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1. Laskemalla saadaan

(a)
L+2i| |1+ 2i _vi+d
—2+i| |=2+i VA¥1
(b)
(2 +20)(2 — 34)(4i — 3)| = |2 + 24[|2 — 3i|[4i — 3|
= V4 + 44+ 9V16 + 9
—2.5V2-13 =10v26
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(i —1)2 -1 1+1 = 2
(d) 100
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2. Argumentin l6ytamiseksi riittad etsid yksi luku 6 € R, jolle z = |z|(cos 0+
isinf) = |z| cisf. Argumentti on sitten argz = 0 + n2w, n € Z.

(a) z = —1/2 = |1/2|cos, joten arg(—1/2) = m + n2w, n € Z, ja
—1/2=1/2cism;

(b) arg(—mi) = 3 + n2w, n € Z, joten —mi = mcis 2

(c) arg (—2v/3 —2i) = arg (4 (—V3/2—1i/2)) = T+ n2m, n € Z,
joten —2/3 — 2 = 40is7—7r

(d) 1—2—\/_CIS—Ja—\/_+Z_QClS 2T joten

5 T
arg(l—i)(—\/ﬁ+i)=%+g+ n2rm :E+n27r nez,

ja siten (1 —z)( \/_—i—z) = 2¢/2cis IZ:

127

(e) V3—i= 2cis 5, joten (\/g—i)2 = 4cis 3 ja arg(\/g—i)2 =

——+n27r
(f) —1+\/_Z—2CIS Ja2+22—2\/501s— joten

—1+V3i 2r «w 5
arg 59 3 4+n7r 12+n T, N E 4L,

jasiten (—1+v/3i) /(2 +26) = f cis 22.



3. Oletetaan, ettd z; = tzy jollakin ¢t € R. Télloin
I(n172) = S(tzaz) = S(t2)*) = 0.

Kéantden, olkoon (z12z3) = 0. Télloin on olemassa t € R siten, etté
z21z5 = t. Kertomalla puolittain luvulla z, saadaan

t
21‘22‘2 =tz & = T2
|22
4. (a)
i ™ L. ™ 1 . 1
e 1t=cos|— ) +ismn|—) = —= —1——;
4 4 2 2
(b)
e1—1—2‘371' ” -
_ JliSml—iL 2 43T . 2,
e—l+ir/2 € —eer =i,
()
ee — ecosl—i—zsml — ecoslezsml — 6coslcos(Sln 1) + Zecoslsul(sln 1)

5. (a) Olkoon z € C. Téllsin
T = e%e'™ = 7 (—1) = —€”.
(b) Olkoon z = z + iy € C. Talloin
€ = em iy = % (cosy — isiny)
= €” (cos(—y) +isin(—y)) = e“e ¥ = €,
6. Koska (De Moivre)
cos 30 + isin 30 = ™ = (ei9)3 = (cos @ + isin6)?,
ja binomikaavan nojalla
(cos® + isinf)® = cos® § + i3 cos® O sinf — 3 cos fsin® @ — isin® 0,
niin
sin 30 = ¥(cos 30 + i sin 36)
= $(cos® § + i3 cos® §sin § — 3 cos @ sin? @ — i sin® 0)
= 3cos’fsinf — sin® 6.

Toinen véite voitaisiin todistaa myos edellisen kaltaisella pa#ttelylla,
mutta kiytetdin téssa ohjeistuksen mukaisesti kaavoja cosf = %(ew +
e~?) jasing = (e — ). Koska

1, ,

)
niin

cos 0 cos 0y — sin 0 sin 0,

= % (ei91 + 671‘91) % (ei02 + e*iez) _ Z (ei91 _ 671‘01) % (eié’g . 67@'92)
— 1(62'91 €i€2 + ei91 6—2'92 + 6—2'01 €i92 + e_igle_i92

4
4 eif1gits _ it =iy _ =iy gify | efwlefwz)

1 . .
_ 5 (62(91+92) + 6—2(91+02)> — COS(91 + 92)



7. (a) Koska v/3 —i = 2¢7'%, niin
7 . 7 7
<\/§ - @) s (cos g —isin %) — —64v/3 + i64.
(b) Koska 1 +i = +/2¢'%, niin
(1 + 'l;)95 — 2956729?% — 247\/§€i<11-27r+%r) — 247(1 _ Z)

8. Kéytetddn luentomonisteen kaavaa (1.12).

(a) (—16)1/4 = (16 imrh2m) 1/t — 9™ 1 — () 1 2, 3. Siis

2eT =2+ iV2,
(—16)1/4 = 2" = —V2+iv2,

261 = —/2 —iV/2,
2T = /2 —iy/2.

(b) /4 = ™2 = ™R k=0, 1,2,3. Siis

() (1—/3i)"? = (2eiCm/3rkzm) 1S /5 0= 1 — (1 2. Siis
(1—\/_2) = V2e75, V2675, V2615,

(d) Koska ﬁ 1+i = v2¢'F, niin (
0,1,2,3,4,5. Siis
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142

- 25 - 33 41
91/12 i% 5 91/12 i% ST 9l gi%E



