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Abstract: For a non-normal function f the sequences of points {a.} and {b,}
for which limp— 0 (1 — |an]?)f#(an) = +o0 and

limn o0 [ A (f#(2))?97(2,an) dA(z) = +o0 are considered and compared with
each other.
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1. Introduction

Let A be the unit disk in the complex plane and let dA(z) be the
Euclidean area element on A. Let M(A) denote the class of functions
meromorphic in A. Green’s function in A with pole at a € A is given

a2z

by g(z,a) = log m, where ¢q(z) = £ is a Mobius transformation
of A and o(z,w) = |p.(2)| is the pseudohyperbolic distance between z
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and w. For 0 < r < 1, let A(a,r) = {z € A : g(z,a) < r} be the
pseudohyperbolic disk with center a € A and radius r.
For 0 < p < oo, we define classes Qf (cf. [8] and [6])

Qf ={f € M(8) :sup // (F#(2))%7 (2, 0) dA(z) < oo},

where f#(z) = 5 +’;;(zz IS the spherical derivative of f. We know
that Q# = UBC, the class of all meromorphic functions of uniformly
bounded characteristic in A (cf. [9]), and for each p € (1,00) the class
Q¥ is the class of normal functions A" (cf. [6]), which is defined as
follows:

N={feM@):|flx= igg(l ~ |2*)f#(2) < 00}

Definition 1. Let f be a meromorphic function in A. A sequence of
points {an} (lan| = 1) in A s called a qn-sequence if

nl_l_)ngo f#(a,n)(l - lan|2) = +400.

Definition 2. Let f be a meromorphic function in A and 0 < p < oo.
A sequence of points {an} (lan| = 1) in A is called a gp-sequence if

lim / / (PP (2, an)dAL) = +oo.

n—roo

2, q, and g sequences

Theorem 1. Let f be a meromorphic function in A. If {a,} is a gN-
sequence, then any sequence of points {b,} in A for which o(an,bs) — 0
i a gp-sequence for all p, 0 < p < co.

Proof. By [[4], Theorem 7.2] there exist a sequence of points {c,} in
A and a sequence of positive numbers {p,} satisfying for the pseudo-
hyperbolic distance o(an, ¢,) — 0 and 1—_% — 0 such that the sequence

of functions {fr(t)} = {f(cn + pnt)} converges uniformly on each com-
pact subset of the complex plane to a nonconstant meromorphic function
g(t).

For a fixed R > 0 set A, = {2z : 2z = ¢n + pat,|t| < R}. For
any sequence of points {b,} in A for which o(an,b,) — 0, we have
0(bn,cn) — 0 since o(an,cn) — 0. Thus, for n sufficiently large, we
obtain that

Ap={z:z2=rcp+put,|t| <R} C Qp={2: s, (2)] < 1/e}.
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Therefore, we get by change of variables
[]. e b
> /[ | () b)dA)
-/ O kb))

By the uniformly convergence we have

f / ]t]<R(ff (£))*dA(t) = / / lth(g#(t))sz(t),

and this last integral is finite and nonzero, because g(t) is a noncon-
stant meromorphic function and the integral is over a fixed bounded set.
However, g(cn + pnt, bn) = +00 as n — oo uniformly for |t| < R, and it
follows for p, 0 < p < oo, that

[t @P 5P en+ pat u)AA) — 4.
[t|<R

In fact,

Cn + Pnt — bn,

g(cn + pnt,by) = log

)

and for [t| < R

Cn"bn pnt

1= bp(cn +pnt)| = |1 = bncn| — polbnt] ~ 1—,-1’33]5%

Thus the proof of Therem 1 is complete. O

Corollary 1. Let f be a meromorphic function in A. Suppose {a,} is
a gn-sequence, then {an} is a gp-sequence for all p, 0 < p < oo.

In view of Corollary 1, it is natural to ask whether the converse of
Corollary 1 is also true. However, the following result shows that no
such assertion can be true.

Theorem 2. There exist a non-normal function f and a sequence {a,}
in A which is a qp-sequence for all p, 0 < p < oo, but {a,} is not a
gnN -sequence.
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Proof. Consider function f(z) = exp '1%2 It is easy to see that f is not

normal. Choose sequence {b,} = {T%g} and by a simple computation

we obtain that

im (1= [baf”) £ (b) = +o0.
By Theorem 1 for any sequence of points {a,} in A for which o(an, b,) —
0,

n—od

lim f / (FH()g(au)dA(2) = oo

for all p, 0 < p < 0. Now we choose {an} = {12; - = _;ng} and notice
that o(an,b,) — 0. But

lim (1 - |an|2)f#(an) = 0.

n—00

Thus {a,} is just one we needed. a

Remark 1. There exist a non-normal function f and two sequences
of points {a,} and {b,} in A for which o(an,b,) — 0 such that

Tim (1~ [an[?) f#(an) = +o0
and
7}_1_}1130(1 — 1Bn]?) £#(bn) < +o00.
Theorem 3. Let f be a meromorphic function in A and let 0 < p’ <
p < o0o. If, for a sequence of points {an} C A,

im, [/ ()07, 0)dAR) = +o0, 0

n—oo

then

lim //A(f#(z))zgpl(z, an)dA(2) = +oo0. (2)

n—+o0

Remark 2. By assumption (1) we know that f ¢ Qf . Since the func-

tion classes Q# have a nesting property, f ¢ Qz’f for p’ < p. However,
Theorem 3 gives more information about this situation showing that the

same sequenec {a,}, which breaks the Qf -condition, also breaks the
Q;ff-condition.

Proof of Theorem 3. Let U} = {z : g(2,a,) > 1}. By (1) we may
suppose (at least for some subsequences of {a,}) that either

im #(2))20P(2. a z) = 400
! //A\U{ff())g(’n)df‘l() ¥ (3)

n—o0
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or

i, [/ PP esen)dAE) = oo @)

n—oo

Suppose now that (3) is true. Since, for z € A\ U7, we have g(z,a,) <1
and thus ¢? (2, an) > ¢P(z,ay,) for p’ < p. Hence

Jim / / A\Un P (2,an)dA(2) =
and so
A, / f @ (an)dA(z) =

Suppose next that (4) is true. Then we need to consider only two cases:
(i) Either there exists a sequence of points {b,} in U with o(an,bs) — 0
such that
— #(h
Tim (1 = [bn*) £# (ba) = +o00
or (ii) there exists rp, 0 < o < 1/e, and M > 0 such that
(1= ) fF(z) < M

for all z € A(an,m0) = {7z : o(z,an) < 79 }. If (i) is true, then by
Theorem 1, for any sequence of points {c,} in A for which o(bp, c,) — 0
and any p/, we obtain that

nli)rgo// (f#(2) (z,cn)dA(z) = +o0.

By choosing the sequence {c,} = {an} we see that (2) is true in this
case. On the other hand, if (ii) holds, then necessarily

' # 20P (2 z) = i
i [f e T )i (D) = oo

Since, for z € A\ U}, ¢P(z,an) < g7 (2,0,) and for z € U} \ A(an, %),
cg?(2,an) < g7 (2, a,) for some ¢ > 0,

lim ]/ #(2))2g" (2,an)dA(2) = +00.
n—oo A\A(an,

Thus also in this case (2) is true and the proof of Theorem 3 is completed.
O
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Remark 3. In fact, from the proof of Theorem 3, we can see that if for
a fixed rg, 0 < 1 < 1,

i #(2))2gP(2,a z) = +oo
lim //A(am)(f (2))24" (2, an) dA(2) = +00,

n—roo
then there exists a sequence of points {b,} in UT* such that

(1 = [ba*) f#(by) = +o0.

lim

n—o0
In the opposite direction we are able to get a sharper result which is also
deeper than Corollary 1.

Theorem 4. Let f be a meromorphic function in A. If , for a sequence
of points {an} C A,

lim (1 - |an|*) f*(an) = +o0,

n—ro0

then for the same sequence {an}

im #(2))2P(2,a z) = 400
i [/ oy PO a)iA() =+

00
holds for allp, 0 <p < oo and allr, 0 <7 < 1.
Proof. Suppose that
; — o |2) £# —
Jim (1 —Jan|*) f7(an) = +oo0.

If there exists an r9, 0 < r9 < 1 and a p, 0 < p < oo such that

lim sup //A( )(f#(z))zgp(z, an)dA(z) = M < +o0,

-0

then there exists a subsequence {an, } of {a} such that
// (f*#(2))%¢P (2, an, )dA(2) < M +1
A(ank,ro)

for k sufficiently large. Choose an 71, 0 < r; < rp, satisfying
(log1/r)P(M + 1) < /2.

It follows that

/ ] o P A < (og 1) P 1) <

ol
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By Dufresnoy’s theorem (see [[7], p.83]) we have

(1 = lang[2) f#(ame) < —11-

which contradicts our assumption. O

Theorem 5. Let f be a meromorphic function in A. Suppose that, for
0 < p < oo, there exists a sequence of points {a,} in A such that

s ([ ()0 5 an)dd(z) = +oo.
A

Then, for any sequence of points {b,} in A for which o(an,b,) = 0,

n—oo

lim / (F#(2))26° (2, ba)dA(z) =
A

Proof. Choose positive constants M; and M, such that My < M. Let
Ul = {z: g9(z,an) > M1} and U} = {z : g(z,an) > M3}. Then if
we UL, z€ A\ UF,

cg(z,an) < g(z,w)

for some ¢ > 0. This means for all n that

/[ PO A 2 // GO0 a@dA(z())
5

for any sequence of points {b,} in A for which o(an,b,) — 0. If

jimsup | g P87 0n)A(2) = oo,

n—oQ

then, by (6),

o [ e =

lim sup //Uzn(f#(z))zgp(z;G»n)dA(z) =

It

n—oo

then continuing as in the proof of Theorem 3 we have to consider two
different cases: (i) Either there exists a sequence of points {c,} in U}
for which o(an, cn) — 0 such that

hm (1 — leal®) f#(cn) = +o0
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or (ii) there exists rg, 0 < 19 < e™2, and K > 0 such that
(1-1)f#(=z) < K

for all z € A(an,ro). If (i) is true, then, by Theorem 1, for above {b,},
we have

im #(2 z Z) =100
| f/A(f (2))%6° (2 bu)dA(2) = +

n—o0

since o(bn,cn) — 0. On the other hand, if (ii) holds, then using the
same conclusions for Green’s functions we see that necessarily for any
sequence of points {b,} for which o(an,b,) — 0,

im #Z 2 2 ) = 10Q.
! f/Au())gP(,bn)dA() ¥

n—oo

This completes the proof. ]

Question. Let 1 < p < oo and suppose that

lim f/A(f#(z))2gp(z, a,)dA(z) = +o0.

n—roo

Is it true for p/, p < ¢/,

lim / / (P (2,n)dA() = oo

n—oo

We answer in part the question below, which is based on the fact that
NDMIZ‘*6 = Qf for all p, 0 < p < oo (see [31]).

Theorem 6. Let 1 < p < co and suppose that

lim /fA(f#(z))zgp(z,an)dA(z) =.+oo.

n—00

If the sequence {an} is not a my-sequence, that is,

lin [/ ()0 - lpu P PAAG) < -+,

n—o0

then for any p', p < p’, we have

lim //A(f#(z))zgp’(z,an)dA(z) = -+00.
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