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1. Merkitddn f = w + v, missd u ja v ovat harmonisia ja toteuttavat
Cauchy-Riemannin yhtélot (u, = v, ja v, = —v,) alueessa D. Télloin
|f| = vu? 4+ v2 > 0 alueessa D, ja suoraan laskemalla saadaan

0 Uy + VU,
o =5
x us + v
ja edelleen
0? I /] Uy + VU UP(—u2 4+ 02) + 02 (u2 — v2) — duvu,v,
—— In —
Ox? u? + v? (u? 4 v?)?

Vastaavasti saadaan 8%ln| f| ja %lrﬂ f|. Néin ollen edelld lasketut
funktion In|f| osittaisderivaatat ovat jatkuvia, koska w:n ja v osit-
taisderivaatat ovat jatkuvia. Samanlaisilla laskuilla ndhdéén, ettd myos
(In|f])ay ja (In]f])ye ovat jatkuvia. Lisdksi funktioiden u ja v harmo-
nisuuden ja Cauchy-Riemannin yhtiléiden nojalla saadaan

02 02

wln|f|+a—y21ﬂ|f|50,

joten log | f| on harmoninen alueessa D.
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1. Mark f = u + iv, where u and v are harmonic and satisfy the Cauchy-
Riemann equations (u, = v, and u, = —v,) in the domain D. Then
|| = Vu?+ 0?2 >0in D, and straightforward calculations shows that

0 Uy + VU,
o =5
T u® +v
and moreover,
0> I /] Uy + VU UP(—u? 4+ 02) + 02 (u2 — v?2) — duvu,v,
— In —
Ox? u? + v? (u? + v?)?

Similar expressions can be obtained for a% In|f| and 8‘9—; In|f|. Hence
the partial derivatives of In | f| above are continuous, because the partial
derivatives of u and v are continuous. Similar calculations show that
(In|f])sy and (In|f]),. are also continuous. Moreover, by using the
harmonicity of u and v and the Cauchy-Riemann equations we obtain
2 2
%ln|f| —|—aa—y21n|f| = 0.

Thus In | f| is harmonic in D.



