq, (+) instead of the spherical distance. Then, from
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the Koebe distortion theorem, we have
80, ((2)) < Ao(1 = [21)|¢' ()]
AAg
[log (1 — [z[)[>+
for any z €  1(G(p). (Actually, the Koebe distortion theorem is a statement for univalent
holomorphic functions. In our case, {2y may contain the point at infinity and hence ¢ may have
a pole in D. Nevertheless, taking compositions of ¢ and Mobius transformations, we verify
that the above estimate holds for some Ay > 0.)
Noting that ¢(z) = ¢g({o) for some g € G, from Lemma 4.1 we see that
A/
[log (1 —[p=" 0 g 0 p(20)]) >+
where 29 = ¢~ 1({p). We may assume that II({y) = 0 € B>. Hence, we have
AI
[log (1 — |1 0 g o p(z0)])[*T
On the other hand, I' := ¢ 'Gy is a Fuchsian group without parabolic transformation
because D/T = Qy/G has no punctures. Then, it is known that the hyperbolic distance

dp(z0,7(20)) (v €T) in D is comparable to the minimum word length || of v with respect to
a system of generators of ' (cf. [8]). Namely, there exists a constant C' > 0 such that

1+ [v(20)]
1 — |y(20)]

ogop €I is an isomorphism, we may consider |g| =

<

1= [M(g(¢o))| <

1—1g(0)| <

C v < dp(z0,7(20)) = log < Cly|

holds for any v € T'. Since G 3 g+ !
|v| for g = ¢ oy 0 1. Noting that

dps(0,9(0)) = log

we conclude that a(G) > 2+ a > 2.
Here, we use the following characterization of convex co-compact Kleinian groups which has
been recently obtained by Yamaguchi [20].

PROPOSITION 5.1.  Let G be a finitely generated non-elementary Kleinian group. Then, the
following conditions are equivalent:

(1) G is convex co-compact;

(2) a(G) >2;

(3) a(G@) = .

From the proposition above, we verify that G is a convex co-compact Kleinian group with a
simply connected invariant component. Thus, it must be a quasi-Fuchsian group.

6. Proof of Theorem 1.4

In the proof of Theorem 1.4, we use model manifolds constructed by Minsky [14] for Kleinian
groups with bounded geometry. In the proof, we use letters such as A,B,...,a,b,... and
a, 3,... for constants but the same letter may not be the same constant if it is used in a
different equation.

Let G be a finitely generated Kleinian group with bounded geometry with a simply connected
invariant component 2y and denote the Riemann surface /G by S. We may assume that G
is not a quasi-Fuchsian group. Therefore, G is a geometrically infinite Kleinian group or, more
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precisely, G is a totally degenerate group. That is, Qg = Q¢. Then, there exists an end e of
Ng = B3/G such that e does not correspond to the conformal boundary Qg/G. The end e is
called the degenerate end of Ng.

From a theorem of Thurston, we may find a sequence {v;}$2; of simple closed curves in S
such that their geodesic representatives in Ng exit the end e and the sequence converges to a
lamination in the space of measured laminations on S. The support A\, C S of the lamination
is called the ending lamination of N¢.

The ending lamination ). is a geodesic lamination on S. It is known that there exists a
holomorphic quadratic differential ®, on S such that the vertical foliation ®. , is equivalent
to Ae.

Now, we construct the model manifold Mg for G. The model manifold Mg is topologically
S x R but it has a metric dsg called the model metric. The model metric dsg on S x {t} is
defined by

ds% = e?!lda? 4 e dy? + dt?, (6.1)

where dz is the measure in the horizontal direction and dy in the vertical direction of ®..
Note that when ¢ = 0 the metric equals the metric induced by ®.. Hence S x {0} is identified
with S as a Riemann surfaces, and D x {0}, in the universal covering Mg(= D x R) of Mg,
is identified with the unit disk D. Then, Minsky establishes the following theorem.

THEOREM 6.1 (Ming‘ky); There exists a homeomorphism f: Mg — Ng such that the
mapping f and its lift f : Mg — B?® to the universal coverings are quasi-isometric.

Actually, f(-,t) (t <0) are induced from natural mappings from S = D/T onto dCjy(G),
where C.(G) (e = 0) is the e-neighborhood of C(G).

Let ¢ : D — Qg be a Riemann map. We may assume that Qg > 0, that 9C(G) > 0 and that
I1(0) = 0. Consider I' := pGy~!. We define an isomorphism p: ' — G by p(y) = ¢~ 1vy¢ for
~v € I'. By taking a conjugation of ¢ via a M&bius transformation, we see that both f(, —£)
and II. o ¢ induce the same p.

Since G has bounded geometry, it contains no parabolic elements. Thus, S = Qy/G = D/T
is a compact Riemann surface and we may take a fundamental region w 3 0 for I' bounded by
finitely many geodesic arcs that are projected to simple closed curves on S.

Since w is a convex polygon with finitely many sides, it is not hard to see that we may take
a constant § € (0,7/2) such that, for any v € "\ {id}, there exist a ray r,, from the origin and
a geodesic £, containing a side e, of y(w) such that e, Nr, # (0 and the intersection angle of
ey and 7y is in (0, 7/2).

Let z, be the point of e, Nr,. Since 0 is independent of v, it follows that there exists a
constant d > 0 not depending on ~ such that

dD(O, Z’Y) < dD(O,E'Y) +d. (6.2)

Now, we consider the mapping II. : Q¢ — 9C.(G) defined in Section 2. Since both II. o ¢
and f (-, —¢) are continuous mappings with the same isomorphism p for € > 0, they must be
uniformly close to each other on D with respect to the hyperbolic metrics on D and B?. Indeed,
since w is compact, there exists a constant C' > 0 such that

dps(f(z,—¢), .0 p(2)) < C

for any z € w. Therefore, for any g € G, we have

s (F(9(2), ), TL © @(g(2) = dms (pl9) (F(2 <)), p() (T © 0(2))
— dgo(f(z,—2), IL 0 (2)) < C.
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Thus, we have

dB3 (07 f(z’)’v _E)) - st (Oa HE o QO(Z’Y)) < 0
for a given € > 0. On the other hand, from Lemma 4.1 we have

A_l(sﬂo (‘P(zv)) <1- HHE © (P(Zv)H < Adg, (‘P(z’y))

for some constant A > 0 independent of y € T'. Noting that dgs (0, p) = log (1 + ||p||)/(1 = |Ipll),
we conclude that

A7 80, (0(2,)) < 1= [[f (25, )| < Aday (9(27))- (6.3)

Let @, denote a lift of ®, on D and let L., be the |<i>e|—ge0desic passing through z, that has
the same end points as ¢,. From the same argument as in [14, Lemma 7.3] we see that there
exist constants a,« > 0 not depending on ~ such that

diamp f(H,) < adg_ (0, Ly) ™", (6.4)
where diampg is the Euclidean diameter and H. is the component of Mg=DxR— L, xR
not containing (0,0). Noting that (z,,0) € 9H., and df(H.) N OB* # (), we have

1= [f(2,0)|| < diamp f(H.,). (6.5)
Since f : Mg — B3 is a quasi-isometry, we have
dBS(Oaf(z’%E)) < KdB3(07f(Z’YvO)) +9' (66)

for some constants K, ¢’ > 0. Combining inequalities (6.3) to (6.6), we have

o (p(2)) < adyz (0, L,) ™.

On the other hand, it is known that the identity on D is a quasi-isometry with respect to
the |®.| metric and the hyperbolic metric. Hence

b0, (¢(2y)) < ad\&e\(O’Lv)ia < bdp(0,Ly)~"
and
dp(0,Ly) > cdp(0,£,)
hold. Using (6.2), we conclude that
dp (0, 2y)" < Adg, ((2)) " (6.7)

holds for some A, > 0 independent of v € I'. Since ¢ is a conformal mapping from D onto
Qo, it follows that (6.7) implies

day (0,(2))™ < Ao, (0(2)) 7 (6.8)

Thus, we get an inequality similar to (4.10). Since p(w) is compact in g, the same argument
as that in the proof of Lemma 4.2 yields

do, (0,2)* < Adg, ()" (6.9)

for any z € Q. Here, we note that we may use the Euclidean distance to measure dq,(-) for
the same reason as in the previous sections.
By using the Koebe distortion theorem as in the proof of Theorem 1.2, we obtain the desired
inequality as follows:
A
1—2)[log (1 — [2])]*

#'(2)] < (
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REMARK 6.1. Minsky [14] shows that the limit set of a Kleinian group with bounded
geometry is locally connected and Miyachi [15] estimates the modulus of continuity of the
Cannon—Thurston map for such a group. In our situation, Miyachi’s estimate is nothing but
the modulus of continuity of the Riemann map ¢ on dD. Actually, he does not consider the
derivative of the Riemann map but he proves that

. , A
6191 _ 6202 <
[P(e*) = 2(e™)] < 1o g

for some a > 0.

While we have a similar result for a regular b-group Corollary 1.1 from the growth of the
derivative of the Riemann map (Theorem 1.2), our theorem, Theorem 1.4, does not cover
Miyachi’s result because we only show that the exponent « is positive. In order to obtain
Miyachi’s result from our argument, it is necessary to show that o > 1.
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