SOME BANACH SPACES OF ANALYTIC FUNCTIONS
N. DANIKAS

In the following we denote by D the unit disk { z € C: |z] < 1} and by 8D its
boundary {z€C:|z|=1}.

1. The Bloch space B

A function f is called a Bloch function if it is analytic in D and
sup(1 — |z[*)|f'(2)| < +oo. (1)
z€D

By Schwarz’s lemma it is very easy to see that all bounded analytic functions in D
are Bloch functions.
The typical example of an unbounded Bloch function is the logarithmic function

Az) =log(1 - z), z€D.

This function is extremal in the Bloch space with respect to its growth: For a
Bloch function f and a z = |z|e?® € D we have

z ) |2l )
f(z) - F(0) = /O F(Qd¢ = & /0 F(te?) dt,

so that

1 |z]

|z
fE <10+ M [ =

= )]+ Mlog =1 = £(0)] + MIA(iD) .

dt§|f(0)|+M/ La
, 1-t

where M is a constant.
An important property of the condition (1) is its conformal invariance. This is
easy to see by calculation: For an arbitrary conformal mapping ¢ of D onto itself

we have
z+&

1+€z
for some a € 8D and some £ € D. If f is analytic in D and f(w) = h(z), then we
get

w=p(z)=a

(1= 2R (2)] = (1 = [w*)| £ (w)]

Typeset by ApmS-TEX



10 SOME BANACH SPACES OF ANALYTIC FUNCTIONS

for all z € D.
We denote by B the family of all Bloch functions. We show first that B equipped
with the norm

Iflls = 1£(0)] + sup(1 — |2*)|f'(2)]
z€D

is a Banach space.

The only nontrivial step in the proof is to show that B is complete in the metric
defined by its norm.

Let {fn} be a Cauchy sequence of Bloch functions. We prove that there is an
analytic function f such that ||f, — f|lz = 0 as n — oco. For a sufficient large n
we then have ||f, — f|lz < 1, or fn — f € B, which implies f € B, since B is linear.

Let nowe > 0and r € (0,1). Forn,m > N = N(e) it is || fr — fmllz8 < . From
this and the growth condition it follows that

Ifn(z) - fm(z)l < “fn - fm”B (IOg - + 1) <€ (log 1 i r + 1)

1-—71

for all z with |z| < 7 and all n, m > N. Hence the sequence {f,} converges
uniformly on compacta in D. By the Weierstrass theorem the limit function f is
analytic in D and f/(2) = f'(z), z € D, as n = oo.

For n, m > N and every z € D it is now

(1~ [2)Ifn(2) = fr(2)] + 1£2(0) = fm(0)] < e.

Letting m — oo we obtain

Ifa— flls <e

forn> N.
There are “much too much” functions in the space B, in the sense that B is not
separable. In order to see this, we construct an uncountable set E C B, such that
lz—yllz >0 forad > 0 and for all z, y € E, z # y. If there is a countable set
{¢n}, on € B, n € N, which is everywhere dense in B, then to every z € E there
is an @, with ||z —¢n|lB < %. The correspondence is one to one, since foray € E,
y # z, with || — ¢nlls < g, we would have ||z — y||g < 4, which is impossible.
The set E consists of the functions
et 1+e iz
) = S5 ow (T

), z€D, ogtg-g.

Obviously the function f;(2) is analytic in D for every ¢t. Further it is

1-|z|?
(1‘|Z|2)|fé(2)|=m51, z€ D,

ie. freB,0<t<2m Ift,7€[0,%),t#7,and z = re* € D, we have

e—2it e—2i7’

(1= [P)Ifi(2) = fr(2)] = (1= [«*)

e—21.t e-—2t-r

1 —e-2it;2 | — g—2ir,2

=(-r?

21—(1—r"’)Il .

172 11— r2elilt-7) — r2e2i(t-")|’

Letting r — 1 we obtain ||f; — f-||z = 1, which completes the proof.
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Bloch functions do not form an algebra respecting the multiplication. For ex-
ample g(z) = log?(1 — 2) ¢ B, although f(z) = log(1 - 2) € B.

The Bloch condition describes a restriction for the growth of the derivative of
an analytic function in D. It is interesting that this condition is equivalent to an
analogous condition for the nth derivative.

Theorem 1. For every f € B and everyn € N, n> 2, it is
Slelg(l = 2Mf P (@) € (n - 1)12%|f s
2z
Conversely, if for a function f analytic in D and for ann € N, n > 2, we have
sup(1 — |2|%)"| ™ (2)| < 400,
z€D
then f € B.

Proof. a) For a z € D consider the circle C = {{ | |z—(¢| = I_lel }. From Cauchy’s
formula for the derivative f/(z) it follows

-l = - | O [ L
c
1

< (A== 012 sup Ol g

<(n=1)122""2(1- |21 sup |f'(€)]
lg|=2%=t

—lz1<2(1-(€[?)
1 <251 : (n—1)122"{(1 - |€") sup |f'(€)I}
lgl=142

< (n—1)122" f||s.
b) Suppose now that f is analytic in D and that for an n € N, n > 2, we have
sup(1 — |21)"| /™ (2)| = K < +oo.
z€D

Forze Ditis

(n=1)(3) — fn=1)(g (n) _
10 - 00O < 1o [ 1<k [ Gl
k

~ (n-DA -2t

so that )
L — |z|2)n—1|f(n—1)(z)l < n___lzn—l + |f(n—1)(0)l.

By applying this procedure n — 1 times we finally get
sup(1 — [2])|f'(2)] < C(f, k,n) < +oo.
zeD

From the first part of the foregoing theorem it follows for the nth Taylor co-

(n) n g
efficient of a Bloch function f that |a,| = L n!(o l < %||f||3. By using a more
refined method we can prove that in fact the Taylor coefficients a, are bounded
for all n.
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Theorem 2. Suppose that
(==}
= Z anz" € B.
n=0
Then |an| = §l|flls, n =0, 1, 2, ..., where the constant § is best possible.

Proof. For n = 0, 1, the estimate follows immediately from the definition of the
Bloch norm. For n > 2 we use Cauchy’s formula for the derivative f'(z). We
obtain

oy = L2OL 21 [ f (o acl < ||f|!s 1
" nl n 2mi rn=1(1 —r2)
[¢l=r
for every r € (0,1).
It is easy to calculate that
n=1 n—1

nelpr .2 n=1\"7 ( n-1)_ (n-1\"7T 2
rzex}g.}ir (1 T)—(n—i-l) (1 n+1/) \n+1 n+1’

from which it follows

n-—1

1\ (n+1\" 7
ol <3 (143) (259) 7 Ila n22

We set now
z—1

z—=1
1\ [z+1\ T 1 2 z
tp(z)=%(1+;) (z_1> =§<1+;)< x_l) g Bz

and we observe first that

ga(n)——)g—, as n — oo.

Moreover,

2 2
1 1 = - > 2,
og( +$_1)>2£§l+1 ot T2

as we can see by elementary arguments.

It follows that -
1 n+1\"7 e
1
1i44= = =
wi(1+7) (333) " =5

which completes the proof of the theorem.

A characteristic property of Bloch functions is that the distance of two arbitrary
values of them is less than the non-euclidean distance of the preimages multiplied
by a constant.
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Theorem 3. If f € B, then for z, w € D it is

£ (2) = f(w)| < [Ifllsd(z, w),

z—w
1— Zw

where d(z,w) denotes the non-euclidean distance % lo 08 T Taw

Il Zw
Conversely, if for all z, w € D and for a constant M s

|f(Z) - f(’lU)I < Md(Z, ’LU),

then f € B with ||flls < M.
Proof. a) Let z, w € D. Consider the Mobius transformation ¢(¢) =

13

Sﬁ_CGD

We have ¢~ 1(z) = 0 and o~ (w) =€ € D. If foyp =g, then |f|lz = ||g||3 We

write now
1(2) — F(w)] = 19(0) - 1—' / /(s) ds| < I¢] / 1o/ (6) de
't 1+¢| + | &2 |
<lellolls | =T = Hallslos T zllfllslg————_ll__%l
b) For z # w we have
1F() ~ Fw)] _
_—t < M.
iGw) -
This implies
@ - f@) @) = F@)lz—w]
Im S = Mm S gy S @I - 1) < M

for every z € D.

We have already mentioned that the Bloch space contains the unbounded func-
tion A(z) = log(1—2z), z € D. The following result provides a family of unbounded

Bloch functions in form of certain power series.

Theorem 4. Let f(z) = Y po, bkz™, z € D, where ng € N, ":—Z“ >a>1 and

|bk]| < M for all k. Then f € B.

Power series of the form Y p- , bxz™* with 1'% > a > 1 (a typical example is
n = 2%, k € N) are called lacunary series; they play an important role in several

areas in the theory of complex functions.
Proof. Without restricting generality we may take M = 1. Since

Ed

£ S el + 122 o o o=

our function f is analytic in D.

z€D,



14 SOME BANACH SPACES OF ANALYTIC FUNCTIONS

We prove now that f satisfies the Bloch condition in the form

12£(2)] 2
- =a-p @

where z € D and C is an absolute constant. In this inequality we can use more
efficiently the lacunarity condition.
First we note that for ng < n < ngy; it is

1
1-a 1

8
g Nk -1 —1ys—1
E —<§ —<1l+a <
n_k—lns_ +-+(a7) <

Nk Sﬂ-

For an arbitrary z € D we have now

zf'(z
L < (ulaf™ ol YU+ 2]+ ol )

(=)

. = a
Z (Z "k>|z| s 1-a-1 Z njzf" < 1-a-1(1 -l-zllzl)z’

n=n; ‘ng<n n=n;

which proves our theorem.

The classical geometric characterization of Bloch functions involves the radius
ds(z) of the largest schlicht disk around the point f(z) on the Riemann image
surface by f. It is f € B if and only if

b = sup ds(2) < +o0.
z€D
This is equivalent to a well-known theorem of Bloch. In quantitative terms,

z €D,

o

df(2) < (1= 211 f'(2)] <

where B is an absolute constant with —‘? < B < 0.472. The name “Bloch function”
derives from the connection to the constant B, which is known as the “Bloch
constant”. We omit the proof of the above characterization, which is not very
useful in the praxis.

Instead of this we prove a very simple geometric characterization of univalent
Bloch functions.

Theorem 5. Let f be analytic and univalent in D and let 6(z) = dist(f(z), 8f(D)).
Then f € B if and only if §5(2) is bounded for all z € D.

In other words, an analytic and univalent function f in D is Bloch if and only
if f(D) contains no arbitrarily large disks.

Proof. Let zg € D. We show that

(1= 1z0®)If'(20)] < 87(20) < (1 — |20/*)|f'(20)].
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We consider the Koebe transform h of f:
FEE5) — f(20)
(1 = |20[2) f'(20)

Clearly h is analytic and univalent in D, with A(0) =0 and A'(0) = 1.
By Koebe's distortion theorem we get

h(z) = z€D.

7' (0)]

1 h(z) — h(0)
A=l = ’

Let now {(,} be a sequence of points in D with |(,] — 1 as n — oo. If
Cn = 2222 then 2, € D and |z,,| = co. We have

1+Z02n
f (M) = f(zo0)

1+ Zpzn

in D.
z

21— z0?)f(20)] < lim inf

= liminf | f(¢,) — F(20)],
[Cni—1
which implies that

11— 120)|f(20)] < lilgl_i}}flf(C) = f(#0)| = 85 (20)-
The function g(z) = 2} is analytic and # 0 in D with g(0) = 1. Apply now
the minimum principle to the function g; then

min |g(z)| < |g(0)] =1

lzi=r

for all 7, 0 < r < 1. It follows that there exists a sequence {(,}, (» € D, |{n] — 1,

with
il < |l <1,
or
1£(Ga) — f(20)] < (1 —|20*)|f'(20)]  forallm.
Hence

6(z0) = minf |£(C) = £ (z0)| < (1= |z0[*)If(20)]

At the end of this section we mention the little Bloch space, denoted by Bg.
The space By consists of all functions f analytic in D, with

1=1zP)If'(2)) =0  aslz| = 1.

A Bloch function is in By if and only if ||f(rz) — f(2)|lz = O as v = 17. It
follows easily that By is the closure in B of the polynomials. In particular, By is a
separable Banach space.

By contains bounded as well as unbounded analytic functions in D.
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All functions analytic in D and continuous on D belong to By: It is well known
that such a function f is the uniform limit in D of some polynomials p,. We write

f(2) = pn(2) + ¢n(2)-

Since ¢, — 0 uniformly in D as n — oo, there is for an arbitrary € > 0 an N =
N(e) such that sup,cp |on(2)| < §. Further there exists an R = R(N) = R(e)
with (1 — [z]®)|pjy(2)| < § for R < |z| < 1. It follows that

(1= [z)IF(2)] < 5 +suplon(2)] < &
zeD

for R < |2| < 1.
However, there are bounded analytic functions in D, which are not in the
space Bp. A typical example is

a > 1and by — 0 as k — o0, are typical examples of unbounded analytic functions
in the space By.

About the Taylor coefficients of functions in By, we can prove the following
theorem.

Lacunary series of the form f(z) = Y o, bxz™, z € D, where ni € N, % >

Theorem 6. If a, is the nt® Taylor coefficient of a function f € By, then a, — 0
as n — oo.
Proof. Let € > 0. There is an R = R(e) such that (1 — r%) max,|=, | f'(2)| < € for

all 7 € (R,1). For this R there is an N = N(R) = N(e) such that r, = (ﬁﬁ)% €
(R,1) for n > N. From Cauchy’s formula for the derivative it follows

la'n]= forn > N.

11 (9] € E
e o K|S oty
nr: =Tn — 2

ICI=ra " n(;;—%) 2+

Further, it is for n > 3,

n—1
=z
(2) 7 <o e A

or

n—1\"7 2n 1
> 5.
n+1 n+1” 2

From this we obtain |a,| < 2¢ for n > N, which proves the theorem.
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2. HP spaces

The HP spaces are in function theory something analogous to the LP spaces in real
analysis. We give here only a short overview of those aspects of the theory which
we need for the next section.

Let f be analytic in D, r € [0,1) and p > 0. We say that f € HP if

sup Mp(f,7) < 400,
0<r<1

where

P

My(f,r) = [% /0 - |7 (re®t) [P dt]

If M, = max;|=, |f(z)|, then for every r it is
;ggaﬁdb(f,r)==ﬂd;.
To see this consider for an € > 0 a § > 0, such that
|f(re’t)| > M, — ¢

for all t with to — § <t <ty + ¢, where M, = |f(re'*)|. Then

AL L AT LY <M
(3) 0r-a< |5 [ 1P < s <
By letting p — oo we get
M, — e <liminf M(f,r) < limsup Mp(f,r) < M,.
p—ro0 P00
After this remark it is natural to define Mo (f,r) = M,. So the space H* consists

of the analytic functions in D with sup,cp |f(z)] < +o0.
For 0 < p' < pitis HP C HP. To see this it suffices to observe that

 <zP+1

for every z > 0.

It is obvious that H*® C HP for every p > 0. However, all HP spaces contain
unbounded analytic functions as well.

For example the function

A(z) = log(l — 2)

belongs to (5o H? \ H*. Since [\(r)| = log 3> = +ooasr =17, it is A ¢ H™.
Further we have

|A(re®)| < [log |1 — re®*|| + | arg(1 — re™)| < |log |1 — re¥|| + .
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This together with the inequality
la + % < (la| + [b])? < (max{2|al, 2|b|})? = 2P max{|a[”, [b|} < 2°(|al” + [b[")

for a, b€ C and p > 0, gives for every r

MP(A, 1) = —

™ . 1 /7 .
)\ it pdt & 2p__ _ it |P p‘
> _WI (re')|Pdt < 27r/_Jlogll re’||” dt + (2)

We now prove that sup,¢y 1 ME(A, 1) < +oo for every p > 0.
An elementary estimate shows that for r € (3,1) and [t| < 7 it is

{—It|< \/_It]<2\/?sml'<]1—re“|<2<e.
Set
A={0<t<m: [1-re¥|>1},
B={0<t<m: [1-re¥/<1}.
Then
L[ it)|P 1 [ it||P
1 1
o _ﬂ(logll—re I dt=-7;/‘0 [log |1 — re*||” dt

1 ; 1 .
= ;/llogll —re't|[Pdt + ;/Ilogll - re®| [P dt
A B

1 T 1 p kid T P
w/o { gll—re”l} o U V2]

It follows that A € HP for every p > 0.

The spaces H?, 1 < p < oo, are of special interest, because they have the
structure of a Banach space. In order to see this we first prove a theorem about
the Taylor coefficients of these functions.

Theorem 7. Suppose f(z) = Zn..() an2™ € HP for somep > 1. Then
1

lan] < C(f,p) = sup [51; /‘27r I (reit) PP dt] 7

forn=0,1,2,.... Further it is

C'(f, C(f,p)

17(2)] < 1o
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for every z € D.

Proof. From Cauchy’s formula and from Holder’s inequality it follows for every
€(0,1)

27

27
frett)e™ ™t dt| < E1 / |f(re®)| - 1dt
0

2

0
<[& [ iseepa d L[
- 27'(' 0 re 27(' 0

2w %
= [%A |f('re"’)|p dt] S C(f’p)

r"lan|==§;

1—

We complete the proof by letting r — 1.

For z € D it is now

L) = C(f,p)

1-|z|”

F@I <D lanllzl” < C(£p)A + 2] + |21 +

n=0

The spaces H?, 1 < p < o0, equipped with the norm
Ifll, = sup Mp(f,r) ifl<p<oo,
0<r<l1

Ifllc =sup f(z) ifp=o0
z€D

are Banach spaces. The proof is completely analogous to the same proof in the case
of the Bloch space. As additional arguments we need the Minkowski inequality

([v@+s@ra) s ([ 15 |sz)l+(1b|g(z)|sz)%,

1 < p < oo, for the proof of the triangle inequality ||f + gl < || fllp + ll9llps
1 < p < o0, as well as Theorem 7, for the proof of the locally uniform convergence
of the Cauchy sequence {f,}.

In the following we mention some basic facts about HP spaces, most of them
without proof.

1) If f € HP for some p > 0, then the nontangential limit f(e*) exists almost
everywhere, and f(e*) € LP(8D).

If f(e®) = 0 on a set of positive measure, then f = 0 (uniqueness theorem).

We call f(t) = f(e'*) the boundary function of f(z).

For0<p<ooitis

B

1 2m .
sup My(fr) = lim M) = 5 [ 1rcepar]”,

i<r<1

so that for 1 < p < 0

27
1915 = 55 [ 1rp e
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From 1) we first deduce that the H? condition is conformally invariant. To see
this, we note first that if w = al—zl%i fora € 8D, £ € D, and if f(w) = h(z), then
+5z

h(z) has a.e. on 8D nontangential limits if and only if the same is true for f(z).

Further we have 5 5
% . 2 7 .
[ nenr < 2 [P
0 1-¢] Jo

for every 0 < p < oo.
For p = oo the conformal invariance is obvious.
Another consequence of 1) is that all spaces H?, 1 < p < oo, are separable.

Proof. Let f(z) € HP forap, 1 < p < co. Consider the map f(z) — f(t) = f(e),
where f (t) is the boundary function of f(z). By the uniqueness theorem this map
is injective. Further it is f € LP([0,2n]). It follows that there is an injection
between H? and a subset of the separable space L?([0, 27]).

However, the space H* is not separable. The proof is similar to that for the
Bloch space. We consider here the uncountable set of Blaschke products

@ zw) .

Bo(2) = Bz, {7}) = H"w) i S

n=1 2Zn

where 230 = (1- —L)e? neN, 9 € [0,2n).
(n+1)
Obviously we have for ¢, 9 € [0,27), ¢ # 9,

|Bs(z®) = B,()| »1  asn— oo,

so that ||Bs — Byglleo > 1.
2) Let f € HP, 1 < p < co. Then f is the Poisson integral of its boundary

function, i.e. ,
1 B 1- |Z|2 it
f(z)_—%/0 P (e') dt z€eD.

3) Let (HP)* denote the space of all bounded linear functionals on H?. Suppose

that ¢ € (HP)*, where 1 < p < oco. Then there is a unique function g € HY,
2+ 1=1,with

2w
o= [ feaear

for all f € H?.

Since H? is a Banach space for p > 1, there exists an injective map of (HP)*
on H4Y, linear and continuous in both directions. We say that (H?)* and H? are
topologically equivalent, and we write

(HP)* = HY.

Now p — 1 implies ¢ — oo; thus the space (H')* must be located “near” to H™.
(H')* is topologically equivalent to BMOA, the space we describe in the next
section.
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4) Very useful for the praxis is the space H2. It has the structure of a Hilbert
space with the inner product

1 27 27 . ]
(f.9)= 5 fe*)g(e®) dt
T™Jo Jo
The norm of H? is a concrete expression of the coefficients. If f(z) = 3.~ anz",
z € D, then from Parseval’s identity we get
1 2w

oo
ity|2 2,.2n
— dt =
o ) el de=3 lafr

for every r € (0,1). It follows that

[>)

17113 =" lan|®.

n=

3. The space BMOA
For f € H? and ¢ € D we consider the auxiliary function

fc(Z)=f(%) -f(), zeD.

Clearly f¢ is analytic in D with f¢(0) = 0. We calculate its H2-norm:

2 -
19 = o [ [r (Z2L) - seq) s orslome

1+ (s
1 w) - FOPLEE 1w =
2” aD |lw - ¢|?
1 1—]c¢|?
~ 5 [ 1P lawl - 17 < +oo

for every ¢ € D.
The space BMOA is defined to be the space of functions f € H? such that

sup || f¢ll2 < +oo.
¢eD

The name BMOA comes from Bounded Mean Oscillation Analytic.
We say that a function f(e*) € L}(8D) is of bounded mean oscillation in 8D,
if
1 .
sup - [ 1) = (1)l de < +os,
r Il J:
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where the supremum is taken over all intervals I C D, |I] is the length of I and
I(f) denotes the integral average of f(e*) over I, i.e.

() = ﬁ /I f(e) dt.

We write f(e'*) € BMO(8D).

It can be proved that a function f(z) € H? is in BMOA if and only if its
boundary function f(e*) is in BMO(8D). Like the Bloch and the HP condition,
the BMOA condition is also conformally invariant:

We consider again an arbitrary conformal mapping ¢ of D onto itself. It is
p(z) = ali:f— for some « € 8D and some £ € D. It suffices to prove that for the

function f(¢(z)) = h(z) and for every ¢ € D we have

1—|¢f?
lz = ¢J?

_ 1=}
o= [ 1)~ s

2
7 [dw|

/ Ih(z) - ()2
8D

where v = ¢(().
Set w = p(¢). Then the left hand side is equal to

1 [¢2 1+ Eof
[ 15w - fP = T ldul.

An easy calculation shows that

1-¢P 1 +& _1-f
lz=¢? 1-1€)*  Jw—of?’

which completes the proof.
Another basic property of BMOA functions is that they are Bloch functions. If
f € BMOA, then for every ( € D

fe(z) = agoz + a,goz2 Fievey z€ D,

with

a{ = £L(0) = (1 = [KIF Q-
From

o0

a2 < 3" 10O = || faetall3 < sup [|fcl3 < +oo

n=1 ¢eD

we get

sup(1 — [¢12)1f/(¢)] < +oo.
¢eD

Thus BMOA C B.
Obviously it is H*® C BMOA. A typical example of an unbounded BMOA
function is again the logarithmic function

A(z) = log(1 - 2), zeD.
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To see this we calculate

Xc(z) = log( - %) —log(l —¢) =log (1 - zi:g) —log(1+ C2)
o 1 l_z " An| o n
=nz=:1;[—(l—:—c) +(—C)}Z,
so that ,
<1 1-¢\" . - < 4
Pl =Y 2 |- (125) +(07] <3 5 <+o0
Chz ;nz 1-¢ ;nz

It follows that A € BMOA.
The family BMOA equipped with the norm

[1£lls = 1£(0)] + sup || fcll2
¢eD

is a Banach space. We only prove here that BMOA is complete.

Let {fo} be a Cauchy sequence of BMOA functions. As in the case of the
Bloch space, it suffices to show that there is an analytic function f such that
|frn— flls = 0 as n — co.

Lete > 0. Forn,m > N = N(e) it is || fn — fml||« <e&. If r € (0,1), this implies

|fn(2) - fm(z)‘ < “fn - fm"B <1°g 1 i T + 1)

1 1
< — -
<o = fulle (tog 2 +1) < (g 2= +1)),
for all z with |z| < r and all n, m > N. Hence the sequence {f,} converges
uniformly on compacta in D. By the Weierstrass theorem the limit function f is

analytic in D.
For an arbitrary 7 € (0,1) and for m, n > N, (€ D, it is

27
/0 |fac(re™) — fmc(re®*) P dt < 27| fag — fmcll3 < 27l\fn — fmli? < 2me®.
Letting m — oo we obtain
27r . .
/ |fnc(re™) = fc(re)|2dt < 2me?,
0
for n > N and for every 7 € (0,1), ( € D. We let now r tend to 1. We get

27
| lne) = fele)P e < 2me?,
0

or
lfng = Fellz<e
for n > N and for all z € D. The proof is now complete.
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Essentially in the same way as in the case of the Bloch space, we can show
that BMOA is not separable. To see this, we consider the uncountable family of
functions

fo(2) = log(e*® — 2), z€D, 0<a<?2nr.
For every « it is fo, € BMOA.
Now for & # 8 we have

fa(2) = f8(2)ll« 2 llfa(2) - f8(2)ll8 > 1,

since . .
eic _ etﬂ

(= [ = fo) (@) = (U~ 1) | ey =y | 2

for z = rei®, r — 1.

The subspace of BMOA corresponding to By is the space VMOA, that is the
space of analytic functions of vanishing mean oscillation. VMOA consists of all
functions in H? with

lfcll2—=0  as|¢|—1,

where f; is as in the definition of BMOA. A BMOA function is in VMOA if and
only if ||f(rz) = f(2)||l« 2 0asr —1~.

It follows that VMOA is the closure in BMOA of the polynomials; in particular,
VMOA is a separable Banach space. From the definition it easily follows that
VMOA C By. It is not true that H*® C VMOA, because it is not true that
H®> C By (see page 16). However, VMOA contains a very well known subspace of
He>,

Theorem 8. Let A be the family of all functions analytic in D and continuous
on D. Then A C VMOA.

Proof. If f € A, then f is the uniform limit in D of some polynomials p,. We set

f(z) = pn(z) + ‘pn(z)y

so that ¢, — 0 uniformly on D as n — oo. This implies that for an € > 0 there
isan N = N(g), so that |lon|leo < §.
Now we have

B — s o 21— ¢ 2
lowt? = sup |5 [ on(u)f =l laul - low(o)P]

1 —
< sup [nmna | tewP =KL jau - le(oP]
¢eD 8D lw* |

= sup [[len I = len (O] < llenllz
CED
and consequently ||on|« < §.
On the other hand, the polynomial py is in VMOA, since this is true for every

monomial p(z) = z™, m € N. To show this, it suffices to note that for every ¢ € D
it is

1 1-[¢]?
il = 5= [ )P aw - o = 1 - g
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It follows that there exists an R = R(N) = R(e) with

€&
lpwella <5 for R< ¢ <1.

Finally we get

€ €
I fcll2 < llpaellz + llenlle < g t3=¢

for R < |¢] < 1. The proof is now complete.

In the following we give a theorem about lacunary power series in the spaces
H?2, BMOA and VMOA. In the proof we will use a non-trivial VMOA condition,
which we formulate as a separate lemma.

Lemma. Let f be analytic in D and let ¢ be a monotone increasing function of r
n (0,1) such that

If'(2)] < o(r)
for |z2| =7, 0 <r < 1. If in addition

1
I =/ (1= r2)g(r) dr < +o0,
0

then f € VMOA.
Proof. We start from the identity

8= o= [ 15 =P wl = 2 [ 7P g i 0,

where d,Q = dzdy if z = z + 1y.
We prove the lemma in two steps: First we set ( = 0 and we write both expres-

sions in terms of the Taylor coefficients of f. Next we apply the transformation
£= z—_é— z € D.
—(z

For technical reasons we replace the variable z by ze*, where ( = pe'¥. We get

2 ; 1-—pz
12 = 2 / / |/ (2¢)|? 1og | =2

Vis D _—
<2},

a,Q.

We set now

1 ==
E1={ZED,' pz

p—z
E2=D\E1.

For z € E; it is

l—pz

1
og|——

1-
<‘ pe
p—2z

1 - pz|?

__1<4(1_)i%2> _ -0 -2
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This implies

2 [ irerios

/ /2‘" ,reu?eup)|2( I —p )(1 ) rdrdd

erﬂlZ

8 27 l_p
<2 2y, 2 . Nt S
—,r/(l o (’)Uo ll_pm,,,,zdﬁ}dr

—16/ (1 =7%)?(r 1_ ——dr.

1-p%r?

8 oy 2 (1= )1 = |2%)
< = ! i) |2
dZQ — ,f (Ze )l ll — pz|2 sz

.._pz

The last integral exists for every p € (0,1) since fol(l - 12)p?(r)dr < +oco and

1%_;;‘5;7 < 1. Further the integrand tends to zero for every r € (0,1) as p — 1.
By Lebesgue’s dominated convergence theorem, we obtain

2 ; _
——/ |f'(ze*°)|? log L= pe d,Q—0
T B -
= ¢ - 1.
We now consider the points z in F,. It is easy to calculate that
max |z| = 1+ 2p.
z€E; 24p

By the monotonicity of ¢ we have
142p 1-—-pz
i 21
// |f'(ze*?)|? log | ——| 4.0 < ﬂ_(p (_2+p)//3210g’p—z
— 2 \?
By . (o) (5
= \2+p ls|<} |5| 1+ ps|
2 212 27
2<p2(12_:_;> 1+p)/ /rlog dr dd

<0y (1—+—2’3) (A=)

24+p

a.Q

b
n

where C is an absolute constant. For every r € (0,1) it is

1 1
[a-ewwazem [a-2a

r , 1 (g
@*(r)

T
2-r—r?)>2o%(r)(1-r)
This and the convergence of the integral I imply that

P (1 -r)2—=0 as T — 1,
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5 1+2p) 1+2,o)2 . 1+2p> (1-p)?
1- = 0
# (2+p 2+4p d 24+p (1+p)2—)

as p — 1. Hence

L 1reieiog| =2
E» p—
and the proof of the lemma is complete.
Theorem 9. Let f(z) = Y po, bkz™, z € D, where nx € N and 11’:—‘ >a>1
for all k. Then the following are eguivalent:

(i) f € BMOA;

(i) f € VMOA;

(iii) f € H.
Proof. Since VMOA C BMOA C H?, we only need to prove that (iii) = (ii).
Consider the function

or

z d,2—0 as p— 1,

(=]
o(r) =Y mglbelr™™!,  0<r<l

It is

=)
Z nkbkr"" =1

k=1

|f'(re”)| = < o(r)

for all ¥ € [0, 2). Further ¢ is monotone increasing in (0,1).
We now prove that

! 2, 4
[a-menas 3+ 22 18 ©

We note first that

/01<p2(7‘)(1—r dr_./ [anwkl?""" 1] (1= ) dr
- [ [Ertmren=]a-ria

=1

1
+2 / [Z nknl|bk||b¢|r"*+"“2](1—1‘2) dr.
0

1<k<!

For the first summand we have

[ [Srmrm|a-ra =3 chome < qing o

k=1 1
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The interchanging of the integration and the summation is allowed by the mono-
tone convergence theorem.
Using the Cauchy-Schwarz inequality we find for the second integral

1
2/ [ Z nknglbkllbz]r"“+"’"2] (1-7r%)dr
0 Lick«

2,

1

4
Nk + Nkyp)? — 1

NkTke+p Ok || Bkt p (

b}
1l

n

x o0 1 o0
g Pllesol < 4322553 ol

é“qg
Ms i

1

)
1l
H x
il
-

Zlbkl z:|bk+p|2 < -——Ilfllz (5)
k 1

From (4) and (5) it follows (3), which in combination with the lemma proves our
theorem.

4. The Dirichlet space D

The Dirichlet space D consists of the functions f analytic in D with

s= [[ 1F@Pd0 <o, (6)

where d,Q) = dzdy if z = = + 1y.

The integral S equals to the area of the image of f, counting multiplicities. By a
substitution of the variable z we immediately see that S is conformally invariant.
S can be expressed by means of the Taylor coefficients of the function f. If
f(z) = Yoo anz™ is analytic in D, then

1 , &
;//D @) deft =3 nloa

where the value of these expressions can be equal to +co.
For R € (0,1) set Dp = {z € C,|z| < R}. By using Parseval’s formula we
obtain

1 ! 2 1 o T ptty|2
~[[ ir@ran=1 [0 [T ireerdra
1 27
_2/ [EF/ |f'(re®) |2dt 'rdr—2/ [“Z:n2|a |2p2(n= 1)]rdr
0
= Z nla,|2R?".
n=1

By letting R — 1~ we immediately get our relation.
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The Dirichlet space does not contain the space A of the functions which are
analytic in D and continuous on D. For example, the function

= 1
f(Z)’—_Z?ZZ, ZED:

n=1

obviously belongs to A, while it does not belong to D, because

L[ ireran= 2 2

On the other hand, the example

o o]
1 n
f(z)_ngznlognz ’ ZED,

shows that D also contains analytic functions unbounded in D.
Before we show the Banach space property of D we prove a growth estimate for
the functions in this space. If f € D, then for every z € D we have

<o+ (£) (e 27) g

where S is as in (6). It is

- 10P < (3 Ianllzl") Z Vlon) (lfl)]

n=1
) IZI ) 1
< (o) (5 ) = (ntent) s
n=1 n=1 n n=1 1—IZI
510 !
T g1-—|z|

for every z € D. From this we obtain

rensirors (£) (esty)’s  sen

We now show that D equipped with the norm

Ifllo = [If(O)I2+/D If'(Z)Izsz]%

is a Banach space.
Also here the nontrivial step in the proof is to show that D is complete in the
metric defined by its norm.
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Let {f.}, n € N, be a Cauchy sequence of functions in D. If ¢ > 0, then
|fn = fmllp < € for all n, m > N = N(e). From the growth estimate it follows
that

T

|F2(2) = fn(@)] < 11 (0) = frm(O)] + (5) (log - )

for all z with |2] < r, r € (0,1) and all n, m > N. Hence the sequence {fn}

converges uniformly on compacta in D. By the Weierstrass theorem the limit

function f is analytic in D and f}(z) = f'(2), z € D, as n — co.
Forn,m > N it is

1£a(0) = Fm(O)? + / [ @) - ferda <

Letting m — oo and using Fatou’s theorem we obtain

Ifn = flID < €7

forn > N.
The Dirichlet space D has the structure of a Hilbert space with the inner product

(£,9)= 1070 + [ /D F(2)7@) d:Q.

Since Y oo, n|aa|? < Yoo, |as|?, D is contained in the space H?. In fact, D is
much “smaller”:

Theorem 10. D C VMOA.
Proof. First we show that if f € H2 and ¢ € D, then

CdQ

Zlscllg = f 1£(2) |2log

22
<c [[ir@rt i o ™

where C is an absolute constant and f¢ is defined as on page 21. Apply the
transformation w = IL"—ZL, 2 € D. Then (7) takes the form
—(z

/] 2 __:L 1( 5 201 _ z2
J[1reresaasc [[ 1n@ra-1mae ®

where

27 .
olr) =+ / fre)ds, e 0,1).

For r € (3,1) we have

1 1 )
lOg;‘<;—1<2(1—7‘),
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so that 1 1 1
/ o(r) log - dr < 2/ o(r)(1 —r?)dr.
1 1
H 3
By a well known theorem of Hardy, ¢(p) is monotone increasing in [0,1). It
follows that for an r € [0, 1],

%
olr) < 3e)A -1 <o) [ (1) o

r

D=

1 1
< [ wlo)a- s dp< /0 w(o)(1— #?) dp,
or ,

3 3 1 1
/ o(r) log L dr<6 /2 log L dr/ w(p)(1—pdp < K/ o(r)(1 - r?)dr,
0 r 0 T 0 (i

which proves (8).

We write now "

2L ¢ zeD,

1—22

A, z)=1-

and observe that A(¢,z) <1 and
A(¢,2) =0  as|(|—1.

By Lebesgue’s dominated convergence theorem we obtain
J[r@racaae—o  asid-,
D
which in combination with (7) proves the theorem.

5. Carleson measures

A very useful tool in the study of Banach spaces of analytic functions are the
Carleson measures. We first give the definition.

Let o(2) be integrable in D with ¢(z) >0, 2 € D. For é € (0,1) and ¥ € [0, 27]
we consider the set

E={zeD:1-6<|2|<1, |argz—Y| <d}.

This set is called a Carleson box.

Suppose that } [[; ¢(2) d.Q < M, where d.Q = dzdy if z = z + iy and M
is an absolute constant. Then we say that du = ¢(2) d.Q is a bounded Carleson
measure.

If 3 [[zo(z)d.Q — 0 as 6 — 0, we say that du = ¢(2)d.Q is a compact
Carleson measure.

Analogously we say for p > 0 that du = (z) dz dy is a bounded (resp. compact)
p—Carleson measure if 35 [[;¢(z)d.Q < M, where M is an absolute constant

(resp. if 3 [[5 @(2) d.Q — 0 as 6 — 0).

With the aid of Carleson measures we may characterize some of the spaces we
considered above.

In order to give an idea of the methods used in this context we prove here the
following theorem about the connection between Carleson measures and BMOA
functions.
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Theorem 11. Let f be analytic in D. Then f € BMOA if and only if
p=1f(2)P(1-|z]) d.2

is a bounded Carleson measure.

Proof. The proof will be divided in two parts. We first give an equivalent definition
of a bounded Carleson measure by using integration over the whole unit disk.
This part does not involve any BMOA theory. The second part is an equivalent
definition of BMOA functions and contains only BMOA theory.

Part I: We show that du is a bounded Carleson measure if and only if

|412
sup // g ) < oo (9)

i) Suppose that (9) is valid. We consider a Carleson box E and then the point
5= (1-—6)e*’. By elementary geometry we see that

1 1-|s)?
P i E,
5= C€

where c is an absolute constant. This implies that

; /Ed“("‘)sc/ﬂﬁilcczllz use ] ll—lcczllzzd“ g

il) Suppose now that du is a bounded Carleson measure. Since [[,, du(z) < oo,
and
1-cf _ 1-f 2
= < for (, z € D,
1-Cz2 ~ (1-1¢h?* 1= ’
it suffices to prove (9) for ¢ near dD. We consider now a ( € D. We may assume
that w € (0,1). To this ¢ there is a p = p(¢) such that |1 — (z|> > 37 for
|z—1] > p. If ¢ is near to 1, then p is small enough, say p < 1.
Obviously it suffices to show that

/], ul:cczlz "] %o

where A= {z€ D, |z—1| < p}, and c is independent from (.

Since p < %, there is to every A,, n = 1, 2, ..., m, the smallest Carleson

box E, which contains A,. It is easy to see that

/ du(z) < 26, (10)
B

for every n =1, 2, ..., m and for an absolute constant c.
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We now write

// |11--_CC22|2 Z//,,\A,. ; Il—C |2 du(z), (11)

and we observe that

1-¢ oL itseana (12)
1= Cz]2 = 227§ 12 € An \ An-1,

where ¢ is an absolute constant.
From (10) and (12) we obtain that

//H\An 1 |11:CC2|2 (=) < copmg //,,\A,._l 22"5 / du(z) <

and consequently, by (11),

1-¢? |
_//,:1'1—42"2 Ilr )5622_”507

where the constant ¢ does not depend on m, that is not on (.
The proof of the first part is now complete.

Part II: Here we prove that an analytic function f in D is in BMOA if and

only if
CED-// Il quIz‘f( )l (1 |Z|2)sz < 0.

We start from the characterization that f € BMOA if and only if

sup / (2 |210g

¢eD

dl < 0

for an f analytic in D (see the Lemma after Theorem 8 on page 25).
It suffices to show that the expressions

[/ \r@pog lc:Zz

- 2
[[re e |z|)(cllz|<|)zﬂ, re B

and

are comparable.
By a change of variables we see that it suffices to prove this for { = 0. So we
have to prove that

/0 1 ( /0 e dt) (1-r?)dr= /0 1 ( /0 e dt) (k,g %) rdr.
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This relation follows from elementary estimates of the logarithm and from the fact
that the expression fozn |f'(re'*)|? dt increases with .

On this way we have completed also the second part of the proof. The assertion
of Theorem 11 now immediately follows by combining the above two parts.

Concluding we give without proof the characterizations for functions in the
spaces VMOA, B and Bp in terms of Carleson measures.
Let f be analytic in D. Then f € VMOA if and only if
du = |f'(2)] d;Q

is a compact Carleson measure.
Moreover, f € B (resp. f € By) if and only if

dp=|f'()I(1 - |2])?

is a bounded (resp. compact) 2-Carleson measure.

BMOA

1 é‘\‘

FI1GURE. The inclusions between the spaces A, D, H®, VMOA, By,
BMOA, B and H2.
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