Kompleksianalyysi a
Syksy 2016
Harjoitus 4, 6.10.2016

1. Tarkastellaan vield luentojen luvussa 1.7 mééariteltya pallometriikkaa .
Olkoon f méaritelty jossakin pisteen zy € C punkteeratussa ympéristossa.
Todista, etta

lim f(z) = o0 = lim x(f(z),00) = 0.
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2. Olkoon f : C — C madaritelty kaavalla
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Missé joukossa f on jatkuva?
3. Olkoot f,g:C\ {0} — C maééritelty kaavoilla

f(z) = Zifj) ja a(2) :_Z—<|i(|§)) |

Téssd R(2) ja J(z) tarkoittavat pisteen z reaaliosaa ja imaginaariosaa,
vastaavasti. Voidaanko funktiot f ja g maééritelld pisteessd z = 0 niin,
ettéd ne olisivat jatkuvia koko kompleksitasossa C?

4. Tarkastele jonojen {z,} kdyttaytymistd, kun n — oo. Suppenemista-
pauksissa etsi raja-arvot.

(a) 2, =1i/n,

(b) 2z, =i(-1)",

(¢) z, =Arg(—141i/n),
(d) zo=n(24+10)/(n+1),

5. Osoita seuraava véite: Jos lim,, . f(2,) = wy jokaiselle jonolle {z, }°°
joka suppenee kohti pistettd zq (2, # 2¢), niin talloin lim,_,,, f(z) = wp.

6. Laske seuraavien funktioiden derivaatat maaritelméan avulla:
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7. Osoita, ettd Arg(z) on epidjatkuva jokaisessa pisteessid zgp € R, joka
toteuttaa ehdon —oo < 2y < 0.

(a) 2° +32—2z+1, (b)
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8. Osoita, ettd f:lld on kompleksinen derivaatta pisteessi zp, jos ja vain
jos on olemassa A € C ja funktio €y ., (h), jolle limy,_,o €., (h) = 0, siten
ettd seuraava yhtalo patee

f(Zo + h) = f(Zo) + hA + th,ZO(h),

ja téllsin A = f'(z9). Osoita tdmén avulla ketjusiéintd: <L f(g(z)) =
f'(g(2))d'(2), missé g on derivoituva z:n ympéristossi ja f derivoituva
g(2):m ympéristossa.



Complex Analysis a
Fall 2016
Exercise 4, 6.10.2016

1.

Consider the chordal metric y defined in section 1.7 of the lectures.
Suppose that f is defined in a punctured neighborhood of 2z, € C.
Prove that

lim f(z) = o0 — lim x(f(z),00) = 0.
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. Let f:C — C be defined by
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In which set is f continuous?

Let f,g: C\ {0} — C be defined by the equations

Fo =1 g@:%.

Here R(z) and 3(z) are the real and the imaginary parts of z. Can you
make f and g continuous in C by defining f(0) and ¢(0) appropriately?

Examine the behavior of {z,} when n — oo. In the cases of conver-
gence, find the limits.

(a) 2z, =1/n,

(b) zn =i(=1)",

(c) zp = Arg(=1+i/n),

(d) zn =n(2+17)/(n+1),

Show the following: If lim, . f(z,) = wy for every sequence {z,}>°
which converges to zg (2, # 20), then lim,_,, f(2) = wy.

Calculate the derivatives of the following functions by the definition:
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(a) 2°+32—2z+1, (b) 241 (c) 22 _ 9.

Show that Arg(z) is discontinuous at each point zy € R satisfying the
condition —oo < zg < 0.

Show that f a complex derivative at point 2y, if and only if there exists
A € C and a function €y, (h) with lim, g €., (h) = 0, so that we have

f(ZO + h) = f(ZO) + hA + hef,z'o(h)a

and in this case A = f’(20). Use this fact to prove the chain rule:

Lf(g(z) = f(9(2))g (2), where g is differentiable near z and f is

differentiable near g(z).



