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1. Maaritelman mukaan
2

Zp, 0) = ————.
X (2, 00) TP

Koska lim,,_,, 2, = 0o, niin |z,| saadaan mielivaltaisen suureksi, joten
X(zn, 00) saadaan mielivaltaisen pieneksi.
2. Tiedetddn ettd 2" = r"e™ joillekin r ja 6.
Tapaus 1: Olkoon |z| < 1. Talléin r < 1, joten 2" — 0.
Tapaus 2: Olkoon z = 1. Téllgin 2" =1 — 1.

Tapaus 3: Olkoon |z| > 1, z # 1. Télléin » > 1. Jos r = 1, niin € # 0.
Tillsin 2" = €™ ei saa raja-arvoa (2" kiertéid yksikkokiekon kehid).
Jos taas r > 1, niin 2" — 00, ja raja-arvoa ei taaskaan ole olemassa.

3. Sijoittamalla ndhd&én, ettd yhtalo

f(z2) = f(z1) = fl(w)(z2 — 21)
on muotoa

0 = —3iwV3.

Ainoa kidypéa w olisi w = 0, joka ei ole janalla.
Huomaa tehtédvin opetus: Reaalianalyysistd tuttu differentiaaliasken-
nan valiarvolause ei pade kompleksifunktioille.

4. Extra 3/3: Olkoon f(z) = u(z,y) + iv(z,y), 20 = xo + Yo jo wy =
ug + tvg. Tdlloin

Jim f(2) = wo
J0S ja vain jos
lim  u(z,y) =uo ja lim  v(z,y) =vo. (%)
T—x0,Y—Yo T—T0,Y—Yo

Miksi e* on jatkuva? Siksi etté

e® = e"(cosy + isiny) = €° cosy +ie” siny,
—— N —

=u(z,y) =v(z,y)

ja reaalifunktioiden teoriasta tiedetédén ettéd e” cosy ja e® siny ovat jat-
kuvia, ja néin ollen toteuttavat yhtalot () kaikilla xzg + iyo € C.
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1. By the definition
2

Moo=
Since lim,,_,, 2z, = 00, we can have |z,| arbitrarily large, so we can get
X(zn, 00) arbitrarily small.
2. We know that 2" = r"e¢™ for some r and 6.
Case 1: Let |z| < 1. Then r < 1, so 2" — 0.
Case 2: Let z=1. Then 2" =1 — 1.

Case 3: Let |2| > 1, z# 1. Then r > 1. If r = 1, § # 0. Then 2" = ™
has no limit (geometric intuition: it goes round and round the unit
circle). On the other hand, if » > 1, then 2" — co.

3. Plug the numbers in. The equation

f(z2) = f(z1) = fl(w)(z2 — 21)
takes the form

0= —3iwV3.

The only w for which this holds is w = 0, which isn’t on the line
segment.

Note the teaching of this exercise: The mean value theorem does not
hold for complex functions.

4. Extra 3/3: Let f(2) = u(x,y)+iv(z,y), 20 = o+iyo and wy = ug+ivy.

Then
lim f(z) = wy
Z—20
if and only iof
lim  w(z,y) = ug and lim  v(z,y) =v. (%)
T—20,Y—Y0 T—20,Y Yo

Now e* is continuous because
e® = e®(cosy + isiny) = e® cosy +ie” siny,
—_— =
=u(z,y) =v(z,y)

and by the theory of real functions, we know that e* cosy and e*siny
are continuous and thus satisfy the equations (x) for all z¢ + iy € C.



