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Methods for complex ODEs. . .

We discuss complex ODEs (Ordinary Differential Equations), e.g.
f"+Af =0

and
" + Agf” + Alf/ + Aof =0

and

FO LA FD 4 A A = 0.

Convention: We assume A; to be analytic in D (simply
connected) for all j. In this case, all solutions f are analytic as well.
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Complex analysis

Let f be analytic in D C C, denoted by f € H(D). Let D be
simply connected (has no holes), for example

.2+ 3i
1 D = starlike




Background
000®00000000

Complex analysis

f € H(D) means that
@)= f(w)

w—2z Z — W

3 f(2) , z€D.

Then,
Q 7. f",....fU) ... also exist;

2 F(K)(4
(2] f(z):z fkk(! 0)(z—zo)k, z € D(zy,r) C D;

j=0
© f preserves angles whenever f'(z) # 0.
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Complex analysis

Function 7 maps a disc conformally/univalently onto a triangle.
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Function spaces

Growth spaces

f € H(D) is bounded if
|f | Hee = sup |f(2)| < oo.
zeD
Similarly,
[f1lHge = sup [f(2)[(1 — |2[)?
zeD

and

[fllHze = sup [f(2)|w(z).

zeD

11

i
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Function spaces

The a-Bloch space, 0 < a < oo,

[fllge = sup [f'(2)|(1 — |z])".
zeD

Let f € H(D) be univalent. Then

f € B! = B, if and only if (D) does
not contain

arbitrarily large discs.

largest
i disc
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f(D) has finite area CM, if

113 = /D 1#(2) dm(2) < oo

f(D)

has finite
area CM

Similarly,

115, = / #(2)|Pe(z) dim(z),
and (K suitable function, e.g. K(r) = rP)

1—az
17113 :SUP/ f'(2)PK (log — ) dm(z).
acD JD 4

B:*CDCQCBMOACB', for0<p<l0<e<l.
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Here

1
=log—— =g(z,a = Green’s f. for D
S 8 )

1—3az

log
a—z

We note that for 3 < |z| < 1
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Function spaces, equivalent norms

1
=lo =g(z,a = Green’s f. for D
Efaaa 65 )

We note that for 3 < |z| < 1

1
) Slog — < (1-12])
2|

—~
-
|
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=lo =g(z,a = Green’s f. for D
Efaaa 65 )

We note that for 3 < |z| < 1

1
log 1 = (1 —1z])
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Function spaces, equivalent norms

1
=lo =g(z,a = Green’s f. for D
Efaaa 65 )

We note that for 3 < |z| < 1

1
log 7 = (1 —[z[) < (1 - |z

2|
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Function spaces, equivalent norms

Here

1
=log—— =g(z,a = Green’s f. for D
8 1a@)] g(z,a) ( )

1—az

log
a—z

We note that for 3 < |z| < 1
log - = (1~ |z]) = (1 - [z])
og—=<(1-|z)<x(1—|z
|z|
Hence,

1113y = 225/@ f'(2)PK (1 — [pa(2)I?) dm(2).
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Function spaces, equivalent norms

Convention: The quantities ||| x can be called norms even when
they are not true norms.

[f[|Hge = sup [f(2)[(1 — |z])?
zeD
= sup |f'(2)|(1 — |2])P*" + |£(0)]
zeD

= sup |f"(2)|(1 — [2])P*2 + |£(0)] + |£'(0)].
zeD
Also

n—1
sup |£(2)|w(z) = sup [F"(2)[w(2)(1 — |2))" + Y [FD(0)].
zeD zeD j=0

More in Paper II. ..
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Function spaces, equivalent norms

Let 0 < p < co. Then
2m

1 .
1f1lE = sup = [f(re)|P db
0<r<1 47T Jo

vﬂz 2)P2|f(2)2(1 = |z|) dm(z
A2/D\f( P () (L = |2]) dm(z) + [£(0)]

More in Paper Ill. ..
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Function spaces, equivalent norms

Let 0 < p < co. Then

p 1 o i0y|p
£l = sup o— | |£(re”)|P db
0<r<1 47T Jo

P P=2If(2)|?(1 — |z]) dm(z
Q/D\f(z)! [#(2)|*(1 — |z[) dm(z2) + |£(0)

C(p)/DIf(Z)I"_2If”(Z)I2(1—|Z|)3dm(2)+If(0)|+|f’(0)|

)

)=

More in Paper Ill. ..
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Function spaces, equivalent norms

Let 0 < p < co. Then

1 2 .
IflIf = sup = [ |F(re”)|P db

0<r<12m

)(

P=21£1(2)12(1 — |z|) dm(z
Q/D\f(z)! [#(2)[7(1 — |z]) dm(z) + [£(0)]
C P)/le(Z)l"_zlf"(Z)|2(1— |2])* dm(z) + |£(0)| + ['(0)]

;/If(Z)I”_2|f(k)(Z)I (1= [2[*)* dm(z +Z!f°)
D

)=

More in Paper Ill. ..
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Localization
[ Jelelelele)

lterated order of growth

The growth of f € H(ID) can be measured by the n-iterated order
of growth

log  M(r, f
oma(f) = limsup g"|+11()
r—1- 08 1=

Here

M(r,f) = sup [f(2)]

|z|=r
log] x = log™t x = log(max(x, 1))

IogrfJrl x = log™ log} x
Similarly the n-type

Tm,n(f) = limsup(1 — )M logh M(r, £).

r—1-
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A known result

If the equation

'+ Alf/ + Agf =0
has a solution base {fi, 2}, then for all solutions f
omn1(F) < max{om n(A1), omn(Ao)} = a
< max{om,nt1(f), omnri(f2)} -

Moreover, if
om,n(A1) < om,n(Ao),

then

max {om,n(A1),omn(A0)} < omnpa(f), Jj=1,2.
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A particular localization map

Define
. . 1—2z\"
T(z) =1—sin(B8/2)e" ( 5 ) ,
% W;b) 28in(8/2) Be (0,71'/2]
p=B(r - p)/n?
(D) v € (—7/2,7/2)
f | < (m = B)?/2m
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A particular localization map

Let g =fo T. Two lemmas:
e ODE for f yields an ODE for g;
o if g grows fast, then f grows fast.
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Paper |, results

Next, we apply the localization method to the equation

f" + A1 (z) exp <(1_blz)ql) f'+ Ao(2) exp <(1_b°z)qo> f=0

where Ag, A1 € H(DU{|z — 1| < e}), forsome 0 < e < 1. To
avoid trivial cases, Ag £ 0, b1, by, g1, 90 # 0, Re (go) > 0.



Localization
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Paper |, results

Theorem (Huusko)

Let
" + Ai(z) exp <(1 flz)q) f + Ag(z) exp <(1 _b"z)q) f=0.

(i) If g € (2,00) and arg(b1) # arg(bo), then oy o(f) > q.
(i) If Im (q) # 0 < Re (q) and |b1| < |by|, then
O'M’2(f) Z Re (q)
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Integration method

Let 0 < p < co. We use the Fundamental Theorem of Calculus:

/ 1
I 2P < (- 2P / PO 1del+ 17)
< s Ol P
I<I<|z]
x(l—rznp/O e FO)

< sup QI [C)PHS +1F(O)]

1<z
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Integration method

p+1

1
1l Hge < ;Ilf’HHw +17(0)]-

Hence

1

fllgoo < ————
£l < s

17 s, + 1FO) + S 171

We may apply this to the study of the differential equation
" + Af = 0.

Denote f,(z) = f(rz), for 0 < r < 1, which implies

'+ r2Af =0.
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Integration method

1 1
Fllgoe < ————|IF" || yoo f(0 ZIF(0
[frllHge < p(p+1)|| 7 NHge, + 1 ( )|+p\ (0)]
and
7(,//+r2Arfr:0
imply
Fllyee < —221fA £(0) + 21F(0
[l Hge < o 1) 1 ArllHge, + 1£( )I+;| (0)|
1

1
< ———|IfllHe A Hge + IF(0)] + =|f'(0
_p(p+1)ll g 1 Arlag= =+ [£(0)] + Z£(0)]
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Integration method

1

|| fHHP — ” ’||HP p(p+1)

1
1Al Hge + [F(0)] + ;|f'(0)\
implies

1 1
fellpoe | 1 — —||Arl|Hee ) < |F(O —|£(0)|.
I (1= s ) < IFCO)1+ S 17(0)

<1

We obtain .
1£(0)[ + 517(0)]

1
L= o llAlkge

el Hge <

This implies that f € H°!
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Paper I, results

Theorem (Huusko, Korhonen, Reijonen)

Let A€ H(D), 0 < p < oo and consider the equation

"+ Af = 0.
If
[Al| e = sup IA(2)I(1 - |z])* < p(p + 1),
then f € Hge.
If

1
_ N2
Al = sup AL~ 22 og (1= ) <1,

then f € B. Both results are sharp.
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Paper I, results

Theorem (Huusko, Korhonen, Reijonen)

Let A€ H(D), 0 < p < oo and consider the equation

"+ Af = 0.
If
[Al| e = sup IA(2)I(1 - |z])* < p(p + 1),
then f € Hge.
If

1
_ N2
Al = sup AL~ 22 og (1= ) <1,

then f € B. Both results are sharp.

Alsoa f € B%*E C D C Rk result is obtained.
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Note: we used an operator theoretic approach, originally due

to Pommerenke

Actually, in the proof we used an operator theoretic approach:

= [ “F(0) de + F(0)

/(/ f'(w dw>dc+f(0)+f’()
/ (/ Flw dw) dc + £/(0)z + £(0).
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Note: we used an operator theoretic approach

Hence, if X C H(ID) is an admissible normed space and the
operator norm

Sa(f
[Sa(f)lIx=x = sup M <1,
rexvioy  [Ifllx
then
1F1x < IFIx/ISa(F)llx-x + C(F)
yields
C(f)
f = < Q.
1Pl = T s ox
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Integration method, generalization for w

In the integration method, the key technical property was the fact

: 1
(g A-jcpt =p- M

" ds
|imsupwr/<M<oo,
mee ) G-

(‘w decreases fast enough’) we obtain the generalization

f(2)lw(z) S sup [F(QONw(C)(L —[¢H™ + C(F),

[¢I<]z]
that is,

fllmge S IF DIk + C(F), v(¢) = w(Q)(X = ¢
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Integration method, generalization for higher order ODEs

The simple equation f” + Af = 0 yields |f"| < |Af].
The general equation

FO) A D o AF 4 Af =0
implies

UL < A 1P - AL+ Aol I
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Integration method, generalization for higher order ODEs

Let n € N, 0 < & < co. The Cauchy integral formula

(myy_ N f(<)
F7(z) = 27i Je (¢ — z)ntt 9

allows us to eliminate the derivatives:

FD(2)|(1 2" < al(1+e)”  sup[F(Q).

_ _licle
ICl=p="%2

Another way:

A, (M) — zm:(_l)j <m> (A%)f)(m—j) '

J
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Integration method, generalization for higher order ODEs

To deduce
() w(z)1 = |z))" < nl(l+e)"  sup  [F(Q)]  w(z)
(¢ Ll —~—~
lte <(me)w(C)
<(m+e)  sup  [F(Q)]w(C),
|Cl=p=13212]
we need to assume that
lim sup & <m
r—1-— w (1115€r>

('w does not decrease too fast’).
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Integration method, generalization for higher order ODEs

Therefore, let w : D — (0, 00) satisfy

lim sup w(r)/rds <M< o0
r1- o w(s)(1—s) ’

and

for some M, e, m. We obtain the generalization:
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Integration method, generalization for higher order ODEs

Theorem (Huusko, Korhonen, Reijonen)

Let w be as above. Consider the equation
FO) 4 A FD) o ALF 4 Agf =0,
where A; € H(D). If

k—1

> sup |Aj(2)I(L — |z))*
j:OZED

is small enough, then f € H°.

Detailed constants, depending on w, are given in Paper Il.
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Hardy-Stein-Spencer formula, generalization?

Let 0 < p < 00. Then

1 27 .
1l = sup — | (re)[P db
0<r<1 €T Jo

2
';/DIf(Z)I"_2|f/(Z)\2(1— |21) dm(z) + [£(0)]

= C(p)/D\f(Z)Ip2\f”(2)|2(1— |21)* dm(z) + [£(0)] + |f'(0)]

X

k—1

L [P O@R@ = |z dnz) + 3 [F9(0).

j=0

for k e N.
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Hardy-Stein-Spencer formula, a generalization

Theorem (Grohn-Huusko-Rattya)

Let f € H(D), and k € N.
(i) If 0 < p < 2, then

||f|rH,,N/|f )P=21£ ) (2)2(1 — |22+ dim(z +er°(0
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Hardy-Stein-Spencer formula, a generalization

Theorem (Grohn-Huusko-Rattya)

Let f € H(D), and k € N.
(i) If 0 < p < 2, then

|f|rH,,N/|f P21 R (2)2(1 — |22 dm(z +er°(0

(ii) If 2 < p < o0, then

k—1

/DIf(Z)V’_QIf(k)(Z)I (1= [z Y dm(2)+ Y IFDQ)P S IIF 115

j=0
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Zeros of solutions

Let f Z 0 be a solution of the ODE
" 4+ Agf// + Alf/ + Aof = 0,

where A; € H(ID). Then
@ no zeros are n-fold for n > 3;

@ the behavior of the two-fold zeros can be quite restricted
(if Ajs are restricted);

© the simple zeros can have worse behavior.



Operator theory

000e00000

A sequence {z,} C D is separated if for 0 < § < 1 each disc

—Z

A(a,é):{zeD: ‘a

1—2az

<5}, aeD,

contains only one of the points z,, that is,

Zn " 2%k | 5 5

1—2Zz,z
Moreover, {z,} is uniformly separated if

inf 11

neN\{k}

"% g
b

1—Zz,z

that is, for each k € N, the quantities ‘fj%zk

ZnZj

approach 1 fast.
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Zeros of solutions, a result

Theorem (Gréhn, Huusko, Rattya)
Let Ag, A1, Ay € H(DD) and let f be a non-trivial solution of

f”l =+ Agf” -+ Alf/ =+ Aof =0.
(i) If _
sup |4(2)|(1 =[PP < o0, j=0,12
ze

then the sequence of two-fold zeros of f is a finite union of
separated sequences.
(i) #f
sup [ 1AL~ 12FY (1 = lpa(e)?) dm(z) < .
aeh
for j = 0,1,2, then the sequence of two-fold zeros of f is a
finite union of uniformly separated sequences.




Zeros of solutions, a result

Operator theory
00000e000

Dots = two-fold zeros.

Union of two-fold zeros
consists of three
separated sequences

Each small ph-disc
contains

at most one point
from each color.
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Results on ODEs

We study the differential equation
f"+Af =0

by combining the operator theoretic idea

C(f)
fllx < < 0.
Ilx < T SaPox =™

with some reproducing formulas, for example if £ € H! then

2 i
£(2) 1/ ) _gp sem.
0

Y 1—ze—i0 "7
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Paper Ill, results, ODEs

Theorem (Grohn, Huusko, Rattya)
Let A € H(DD) and consider the equation

" + Af = 0.

If

sup (o8 12 ) [ 1A~ PR~ (e o)

aeD

is sufficiently small, then f € BMOA (= Qg, where K(r) =r).

Also H* and B results were found.



Operator theory
©00000000e

Methods for complex ODEs based on localization,

integration and operator theory
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