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1. Kéaydaan todistus ldpi vield kertaalleen. Tarkastellaan pisteitd z = x +
1y jotka muodostavat kompleksitason ympyrén, eli pisteita joille

A@* +y)) +Cox+ Dy + E =0,

joillakin vakioilla A, C, D, E' € R. Téllaisen pisteen projektio Rieman-
nin pallolle on piste (z1, z2, x3), missi
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Néin ollen pisteille (x1, 29, x3) pétee
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Koska kaikille Riemannin pallon pisteille pétee 22+ x3+23 = 1, saadaan
sijoittamalla 22 + 23 = 1 — 23 = (1 — x3)(1 + z3)
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Kertomalla nyt puolittain luvulla 1 — x3 ja jarjestelemaélld saadaan
Czy+ Dxg+ (A— E)zs+ A+ E =0.

Néin ollen projektiopisteiden joukko on tason Czy+ Dxs+ (A— E)xs+
A+ E = 0 ja Riemannin pallon leikkauspisteiden joukko, ja on siis
ympyrd Riemannin pallon pinnalla.

2. Olkoon (z1, xq,x3) sellaisia Riemannin pallon pisteitd joille
ary +bres +cxs+d=0

joillekin vakioille a, b, c,d € R. Sijoittamalla tdh&n luentojen kaavoista
. 2 2— . . REY .

T = #@TQH, Ty = #;’QH ja x3 = %, kertomalla nimittédjéat pois

ja jérjestelemélld saadaan

(c+d)(z* +y*) + 2az + 2by — c+d = 0.

Téamén toteuttava kompleksilukujen z = x + iy joukko on luvuista a,
b, ¢ ja d riippuen kompleksitason ympyré, suora, piste, koko komplek-
sitaso tai tyhja joukko. Pisteen tapauksessa tason ja Riemannin pallon
leikkaus oli piste, kompleksitason tapauksessa olia = b =c=d =0,
miké ei ole jarkevad, ja tyhjan joukon tapauksessa alkuperidinen taso
ei lekannut Riemannin palloa.



3. Oletetaan ettd lim,_,,, f(z) = wy. Télloin jokaiselle € > 0 on olemassa

d > 0s.e |f(z) —wy| < ekun 0 < |z — 2| < ¢§. Talloin |f(2) — wo| =

|f(2) —wo| = |f(2) —wo| < € kun 0 < |z — 2| < ¢. Kéénteinen tulos
seuraa siitd ettd f(z2) = f(2) ja Wy = wo.

Oletetaan ettéd lim,_,,, f(z) = wy. Edellisen nojalla lim,_,,, f(z) = wy.
Tiedetddn etti f(2) + f(2) = 2Rf(2) = 2u(z,y), ja tiedetiidn etti
summan raja-arvo on raja-arvojen summa; ensimmaéinen vaite seuraa.
Tiedetédn etté f(z) — f(z) = i2v(x, y), joten toinen viite seuraa. Sama

logiikka todistaa vaitteen toiseen suuntaan.
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1. The proof goes as follows. Consider points z = x + ¢y which form a
circle on the complex plane, that is points for which

A(@*+y*) +Cr+ Dy + E =0

holds for some constants A,C, D, E € R.
Such a point has a projection (x1, z2, 3) on the Riemann sphere, where
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Thus for these points (x1, z2, r3) we have
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Since all points of the Riemann sphere satisfy =% + 23 +22 = 1, we have
w423 =1—23 = (1—23)(1+ x3), and thus
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Multiplying both sides by 1 — z3 then gives
Cxy+Dry+ (A—E)xs+ A+ E=0.

Hence the set of projected points is the intersection of plane Cxy +
Dzy+ (A— E)rs+ A+ E = 0 and the Riemann sphere, and is thereby
a circle on the Riemann sphere.

2. Let (21,9, x3) be points on the Riemann sphere such that
axri +bry+crs+d=0

for some constants a, b, ¢, d € ]R By applying the formulas z; =
2

2x
22 4y2 41
from the lectures and multiplying by

Ty = and 3 =

2y
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22 + 9% + 1, we obtain
(c+d)(2* +9?) + 2ax +2by —c+d = 0.

The set of complex numbers z = x + iy satisfying this is, depending on
a, b, ¢ and d, a circle, a line, a point, the whole complex plane or an
empty set. In case of a point, the intersection of the original plane and
the Riemann sphere was also a point. In case of the complex plane we
have a = b = c = d = 0, so the original plane was actually not a plane,
but the whole space R?. In the case of the empty set, the intersection
of the original plane and the Riemannin sphere was an empty set or
the north pole.



3. Let us first assume that lim,,,, f(2) = wg. Then for every ¢ > 0
there is § > 0 so that |f(z) — wg| < € when 0 < |z — 25| < 0. Then
|f(2) —wo| = |f(2) —wo| = | f(2) —wp| < e when 0 < |z — 29| < J. The

reverse follows since f(z) = f(z) and Wy = wy.

Let us then assume that lim,_,., f(z) = wo. By the previous lim,_,., f(z) =
wy. We know that f(2) + f(2) = 2Rf(2) = 2u(z,y), and we know the
limit of a sum is a sum of the limits; the proposition for u follows. We
know f(z) — f(z) = i2v(x,y), and the proposition for v follows. The

same logic creates the reverse proof.



