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1 Basic concepts

Let D denote the unit disc of the complex plane C, and let H (D) be the space of all
analytical functions in . An analytic function f is called univalent (a conformal map)
if it is injective.

The class S (slicht) consists of univalent functions f in D normalized such that f(0) = 0
and f’(0) = 1. Therefore the power series representation of f € S is of the form

f(2)=z2+ay2® +asz®>+---, z€cD.

If f is univalent in ID, then
f(z) = 1'(0)
g(z) = —"———€ 8.
B =0
Note that f is injective in a neighborhood of 2y € D if and only if f'(29) # 0, and hence
f'(z) # 0 for all z € D, if f is univalent in D. Obviously, f(z) = z is univalent.

Example 1.1 1. The function f(z) = }f—j maps D conformally onto the right half
plane, but f ¢ S. However,

fz)=f0) E-1
O ="Fm ~ 2 ~1=2¢%

and

f(z):z+z2+z3+...:Zz”, zeD.
n=1

This function maps D conformally onto the half-plane {w : Re (w) > —1/2}.

2. The function f(z) = (%)2 s also univalent in D and does not belong to S because

f(0) =1 and f'(0) = 4. The normalized function in S is now

fz)— f0)  (32) -1 2
Ko ="Fg T 1 T Ti=s

The function k plays an important role in the theory of univalent functions in D,
It is called the Kobe function and it maps D conformally onto C \ (—oo, —1/4].

Further,
1 o]
1 :ZZ”:1+2+22+23+---
—z
n=0
implies
1 - n—1
— QIZnZ =1+224+32+4---
(1—2) e
and hence .
k(z) = i & B :an":z+2z2+3z3+~-
—z

n=1



3. The function

1 142
=-1
f(z) = 5 log 7—
1s univalent in D and satisfies
—11 1= d N
f(0)=3Zlogl =0 and [(2) 1_22 =

n=0
so f € S. Now, by integrating along a line segment from 0 to z, we obtain
o _2n+1 PR

2n <
/f dw+f Z/ dw— 2n+1 +§+E+

1+

Further, as == maps D onto the right half plane, it is easy to see that

1+z
1_

f(2) = 5log

maps D onto the strip {z + iy : v € R, —7w/4 <y < w/4}.
The class S is invariant with respect to several elementary transformations.

Theorem 1.1 The class S is invariant under the following transformations:

(i) Rotations: If f € S and 0 € R, then g : D — C, g(z) = e~ f(e?2) belongs to S:
(ii) Dilatation: If f € S and 0 <r <1, then g:D — C, g(2) = %f(rz) belongs to S;
(iii) Conjugation: If f € S, then g, g(z) = f(Z), belongs to S;

(iv) Disc automorphism: If f is univalent in D and

a—+z
1+az

Va(2) = ., aeD,zeD,
then g : D — C,
~ f(@Wa(2)) — f(a)
9 = "5~ aP)

belongs to S;

(v) Range transformation: If f € S and ¢ : f(D) — C is analytic and univalent, then
g:D—C,

belongs to S;



(vi) Omitted value transformation: If f € S and w € C\ f(D), then g : D — C,

wf(z)

9(z) = w——f(z)’

z €D,

belongs to S.

Proof. (i) Clearly g(0) = e ®f(0) = 0 and ¢'(2) = e “f'(e?2)e? = f'(¢?2) giving
¢'(0) = f'(0) = 1. Moreover, g(D) = {e “f(z) : z € D} = e (D) is the image of f
rotated by —6 and hence g is univalent.

(i) Trivially g(0) = 0 and ¢'(z) = Lf'(rz)r = f'(rz) giving ¢'(0) = f'(0) = 1. The
univalence is trivial.

(iii) Trivially g(0) = 0. Let the Maclaurin series of f be f(z) = > a,z™. Now g(z) =
> anz" = > a,2". This gives ¢'(0) = f'(0) = 1. Moreover, g(D) = { (2) : z € ]D)}.

(iv) Now

/ 1— |CL’2
V,(z) = RE S
and hence
(f © %)(2) B (f o wa>(0) _ f(%(z)) — f(a) _ g(z)
(f o 1a)'(0) f(a)(L —lal?) '
As f o1, is univalent in D, g € S.

(v) As ¢ is univalent, ¢’( ) # 0 for all z € f(ID). Hence ¢g(0) = 0 and ¢'(0) = 1 as
)=

gz f(2))f'(2)/¢/(0). Thus g € S.
(vi) NOW g(z) = (T o f)(z) where

wz

T(z) =

w—z

T is a Mobius transformation with pole w ¢ f(ID). Hence g is analytic and univalent in
D. Clearly g(0) = 0 and

wf'(z)(w—f(2) + [(Qwflz) _ wf(z)
(w— f(2))? (w— f(2))*

so ¢'(0) =1. Thus g € S. 0

g(z) =

Theorem 1.2 (Square root transformation) If f € S, then there exists an odd func-
tion g € S such that g*(z) = f(2?) for all z € D.

Conversely, if g € S is odd, then there exists f € S such that f(2%) = g(2)? for all
z € D.

Proof. Let f € S and h(z) = f(2)/z. Then h € H(D),
h(0) = tim 2&) — jigy 1) = S(0)

z—0 Zz z—0 z — O

= f'(0) = 1.

The only possible zeros of h are those of f, and since f is univalent, A must be zero-free
in D. Therefore as D is simply connected, there exists an analytic branch of logh in

6



D. (Lemma of the analytic logarithm). In particular, there exists an analytic branch of
the square root of h (z% = eélogz). Let ¢ be the analytic branch of v/A in I such that

¥(0) = \/h(0) = V1 = 1. Then
f(z2) = 2h(z) = z(2)?,

which is equivalent to

F(&) = 29(2%)" = (29 (2%))7,
and hence g(z) = 2¢(2?) is an analytic branch of \/f(22) in D. Let us see that it satisfies
the desired properties:

(1) g(0) =0-%(0) = 0;

(3) g(—2) = —20((—2)?) = —29(2?) = —g(2), and thus g is odd;

(4) If g(z1) = g(z), then [z19(z))]> = [200(22))°, that is, f(22) = f(22) and hence
2?2 = 22. Thus zp = &2z for £ = £1. If 2; = 0, then 25 = 0 = z;. For otherwise,
0# g(z1) = g(z2) = g(£21) = £g(z1) and thus £ = 1 which is equivalent to z; = z5.
Therefore ¢ is univalent in .

Conversely, let g € S be odd. Then
g(z) = A1z + A323 +-e= ZAgnHzQ”‘H = zZAgnHz?" = Z(Al 4o )’
n=0 n=0

where A; = 1. The radius of convergence of > Ay, 12°" is at least 1, so

1
limsup |Ag,1 12" < 1.
n—oo

Therefore the radius of convergence of > Ay, 12" is also atleast 1 because

2
limsup|A2n+1|% = (limsup \A2n+1|21n) <1.

n—o0 n—oo

Therefore we may define an analytic function in D by

w(z) = Z Agpi12".
n=0

Thus g(z) = 2¢(2?%) implies g(z)? = 2%¢(2?)? for z € D and we may define f € H(D) by
f(2) = 210(2)?. Let us check that f has the desired properties:



(3) f/(0) =lim,_o 9O = lim,_54p(2)? = (0)* = A, = 1;

z

(4) We see that f(z1) = f(z2) is equivalent to 211)(21)? = 221(29)2. Let &, & € D such
that £ = z; and & = 2. The

9(61)* = EV(E])? = 210(21)* = 2¥(z)? = EU(€3) = g(&)?

and hence g(&;) = £g(&) for £ = £1. Since g is odd, g(&) = £g(&1) = g(&&1) and
& = && since g is injective. It follows that zp = &3 = (££,)? = & = 7, and thus f
is injective.

O

Let f(z) = 2+ a2+ --- € S. By Theorem 1.2, there exists an analytic branch
g(z) = +/f(2%) € S such that g is odd. Hence g(z) = z + A32® + A52° + ---, and as
f(2?) = g(2)* we have

f(2%) =2+ a2’ + a3’ + - =g(2)°
= (24 A28 + A2 + - )24+ Az + As2® + )
=22 + 2432 + (A3 +245)2° +--- .

Hence A3 = ay/2,
ag — A3 B daz — a’

A = —
° 2 8

Therefore ,
daz —ay 5

a2
3 Z+"'

9(2) = VIR = 2+ Lo+ 2

Theorem 1.3 (N-th root transformation) Let N € N\ 1 and f € S. Then there exists
g € S such that g(2)N = f(zV). The function g satisfies

2mi

g (¢39) = (2

for all z € D, and its Maclaurin series is of the form

o0

N+1 IN+1 _ EN+1
9(z) =z+ayi12 + asn 417 + o= E AEN+12 , zeD. (%)
k=0

In particular, the image g(D) has the N-fold rotational symmetry, that is, w € g(D) if
and only if _
e we g(D).

Conversely, if g € S is of the form (x), then there exists f € S such that f(2V) = g(2)V
for all z € D.

Proof. Similar to that of Theorem 1.2, see also Exercises. O



Example 1.2 The Kobe function satisfies

2,2

(1 —22)2
for all z € D. By applying the square root transformation we obtain the odd function
ges,

k(%) =

1—22

As k(2*) = g(2)? and k maps D onto C\ (—oo, —1/4], g maps D onto C\{yi : |y| > 1/2}.
The N-th root transformation of the Kébe function gives
z

g(z) = —(1 — N z €D.

9(z) = _Z+23+Z5+,,,:Z/22n+1’ ~eD.
n=0

The function g € S and
Nl (2k+1)7i
g(]D)):(C\U{re N :4’1/N§r<oo}.
k=0

Let X denote the class of analytic functions F' : C \ D — C which are injective, have
simple pole at oo and whose Laurent series in C \ D is of the forml

F(z)=24by+biz b+ bpz 24 zz+b0+2bn2_”, ze€C\D.
n=1
This last condition on the Laurent series can be replaced by F(z)/z — 1 as z — oc.
If feS and
f(2) =24+ a2® +azz® +---,
then F, F(z) = (f(1/2))"! belongs to %:
(1) Since f is univalent in D, f(1/z) is univalent in C\D. Since 1/z # 0 for all z € C\D

and f € S, we have f(1/2) # 0 for all 2 € C \ D. We deduce that F is univalent in
C\ D. (Compare with the omitted value transformation.)

(2) We see that

F(z) 1 B 1 - 1 o
= 2f(1/z) 2G4 mbtas+) l+astakt- ’
as z — 00.

(3) We see that
F(1/2)=(f() ' =(z4az® +as® +-- ) ' =2 1+ agz +azz® +---),

hence F'(1/z) has a simple pole at the origin, thus F' has a simple pole at oo.
Moreover, F'(z) # 0 for all z € C\ D.

Conversely, if ' € ¥ and F(z) # 0 for all z € C\ D, then f(z) = (F(1/2))7}, z € D,
belongs to S. More generally, if F' € ¥ and

ce C\ F(C\D),
then f(z) = (F(1/z) — ¢)~! belongs to S.



2 Area theorem

We pass to state and prove the so-called area theorem proved by Gronwall in 1914. It
shows that the univalence of functions in C\ D has strong implications on the Laurent
coefficients.

Theorem (Green) Let C' be a positively oriented, piecewise smooth, simple closed curve
in the plane R* (a contour), and let D be the domain bounded by C. If L and M are
functions defined on a domain containing D and have continuous partial derivatives there,

then
OM(z,y) OL(z,y)
ox dy

/C (L(z,y)dz + M(z, y)dy) / > dady.

D
Take M (z,y) = x and L(z,y) =0 to get

A(D) = area(D) = /Ddxdy = /Ca:dy.

This is the identity we will use.

According to Wikipedia it is said that George Green stated a divergence theorem in
1828. After that, Cauchy stated Green’s theorem in 1846 and Riemann gave the proof in
1851.

Theorem 2.1 (Area theorem) Let f be analytic in a domain that contains the circle
{z : |z| =r} and let its Laurent series be given by f(z) = .00 __ap,z". If I(r) =

{f(re') : 6 €[0,27]} is closed and simple (Jordan), then the area of the domain D(r)
enclosed by I(r) is

[e o]

Z n\an\Qrzn .

n=—oo

Alr)y=m

Proof. Consider the functions

u(@) — Re f(?“ei9> _ f(reiO) —; f(reie) _ % Z (anema _'_mefinG)rn’ 0 c [0727_(]’
and
U(@) — Im f(’l“é’ie) _ f(T’eie) g f(?"eie) _ % Z (aneme N a—ne—me)rn’ 0 e [0727_(_]‘

By Green’s theorem

A(r) = / dxdy =
D(r)




Hence we get

1 e 2w ) '
Ay =g > wm /0 A" 4 e

m,n=—00

e 4 G,

o0 o0

1
Z M 2T + QG 27) + 2 Z ™ (|ag 227 + |an |227)

m=—00 m=—00

[e.9]

Z n|an|2,r,2n

n=—oo

=TT s

since the first sum on the second last line is equal to 0. O

Corollary 2.2 Let F' € X and let

F(z)=z+by+» byz", z€C\D,

n=1
be its Laurent series. Then
o
> nfb* < 1.
n=1
Proof. By the Area theorem,
1 e’}
A(r)=m Z nla,*r*| = 7 |r* — Zn|bn\2r’2n , r>1
n=—oo n=1

Since 7% — Y n|b,|*r=2" > 0 for r sufficiently large is also continuous and its absolute
value equals A(r)/7 that is nonzero, we deduce that it is positive for all » > 1. Hence

0<A(r)/m=1r?— Zn\bn\Qr_Q", r>1,
n=1
and by letting r — 17 we deduce
> nfb* < 1.
n=1

There is of course an analogue of Corollary 2.2 for the class S.

11



Corollary 2.3 Let f € S such that

1 "
=—-+ b,z", ze€D.
ORERE>
Then -
> nlb* < 1.
n=1

Proof. Similar to that of Corollary 2.2. For a proof without appealing to Green’s theorem,
see [3, Chapter 13]. O

Corollary 2.4 Let F' € X and let
F(z)=z+bg+» b,z", z€C\D,
n=1
be its Laurent series. Then |bi| < 1. Further, |by| = 1 if and only if
A —
F(z)=z+by+—, zeC\D,
z

where by € C and A € T={z € C : |z| = 1}. This maps C\ DU {oo} conformally onto
the complement of a segment of length 4.

Proof. The assertion |b;| < 1 and the iff-claim follows directly from Corollary 2.2. For
the last part, see Exercises. O

3 Coefficient estimates for the class 5, Part 1

Theorem 3.1 (Bieberbach 1916) Let f € S and f(z) = z + agz®> + --+ for all z € D.
Then |as| < 2. Moreover, |as| = 2 if and only if f is a rotation of the Kébe function
(Ko(2) = e K (e2)).

Proof. By Theorem 1.2 we may take g € S odd such that g(2)?> = f(2?) for all z € D.
Now

g(z) = 243 Feg 4= ZC%_HZ%_H +z, zeD,
k=1
and hence
(z4cb+es® +- Nzt tesd ) =2 fat -, z€D.

By comparing coefficients, we deduce c; = 2. Set F(z) = (g(1/2))~" for all z € C\ D.
Then F' € ¥ is odd and its Laurent series is of the form

2
F(Z):Z_%_i_...:z—aQ/
z z

+.--, 2e€C\D.

12



This holds since

1 ¢ c cs 2—c
(_+_§,+_§)+”')(2_—3+335+'”):1'
z 23 2z 2 2

Corollary 2.3 yields |as| < 2. Further, if |as| = 2, then Corollary 2.3 shows that

A
F(z) = —
(2) =2+ "
for some A € T, and hence
A 1
Flz)=z4—-= ,
B = T e
which is equivalent to
1
1 =
9(1/2) z+AN/2
which gives
1 z

Therefore

and we deduce that

O

Theorem 3.2 Let f € S and f(2) = 2+az2°+a32*+- -+ forallz € D. Then |a3—a3] < 1.

Proof. Take F(z) = (f(1/z))~'. Then

1 1 » .
= S TraT g st atas e b

23

F(z)

which is equivalent to

Hence

. (3.1)

13



which gives
as + ¢ =0

c1+ asco+az3 =0, thatis, c; = —aqscy— as,

which is equivalent to

Cho = —ag
1 =ai— as,
and hence )
F(z):z—a2+(a§—a3);—l—--- , z€C\D.
Corollary 2.3 yields |a3 — a3| < 1. O

The Kobe function . .
k(z) = an” =z+ Zanz"
n=1 n=2

satisfies a2 — a3 = 22 — 3 = 1, but there are other functions in S for which the equality in
Theorem 3.2 holds. For example, the square root transform of the Kébe function,

o0

2

— = E 2t = B

1— 22 ’
n=0

has this property because in this case a; = 0 and a3 = 1.

Corollary 3.3 Let f € S be odd and f(z) = z+ 32> + -+ for all z € D. Then |c3] < 1.

Moreover, |cs| = 1 if and only if f is a rotation of the function z(1 — z)71,

Proof. Since ¢y = 0, Theorem 3.2 yields |cy] < 1. The iff-part of the assertion is left as
an exercise. O

Corollary 3.3 gives an easy way to see that S is not a convex set (compare with
Exercise 1). Namely, let f = K and

g(2) = —k(—2)=2—-222+3>—-.. | z¢cD.

Then g is a rotation of Kébe and hence f,g € S. The function

h(z) = 5(f(2) + 9(2)) =

[22+2-3z3+---} = 243245224+, z2€D,

[z+2z2+323+---+z—222+323—4z4+...}

DO | —

(3.2)

N — DN —

is odd, but ¢3 = 3, so h ¢ S by Corollary 3.3.
Bieberbach conjectured in his paper that if f € S, then the Maclaurin coefficients a,,
of f would satisfy |a,| < n for all n € N with equality only for rotations of the Kobe

14



function. Lowner proved the assertion for n = 3 and subsequently proof was given for
n =4,5,6,---. Littlewood (Flett’s teacher) (1925) showed that |a,| < en for all n € N
and Basilevic (1951) established the bound

[la,| < en/2 was proved by Baernstein in the 1970’s| Milin (1960’s) proved |a,| < 1.243n
and Fitzgerald (1970’s) in turn showed |a,| < 4/7/6. Finally, de Branges proved the
Bieberbach conjecture in 1984 (Milin).

4 Kobe One Quarter Theorem

Each f € S is an open mapping with 0 € f(D). Therefore there exists 7y > 0 such that
D(0,7f) C f(D). To start with, the radius r¢ depends on the function f. Kobe proved
the existence of a positive d such that D(0,d) C f(D) for all f € S. The Kébe function
shows that § < 1/4. Bieberbach proved that one can actually take 6 = 1/4.

Theorem 4.1 (Kébe 1/4 - theorem) The disc D(0,1/4) is contained in the range of each
f €8S, that is, D(0,1/4) C f(D) for all f € S. Moreover, if there exists w ¢ f(D) with
|w| =1/4, then f is a rotation of the Kdbe function.

Proof. Let f € S and f(z2) = 2z + agz® + azz® + - for all z € D. Let w ¢ f(D). By
applying the omitted value transformation, we see that g, defined by

wf(z)
g(z) = ——————, z€D,
TR B
belongs to S. Let
g(2) =2+ b2 +bg2* -, 2D

Now ¢(z)(w — f(2)) = wf(z) for all z € D, and hence
(z+b222+b3z3+-~) (w—z—a2z2—a3z3—--~) = w2z + was?® + wagz® + -+ - .
This is equivalent to
wz + (why — 1)2° + -+ = wz + wagz® + -+ -,

which implies
1
bow — 1 = way, thatis, by = — + as.
w

Since f and g belong to S, we have |as| < 2 and |bs| < 2 by Theorem 3.1. It follows that

1 1
H < ‘—m + fas] = o] + Jaa] < 4.
w w

Hence |w| > 1/4. Moreover, if |w| = 1/4, then |az| = 2 and hence f is a rotation of the
Kobe function by Theorem 3.1. O

15



The univalence is essential in Kébe’s theorem. Namely, if we setl
1
fa(z)=—=("=1), zeD,neN,
n

then f, is analytic in D, f,(0) = 0 and f/(0) = 1 for all n € N. However, f, omits the
value —1/n.

Ko6be’s theorem allows us to estimate the distance of a point in a proper subdomain
of C to the boundary. This quantity is important in geometric applications. Let D C C
and w € D, and let

d(w,0D) = inf |z —w|, weD.
z€0D

Theorem 4.2 If [ is univalent in D and f(D) = D, then

i(l — [ZPIf (2)] < d(f(2),0D) < (1= [z])|f'(2)], = €D.

Proof. Let f be univalent in . By Theorem 1.1,

fWa(2)) = f(a)
(1 —1al*)f"(a) °

belongs to S. By the Kébe 1/4 - theorem, D(0,1/4) C ¢(D), that is, for each w €
D(0,1/4), there exists z € D such that g(z) = w or equivalently

f(¥a(2)) = f(a)

B a-+z
1+az’

9(z) =

zeD, ()

aeD,

= faP)f(a) — "
which gives
f(Wa(2)) = fla)w(l = |a*) f'(a) = f(a) + w%(l = lal)If ()l
where % € T. In other words, for each

weD (ﬂa)’ /(@)1 = |a\2)) |

4

there exists 2/ = 1,(z) € D such that f(2') = w’. Hence
1 /
(= laP)If (@) < d(f(a),0D), aeD.

To see the upper bound, let R, = d(f(a),0D) and consider the mapping & : D —
D(f(a),Ry), ®(2) = f(a) + Raz, z € D, and f~! : D(f(a),R,) — D, and set w(z) =
(Y_go fTlo®)(2), 2 €D. Then w(D) C D and w(0) = (Y_go f71)(f(a)) = ¥_a(a) =0,
and hence the Schwarz lemma yields |w/(0)| < 1. But a direct calculation shows that

R

(1= laf*)f"(a)’

16

W'(0) =




and so d(f(a),0D) = R, < (1 = |al*)|f(a)]. O
Recall that the Bloch space B consists of f € H(D) such that

£l = sup /()1 = [2%) + 1£(0)] < oo

Theorem 4.2 shows that if f € H(D), then
[f'(2)|(1 = |2[*) < d(f(2),0D), =€ D.

Here f(x) =< g(z) if there exists C' > 0 such that

1) < glo) £ CI),

that is, if the quotient f(z)/g(x) is uniformly bounded above and bounded away from
zero. On the other hand, if there exists C' > 0 such that A < CB, we write A < B. In
particular, A < B < A is equivalent to A < B.

Therefore we can deduce:

Theorem 4.3 Let f € H(D) be univalent and f(D) = D. Then the following assertions
are equivalent:

(i) feB;
(ii) sup,cp d(f(2),0D) < oo;

(iii) D does not contain arbitrarily large discs.

5 Growth and distortion theorems
Theorem 5.1 Let f be univalent in ID. Then

P2 2P |4l

— . zeD.
Pl 1P| T 1-2 C

Proof. Consider

(ew-fa) o
PO= T —japy PP On

which belongs to S. By Theorem 3.1, |F"(0)/2| < 2. Let us calculate:

a+z s 1—]af? ~ —2a(1 —|af?)

ve2) = 17 wa<z>_(1+az)’ vale) = (1+az)®

z €D,

giving

Ya(0) =a, ¥,(0) = (1—lal*), ¥;(0)=—2a(l—l|al*)
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and
O (RO IAC)

_ _ S Wa(2)84(2) + f'(Pa(2)) 5 (2)
f(@)( = Tal?)’

F(z) F(a) (1~ aP?) ’

o | £7@) (0 [ = 20— laf)f'(@)| 1= af? ( f(a) _2laf’
0= F@)(d— Ja]?) “ 2 ( F(a) 1—\a12)"
and hence f”( ) 2| |2 4| |
‘af’(a) T e STo e €20

Theorem 5.1 implies (for each univalent f)

4 2|z 6 —2(1—|z
L 2 _e-201-:)

= , zeD.
=P 1=z 11— = °

|(log /1) (2)] <

In particular,
llog f'l| 5 = sup [(log Y@= [2°) + [log f(0)] <6, f€S.
1S
The important point to remember is that the seminorm

sup|(log f)(2)/(1 — |2/7)

is uniformly bounded by 6 for all univalent functions f in D.

The quantity (log f') = f”/f" is called the pre-Schwarzian derivative of f and it is
well-defined if f is locally univalent analytic function.

[The Schwarzian derivative of f is

f// "3 f// 2
but we will speak about this later.|
Theorem 5.2 (Distortion theorem) Let f € S. Then

L AP
— :k ]D-
TENEE TR

Moreover, equality for one of these inequalities holds for some z € D\ {0} if and only if
f is a rotation of the Kébe function.

= K(=[z)) < 1f'(2)| <

Proof. By Theorem 5.1,
f"(w) 2w

/@((Z)) ‘1—21@w12)dw'§/02 Flw) 1= [uP
s/j%wwwbﬂx/o'z'% (5.1




for all z € D. But

P 2 N [ 2
| (f’(w) e \w\?d“’) SCR W

b 2ztadt
:]_ / —/ B ———

— log f'(2) + [log(1 — |2*2)] .,

= log f'(2) — log

1—z?
and consequently,
1 1+ |z
1 "(z) —1 <21 D.
og f'(2) BT Lp|SoeT T 7
It follows that
1+ |z , 1 1+ |z
—2log < Re (log f'(2) — log ) < 2log , z€eD,
1—|z] 1]z 1—|z]

that is,

g (15 ) <tos G- 1P iog (1547 ) =€,

which is equivalent to

& 'Z‘)2 < (171 - 2P (”'Z')Qy 2€D,

1+ 2| 1—|z|
which holds if and only if
1—|z] 1+ 2]
S <) < A zeD.
(1+[2])? (1—1z])°

If z € D\ {0}, then, by the proof above, equality for one of the inequalities in the statement
holds only if
1 (w) 2w | 4
frlw)  T—fwl| 1~ [w]*
In particular, this inequality must be valid for w = 0. Hence |f”(0)| = 4, and so f is a
rotation of the Kébe by Theorem 3.1, since now |as| = |f"(0)/2| = 2. O

w € [0, z].

One observation on the proof of Theorem 5.2: In the crucial step we passed to the
real part of the logarithm. By taking the imaginary part, we deduce

1+ |2| 1+ 2|
—21 Im (log f/(2)(1 — |2]?)) < 21 D
o8 7oy m (log f(2)(1 —|2f") < 2log =17 2€D,
which is equivalent to
1
axg £( >|s21f‘f=, 2eD.fes



where it is understood that arg f’(z) is the branch which vanishes at the origin (f'(0) = 1).
The quantity arg f’(z) can be interpret geometrically as the rotation factor under the
conformal map f € S. Hence the inequality above may be called a rotation theorem.
Unfortunately, this result is far from being sharp at any point z € D\ {0}. The true
rotation theorem reads as

o1 1.
4sin™ " 7, r§7§,

|arg f'(z)] < {

and is much deeper and its proof is based on the Léwner’s method.
The distortion theorem is now applied to obtain the sharp upper and lower bounds to

[F(2)I-

Theorem 5.3 (Growth theorem) Let f € S. Then

—‘Z| =k(|z z
Ay~ M 2B

Moreover, equality for one of these inequalities holds for some z € D\ {0} if and only if
f is a rotation of the Kdobe function.

2l
T = —hlED < 1)) <

Proof. By Theorem 5.2,

f@w:A?@Mﬂslﬂﬂ&%uzé|ﬂmmmﬁsA|MWMMﬁ:um>

and thus |f(2)| < k(]z]) for all z € D. If z € D\ {0} and |f(2)| = k(|2]), then |f'(£)| =
K'(]£]) for all £ € [0, 2], so f is a rotation of the Kébe function by Theorem 5.2.

To see the lower bound, note first that /(1 +r)* € [0,1/4) for all r € [0,1), so the
inequality |z]/(1 + |2])* < |f(2)| is trivial when |f(2)| > 1/4. Let now z € D such that
|f(2)] < 1/4. By the Kobe 1/4-theorem, the segment [0, f(2)] is contained in f(D). Let
v(t) = f7Htf(2)) for all t € [0,1]. Now |f(2)] is the length of the line integral [0, f(2)] so

f(2) 1
wwzz wMz/W@WaaAvwwwmwt

and hence Theorem 5.2 gives

|ﬂMzA(iiﬁlwww

T ho) 5s)
© 1-h)] d L e e '
> TraEa O = | =

where in (%) we have used the inequality
dy®)] _ Ay A+ @@ _ Re (Y (1) _ WOl _ 0|
dt dt 2(y(t)y(£))1/2 &l = @) ’



valid for y(t) # 0. Theorem 5.2 shows the second part of the assertion. O

In the proof of Theorem 5.3 we may do the step (x) slightly differently by arguing as
follows. Theorem 5.2 yields

ww=/ﬁwme/m+mWL

Take now a parametrization of v that is of the form ~(t) = r()e"?®  where t € [0, 1].
Then

uunz/vvmmw

- / KOO + (0" o]

_ / R ) () + r(0)iB(0)dt (5-4)

1
> / B (—r (8 () dt
0
= — [k(=r(t))]i=g = —k(~12])-
One further inequality, a combined growth and distortion theorem is sometimes useful.
Theorem 5.4 Let f € S. Then

Lt O L Gl
1+ 2] k(=lz])

<50

Moreover, equality for one of these inequalities holds for some z € D\ {0} if and only if
f s a rotation of the Kdobe function.

2|k (1z]) _ 1+ 2|
< = , ze€D.
k(lz]) 11—z

Proof. Let f € S and a € D. Then f o1, is univalent in D and further

F@%_ﬂ%kﬂ—fw) D,

- fla)—aP)

belongs to S, and
|f(a)]

(1 = lal)[f"(a)]

a € D.

|F(—a)| =
Theorem 5.3 applied to F' implies

l (@) M
Al = 0= laP)lf@] = T —a)?

which is equivalent to

a €D,

1—laf?

1= laP _ |f(a)
= @~ Ja)?

(1 +fal)* = laf"(a)]

IN

a €D,
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that is,

1—la| _ ( f(a)) _ 1+]al
1+|a|§<af(a))§1—|a|’ neb

The second assertion again follows by Theorem 5.3. a

A family F of analytic functions in a domain D C C is a normal family (in the sense
of Montel) if for each sequence {f,,} C F there exists a subsequence { f,,, } such that either
fop = f # oo or f, — 0o uniformly on compact subsets of D. Further, F is normal at
zp if it is normal in some neighborhood of z.

Montel’s theorem If F is a locally bounded family of analytic functions in a domain
D C C, then F 1s normal.

F is locally bounded in a domain D, if for all zg € D there exists = r(zp) > 0 and
M = M(zp) > 0 such that D(z9,7) C D and |f(z)| < M for all z € D(z,7) and f € F.

Hurwitz’s theorem Let D C C be a domain and f, : D — C\ {0} analytic for all
n € N. If f, — [ uniformly on compact subsets of D, then f: D — C\ {0} is analytic
or f =0.

Corollary 5.5 S is a normal family. S is compact family with respect to the topology of
uniform convergence on compact sets.

Proof. To see that S is normal, by Montel’s theorem, it suffices to show that S is locally

(uniformly) bounded. This follows by Theorem 5.3: if z € D(0,r), then

) r
A= 2 = A=—r)

[f(2)] < k(l2]) =

Now, if {f.} is a converging sequence of functions in S that converges uniformly to
f € H(D) (by Weierstrass theorem) in each compact subset of D, Hurwitz theorem shows
that f is either constant of injective in D:

Consider g,(z) = fn(z) — f(a), where a € D is fixed in the domain D \ {a}. Then
gn(z) # 0 for all z € D\ {a}. Hurwitz theorem implies that either ¢ = f — f(a) does
not have zeros or ¢ = 0. Since a € D was arbitrary, we deduce that either f is injective
or a constant. But since f’ — f uniformly on compact subsets by Weierstrass theorem
and f/(0) =1 for all n, we must have f'(0) = 1, thus f cannot be a constant. Therefore
f € H(D) is univalent, f(0) = lim, o f,(0) = 0 again by the Weierstrass theorem and

f(0) =1 O

Some auxiliary results

Here are some facts from |3, pages 485 and 383|, which are related to the course. For
example the Ascoli-Arzela Theorem is related to Montel’s theorem about normal families.
Moreover, we need the Change of Variables Theorem. Lusin Area Theorem states that for
an univalent function we get the area of the image by integrating the square of modulus of
the derivative in the domain (for non-univalent functions see Theorem 2.14 in Conway II
for the analogous claim).
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Convergence of C' Functions: Let f; be continuously differentiable functions with
common domain [a,b]. Assume that f; — f uniformly on [a,b] and also that the derived
functions f; converge uniformly to some function g. Then f € Cland f' =g.

The Ascoli-Arzela Theorem: Let {fj}jeN be functions on a compact set K C RY.
Suppose that the following two properties hold for this sequence:

(1) The functions {f;} are equicontinuous, in the sense that if ¢ > 0, then there exists
a0 =0(g) > 0so that |f;(x) — f;(t)| < e whenever z,t € K and |z —t| <.

(2) The functions are pointwise bounded in the sense that, for each x € K, there is an
constant M (z) such that |f;(x)] < M(z) for all j € N.

Then there is a subsequence {fj, }, .y that converges uniformly to a continuous function
fon K.

The Tietze Extension Theorem: Let E C RN be any closed set and f : ¥ — R a
continuous function. Then there is a continuous function F : RY — R such that the
restriction of F' to E equals f.

The Change of Variables Theorem in Two Variables: Let U and V' be bounded,
connected planar regions, each with piecewise C' boundary. Let ® : U — V be a C!
mapping that has a C* inverse. Assume that the derivatives of ®, ®~! are continuous and
bounded. Let f be a bounded, continuous function on V. Then

/Uf(cb(s,t))detJac@(s,t)dsdt:/Vf(:c,y)dxdy.

Here the Jacobian determinant of ® = (®q, &) is given by

det Jac ®(s,t) = det (Eg;;z <(§21)>:> (5.5)

The Cauchy-Schwarz Inequality: Let f,g be continuous functions on the interval

(a,b]. Then
[ rwswa < ([ 1rwpar) " ([ towrar) "

Lusin area integral: Let (2 C C be a domain and ¢ : {2 — C a one-to-one holomorphic
function. Then ¢(£2) is a domain and

area((9)) = / 16/(2) PdA(2).

Proof. We may as well suppose that the areas of {2 and ¢(2) are finite: the general result
then follows by exhaustion. Notice that if we write ¢ = u+iv = (u,v) = F, then we may
think of ¢(z) as

F:(z,y) — (u(z,y),v(z,y)),
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an invertible C? mapping of Q C R? to F(2) C R% The set F(Q) is open by the open
mapping theorem; it is also connected since it is the image of a connected set. Therefore
F(©) is a domain. The Jacobian of F is

Jac F' = (ux uy);
Uy Uy

det Jac F = u? + 02 = |¢/|*.

Thus the change of variables theorem gives

/ 1dA(z) :/detJaC FdA(z /|<p (2)]? dA(2)
o(%2) Q

as desired. O

also

Here is a proof from [7]| to be discussed.
Proof. Let f be an analytic function in D. For z = re? € D, z € D(0,p), where
p = 3(14r), and hence, by the Cauchy formula,

po o L[ S0
i g €27

27 f(pei(t-f—Q))pei(t—l—G)Z’ - 6

- o (peittt) — peif)2 dt (5.6)

27 f<p€i(t+9)>ei(t—6)

B 2 0 (pett —1)?

dt.

p

do

IN

This and the Minkowski’s inequality in continuous form then gives
27r i(t+0) P
|f (pe" 7)) dt) o
|pe’t —r?

27 2 2m i(t+0)\ i (t—0)
/ | el |pd9_/ P f(pe )
0 0
o |pet —r[?
2 ] 1 27 dt p
i® P il
oeiras (5 [ o)

— dt
[G N
Silt+0) !
Loy
= [Tistoerpas (1)

(pett —1)?
B ( 1 /2 <f02” f (pe”“*e))lpde)”dt 5.7




6 Coefficient estimates for the class S, Part 2

Theorem 6.1 Let f € S and f(2) =z +axz+ ... for all z € D. Then

la,| < GQW < ge%ﬂ
for alln € N,

Proof. The coefficients in the Maclaurin series of f are given by

1 flz) _ 1 [* f(re")

i 2+l o f, (rei)r

n= 7 dg, 0<r<l.
27

Theorem 5.3 yields

|z|=r

1 /(=) ro 1
an R S S S
lan] < 27?/ |z|”Jr1| = 27 (1 — )2yl o (1 —r)2rn-t "

For n € N\ {1}, the function ¢, : (0,1) — (0,00), p.(r) = r*™"(1 — r)~? satisfies
@ (1) =71 —=7)"2[(1 —n) +2r(1 — )~ = 0 if and only if

n—1
n —|— 1’
and one may deduce by the monotonicity of ;= that , attains its minimum at r, =

(n—1)/(n+1). This choice gives

n4+1\"" n—1\" n+1\"/ n \""nn+1)
n < n\'n) — 11— ==
[@n] < @n(rn) (n—l) < n+1) < n > (n—l) 4

for n € N\ {1}. Since (=)™ < e for all m € N (and in fact lim,, oo (Z2)™ =€) we
deduce

n(n+1)
4
because n(n + 1) < 3n? for all n € N\ {1}. O

3
la,| < e? < 625712

By Section 3 we know that the estimate in Theorem 6.1 is not sharp; it is not even of
the correct order of magnitude. In the proof we passed the modulus inside the integral
and applied the pointwise growth estimate inside the integral. This is of course a rough
estimate. By estimating L'-means, we get the correct order of magnitude |a,| = O(n),
n — oQ.

For 0 < p < 0o, denote

1

21
ME(r, f) = —/ |f(re®)Pdd, 0 <r < 1.
2 Jo

The Hardy space H? consists of f € H(D) such that
[l e = sup My(r, f) = lim My(r, f) < oo
0<r<1 r—1
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Theorem 6.2 (Littlewood 1925) Let f € S. Then

Proof. Let f(z) = z+ ) 2, a,2", and let g(z) = \/f(2?) = 3 ¢,2" be the square root
transformation of f. Then g € S is odd, and SO g(O) =0, ¢, =1 and ¢, = 0 for all
n € N. By Theorem 5.3,

2|

(1= 1z)*

zeD,

F(z)] <

and hence

i 22\ | r
9(2)] = (f(27))7/* < T <5 €D, (01)

11z 1—z?

Therefore
g(D(0,r)) C D (0, %) ,

1—r

which implies that

area (g(D(0,7))) < area (D <o, #)) - w$.

On the other hand,

wea(g(DO.) = [ dd(w) = [ g (Paac)
D(0,r)
r 2
SR
0 0
/T /27‘1’ Z
/ / Z nmcncmp” 1 m 1 z(n 1)0 z(m—l)@dgpdp
n,m=1

/ Zn2lcnl2p2” “2mpdp
r 2n
= Wanlcn\Q— = WancnPr%,
n=1 n n=1

ncnpnflez(nfl)G

dfpdp

(6.1)

and hence

2

ﬂgnkn\r% — area(g(D(0,1))) < area (g (D (0, ﬁ))) - w(l_r—ﬂ)y 0<r<l.
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By dividing this by 7r and integrating from 0 to R with respect to r we deduce

li o | R? = /Rink 2r2tdr < /R L —;
2 n=1 ! 0 n=1 " B <1 o 7’2)2

0

(6.2)
B ]R B 0<R<i
= |——| =———, 0<R<I,
20-r2)|,_, 2(1-R?)
Now the left-hand side equals to the L%-mean of g (by the Parseval’s formula):
1 2T 1o 1 2w 00 5
o [ lg(Re”)] de_% n;fncmR R :/n:l|cny R™ 0<R<1,
S0
M2(R,g) = Z|cn|R2” R?’ 0<R<1.
But g(2)? = f(z?) for all z € D, g is odd and thus |g| is even, and therefore
1 [
w0 = 5 [T isean = o [T lotrepa
m
2w
= —/ |g(Re" | dt = —/ (Re™)2dt (6.3)
= M;(R,g) < —RQ’ 0<R<1.
From here we finally deduce
R
(R, -t
forall 0 < R < 1. O

In the proof we used the proof of Parseval’s formula which is a generalization of
Pythagoras’ theorem.
Let X be a vector space and let (-,-) : X x X — C satisfy

(i) (
(i) (v,y) = (x,y) for z,y € X;
(iii) (

Then (-,-) is called an inner product and (X, (-,-)) is an inner product space. Now the
inner product induces a norm to X:

x,z) =0 if and only if x = 0;

axr +y,z) =alx,z)+ (y,2) for x,y,2 € X and a € C.

|z|* = (z,2), =z€X,
and the norm induces a metric to X:
dz,y) =z —yl, =yeX
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If (X,d) is complete, then we say that (X, (-,-)) is a Hilbert space.
Let D be a domain and let A? consist of f € H(D) such that

/D F()PAA(z) < oo
(f.g) = /D F(2)g(2)dA(2)

is an inner product on A% and (A?, (-,-)) is a Hilbert space.
If (x,y) =0, then = and y are orthogonal.
Parseval’s formula Let X be a Hilbert space with an orthogonal basis {e,}, on. Now if

[e.9]
=Y cuen,

n=0

Now (-, ) 42 : A2 x A? — C,

then

oo

2 2

AP = lenl lenl®
n=0

Proof. By the properties of the inner product

LI = ¢f f) = <szm> =3 e lemen) = 3 leal lenl.
n=0

n=0 m=0
O
The set {e,},cy, for e, = 2" is a orthogonal basis for A*(D(0,7)). Moreover,
21 2n+2 2n+2
2 2 on mr
en = z|*dA(z dfpdp = 27 = )
I ”A(D(O,r)) /D(w | / / pap = MmEt2  nal
Hence for .
= chnz"’l
n=1
we have
/ o CAC) = I Loy Zn2|cnr Bl
i (6.4)

> TN
:z:nQ|cn|2 :W2n|cn|27“2”.
n=1 n n=1

Corollary 6.3 Let f € S and f(2) = z+ > —,a,2" for all z € D. Then |a,| < en for
all n € N.
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Proof. By Theorem 6.2,

1 1
|an| < T—an(T, f) < =) Un(r), meN,re(01)

The function ¢, : (0,1) — (0, 00) attains its minimum at r,, = =%, and hence

1 n n—1
al < = < en, e N\ {1}.
o ‘_r;f—l(l—rn) (n—1> e n Aty
a
7 Estimates of integral means
Let us begin with discussing the sharpness of Littlewood’s result (Theorem 6.2):
1 2T 1 27 r
k df = ———=df
M) =g [ e = 5 [ -
o 1/27r 1—r? o _" T '
S 1—r221 Jy |1 —reif|? 1—r2 " 1—19’
by the properties of the Poisson kernel.
[Note that we have by Parseval’s formula for f(z) =Y a,2"
1 n
VB ) = 5 [ 20110 = 3 aa 1 Einany
N i n=0 (7.2)
i0)2 2,.2n
df = n .
N S S
n=0 n=0
Hence for g(z) = £ = >_»", 2", we have

1 2w
— [ = M2 g) =S =
27r/0 |1—7“619|2 rMy(r.9) TZT 1—7’2

n=

for r € (0,1).]

In the last step we used the "rough” estimate 7> < 7. Therefore we observe that
Littlewood’s result is not sharp for the Koébe function. In 1974 Baernstein proved that
the Kobe function is extremal in the integral means estimates, that is, if f € S, then

Mp(r7 f) S Mp(rv k)

forall 7 € (0,1) and 0 < p < oo (the case p = oo is already known by the Growth theorem
or can be deduced from here since lim, .o M,(r, f) = My (r, f)). In fact, Baernstein
proved much more; he showed that

[T Grostioen i< [T o rglren), re©.0.5€s,
0 0
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for any increasing and convex function ® with equality for some r € (0,1) and a strictly
convex ¢ only if f is a rotation of Kobe. By choosing ®(z) = eP* we deduce My(r, f) <
M,(r, k).

At this point we do not prove Baernstein’s theorem, but we observe that it implies

|an| <P My(r, f) < vt Mi(r k) =M1 =%)"Y 1 e (0,1).

This implies |a,| < §n, which improves Corollary 6.3, but does not prove Bieberbach’s
conjecture.
By a result of Hardy and Littlewood,

/0 " M2(p. f)dp < TMZ(r, ), f € H(D). (+)

The converse of this inequality is totally false. It is "easy” to construct (by using lacunary
series or infinite products) analytic functions such that their maximum modulus grows
arbitrarily slowly to infinity, but which fails to have radial limit on a set of positive
measure.

For univalent functions, however, a kind of a converse of (x) is true by a result due to
Prawitz.

Lemma 7.1 Let f € H(D) and 0 < p < co. Then

d d pir o [*" 0\ (p—21 £/ i0Y|2
— P 10\ |p )
ar <7"drM (r, f)) 27r/ [f(re®) P2 f (re)[Pdf, 0 <7 < 1.

Proof. By direct calculation

0 . 0 o 1/
ol fre®)| = v [ Fem)

_ §ﬁ [(re®) T + f(re) Flre)e ]

:m [re P e T e e )]

e Re (eﬁ;<93{|(—9)>

= IfreRe (e ST,

and
S = g2 Re (f (e e i)

— —|f(re")| Re (— ! (|f9():)|f()) (7.4)
— e (LU
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SO a ) f/(z>
A1) = ) Re ( )

and

0
dargz

£(2) = ()| Tm ( f(z)) .

It follows that

reFEF = plf )P Al = plFG)P Re (J}())

and

0 P _ p—1 9 - p f/(Z)
%U(Z) = p|f(2)] r%|f(z)|——p|f(z)| Im (Zf(z))

Consequently,

5 (o) =3 (worne (43

(7.5)
_ » THEANY p f'()
= (re (53) ) < (re (+53))
and
0? , 0 » f'(z)
St P =55 (~rerm (+52))
VY 0 £ o
2 p _ p___
- (m (<75)) —mrerss (m (475))
The Cauchy-Riemann equations in the polar coordinates read as
Uy = 11}9, Uy = —lug, F=u+w.
r r
Therefore, by considering F(z) = ZJ;((ZZ)), we deduce
o ( 0 )\ 0 . L F(2))
1o (ror ) + glf P = Rlfr |2 -
=pPlf )P ().
Hence
0 0 1 (> 0 0 ,
o <TEM£(T, f)) = %/0 "5 (TE|f(re’0)|p) do s
R e R (1 |
= %/0 |f(re [P |re® F(rei?) do,
which is equivalent to the claim. O
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Theorem 7.2 Let f € .S and 0 <p < oo. Then
T dp
My(r. f) <p Mi’o(p,f)?, 0<r<l1.
0
Proof. By Lemma 7.1,
d " d d
—Mp = il MP
T (r, f) /d (ds P(s f))ds

/ o /Zﬂ (se)[P=2| f' (se™)[*dfds

[F(2)P721f (2)]PdA(2)

27T D(O,r)
2
- L w|P~2dA(w) (7.9)
21 J (p(o,r))
p2
< = lw[P2dA(w)

27 J D0, Moo (1))

Moo (r.f)
=p° / t1dt
0

=pME(r, f), O0<r<l.
By integrating this and noting that f(0) = 0, we deduce

My (p, f)
P

"d

MP(r, f) = i dsMp( f)dsg/op dp, 0<r<l.

O

The Hardy-Littlewood inequality (x) combined with Prawitz’ theorem shows that a
univalent function f in I belongs to H? if and only if

/Mp fdr < oo, 0<p<oo.

Prawitz’ theorem also gives the following.

Theorem 7.3 Let f € S. Then the following assertions hold:
(i) f € HP for allp € (0,1/2);
(ii) My(r, f) < = for allr € (0,1);

(i) M /2

1/2(7”,f) SCIOg%, 7’_>177'

1

(iv) ME(r, f) < )QP r for all v € (0,1) when p > 1/2.
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Proof. (i) Let us show that each univalent function f in I belongs to H? for all 0 < p <

1/2. By the inequality (z + y)? < aP +yP, z,y > 0 and 0 < p < 1, Prawitz’ theorem and
Theorem 5.3,

My(r, f) = M (r, f — f(0) + f(0))

<l + oy (n I20 ) o
(7.10)
< 1FO)F + 17 O)p / T
< [FO)I” + [ (0)"pC(p
where C'(p) depends only on p.
[Recall that the beta and gamma functions satisfy
' L)L (y)
B = [ "1 -t)r =2 R R >0
@)= [ e = G Re @), Re ) > 0
and -
F(t):/ v te *dz, Re (z) >0
Hence
/1ﬁ p)'*~tdp = B(p,1— 2p).
Of course the value of the constant C'(p) does not matter here.|
Hence M,(r, f) is uniformly bounded, and thus f € H? for all 0 < p < 1/2.
(ii) Theorem 5.3 yields
" dp " dp 1] 1 r
() 0 ( ),0 o (1=p)? L—pl, o 1-7 lL—r
(iii) As above, for r > 1
1 [ dp 1 [T dp
Wi [l [
1/2( ) 2o ( )P 2 Jo (1—=p)p*/?
_1/1/2 dp +1/r dp
2Jo (1 —p)p”? 2 Jij2 (L= p)p!/?
_ /1/2 dp /
= T _
0 J_ﬂl . (7.11)
/2
= [2p*/? ! + — {log }
|: :|p 0 \/5 ]' —p p:1/2
1
=V2+ = (lo —lo 2)
NG g 1 g
- log 2 1 1

+ —1lo
VivE Pl
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and the assertion for the limit » — 1~ follows.
(iv) As above,

r dp C
p <. < S A D S —
Mp (7”, f) = _p/() (1 _p>2pp1—p - - (1 _T-)QP—I

O

By the proof it is clear that (i), (iii) and (iv) are valid for all univalent functions in D.
Moreover, (ii) is Littlewood’s theorem, Theorem 6.2, so Prawitz’ estimate is better than
Littlewood’s inequality. The Kobe function does not belong to H'/2, hence (i) is sharp.
The Kobe also shows the sharpness of (iii) and (iv).

The right hand side of the identity of Lemma 7.1 is an important object in complex
analysis. Recall that:

(1) Cauchy-Riemann equations read w, = vy, u, = v, for f(2) = u(x,y) + iv(z,y),
z=x+1y.

(2) The Wirtinger operators are

9 _17/0 .9 g 2.1
8. 2\ar ‘oy) M 9272

and satisfy

0z __o
0z 0%
and f is analytic in an open set U C C if and only if
of
— =0
0z

in U.

(3) For a realvalued C?-function v in an open set U C C, the Laplacian of u is

0? 0?

If Au =0, then u is a harmonic function.

0 0 g 0
e R — g _— p: 2 p_2 |2
(4) Au 48z8§u 4838,zu and A|fP = 4p*|fIP~|f]%.

Lemma 7.1 can be written as

o/ 0 o -

Lemma 7.1 has an important consequence regarding to Hardy space norms. Namely,
two integrations and Fubini’s theorem show that

Mg s = [ AISPE) s AR + O

2]
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which leads to

1 1
1 =5 | AP oz 2dAG) + 7O

||

::pQJQ‘f(Z)P‘QLfTZ)Vlog-}-deZ)-%!f(ONp-

2]

The right hand side of the formula contains the Jacobian |f’(z)|* and the formula is useful
when for example the composition operator Cy(f) = f o ¢ is studied.

We next consider the integral means of derivatives of univalent functions. The deriva-
tive of the Kobe function is

142
K (z) =
and k' € H? for all p € (0,1/3). Moreover,
Mll//s('r’, K)=<log—— r—17,
and .
Mg(rjk/)XW, r—1".

It is natural to ask if Theorems 7.2 and 7.3 have analogues for higher order derivatives.
Of course, de Brange’s theorem (|a,| < n) implies for f(z) = >~ a,2z" in S, that

M22(r’ f/) _ anlan’%ﬂ(nfl) < annQrZ("*l) _ M;(r, k’), 0<r<l
n=1 n=1

and further
M (r,f) < MA (r,K), 0<r<1, feS NEeN.

We begin with the integrability of the Laplacian of |f|P.

Theorem 7.4 Let 0 < p < co. Then there exists a constant C' = C(p) > 0 such that

2m ) Moo P 1
/ AlfPrenyd < oM=Ly
0 1—r 2

forall f €S.
To prove this, we will need the following lemma.

Lemma 7.5 The inequality

147
2 b

log 3

[£(pe™) = Fre”)| < =

1fllg, 7<p< 0<r<1, 60eR,

holds for all f € H(D).
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Proof. Let f € B, for otherwise there is nothing to prove. Let 0 < r < 1 and # € R, and
let r < p< 1—;”” Then

peif

o) = s = | [ €| < [ Iraelar
ret 0
147
T dt
<swplrl- 1) [
z€eD r 1—t (712)
147
1+t 1| 2
< Il {bg +4]
t=r
_ Al 10g3
8 log 2 < |7 57
(I
Corollary 7.6 There exists a constant C > 0 such that
1 f'(pei?) 147
— < . <p< < 1, 6eR
C = | Firem) C, r<p 5 0<r<l, € R,
and "
L |f(pe) e 1
— < - < <p< - < 1 feR
C'_f(7"eZ9)_C7 TEPSToT o gsTsh e
for fesS.
Proof. By Theorem 5.1, log f" € B with ||log f’||; < 6. Hence Lemma 7.5 yields
/ 16 ! 0
log F(pe”) < f/(pe ) = }log f’(rew) —log f’(rew)}
frre?)| = | f!(re) (7.13)
lo 3 3
~= llog ]| < =5 -6 = 3log3.
Since ; y
f'(pe”) f'(re”)
1 | =1 .
‘ P Pre) | T Fle)|

the first chain of inequalities follows.
Since f € S, f(2)/z defines a non-vanishing analytic function in D which attains the
value 1 at the origin. Consider the analytic function

f2)

g(z) = log

Then

MICRETCHEYRLO

ACT R



Therefore, by Theorem 5.4,

vors (49

+—1> < ;L (1_+|Z|+_1> —-_Eghj;kil_

2l \1 =[] A= [zP)

and consequently,

2(1
<A4go(r,g/)(l,—— rQ) < (1+ r>, 0<r<l. (%)
r
It follows that
/ 9 4
sup |g/()I(L—|:F) < 5. 0<R<L

R<|z|<1

On the other hand, if » < R, we have

Mo(Rg)(1-R) ) 2

MOO(Tv g/)(l - T2) < Moo(Ra g,) = 1— R? = R(l — R)>

and hence

2 1
<% __8 R=-=
l9lls = = 2

since g(0) =log1 = 0. Lemma 7.5 yields

flpe®)r flpe)re® i i log 3
log <‘ F(re® » < logW = {logg(pe ) —log g(re 9){ < -8 =4log3
and the second chain of inequalities follows. O
Note that Corollary 7.6 implies
Muo(r, f') = Mus(p, f'), 0<r<p<Hr<l,
My(r, f) = Mx(p, f), 5<r<p<Hf<1, fes.

Proof of Theorem 7.4. By Corollary 7.6 there exists a constant C' = C'(p) > 0 such that

1+r

Alf[P(re’) < CAIFIP(pe”), 5

<r<p<

1
= <1, 6¢cR
2 ) e b
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for all f € S. This implies

r(l_gr—r)/02wA|f|p7’e / dp/ AP (re)

" AIfP (e dbdp

<o
/ . SPEIAC)
/

Alflp 2)dA(2)

| /\

lw[P~2d A(w) (7.14)

w]P~*dA(w)

= 4p*C21 sp_lds

_ 4p2C'27rMOO (1 +T,f>
P 2

1
_ 8pCM?. ( ;—T,f) .

Since My ((147)/2, f) < Mx(r, f) by Corollary 7.6 and (1 +7r)/2 —r = (1 —1)/2, we
deduce the assertion. O

Now we can prove the following result due to Feng and MacGregor, which shows that

My(r, f) < CMy(r, k')

forp>§andallf€5.

Theorem 7.7 (Feng-MacGregor 1976) Let 2 < p < oo. Then there exists a constant
C = C(p) > 0 such that

C
P !
M2(r, f') < (EST=E 0<r<l,

forall f€S.

Proof. Let f € S and, without loss of generality, consider the value <r<l.Ifp>2,
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then Theorems 5.4, 7.4 and 5.3 yield

p—2

TGN

2w ty(r ) = [ It e |

p—2 i
it (1) e f (rei®) 20
0

r\1l1—r

(7.15)
74 C(p) ML)
— rp2 (1 — )t
55’ O(p)r2 .
(1 —r)t
Let now 0 < p < 2. Write p = a + 3, where o, 5 > 0. Then
1 2T f’(rew) p )
ME(r, f') = — . D|e+Pde.
R A W]
The Hoélder’s inequality with indices 2/p and 2/(2 — p) gives
2m 4 0\ |P 2m e
f(?“@ ) 10\ |a+5 0 62i ’
oo s < ([P iswenpstan) ([ et
2w o aZ_2 12 27 91 28 2%?
= ([ e eenyzas) ([ swetFas) <111
0 0
(7.16)

Theorems 7.4 and 5.3 give

[N]4S)

- (1—7) (45+1) (1 —r)2Ft

~ 1—r

1 1
D
2

Moreover, if 23/(2 — p) > 1, then Theorem 7.2 yields

1 1
II< . = .
o &

Consequently,

1 1
p II < -
My(r, f)<T-II'S (1 — r)20t528-145 — (1 — )31

This gives the desired estimate provided

2 1 . 2—p
—— > —, that _
2—p>2’ at is, (> 1
But 0 < a=p— 3, and hence
2—p bSp-—-2
0<p—-—pB<p-— =
sp-B<p-— 1
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We deduce that such S exists only if p > % a

In the proof of Theorem 7.7 we did not keep track on the constant C' = C(p) > 0.
It is worth mentioning that for certain range of values of p one can prove Theorem 7.7
by using Prawitz’ result. Namely, the Cauchy’s integral formula together with Fubini’s
theorem (p = 1) and Minkowski’s inequality (p > 1) shows that

1
MJ(r, f) SMﬁ(p,f)m, r<p<l, feHD), 1<p<oo,
from which Theorem 7.2 gives
T S ds 1
Mp(r, f) <p [ ME(s, [)—- Py f e H(D).
0

By choosing p =7+ (1 —r)K for K € (0,1) [this gives 1 —p = (1 —r)(1 — K)| and using
Theorem 5.3 and elementary estimates, one obtains

Mp(r f’) < D /p ds
P “(1—=rpPKr2r+(1—-r)K)P J, (1—s)2pst—r
<.
1 1
< P 0<r<l, 1<p<oo, fe€S.

(1—r)3—12p— 1 K2(1 — K)%-1
(7.17)

By minimizing the last factor on (0, 1), one gets Theorem 7.7 for p > 1 with a numerical
constant. For example, the case p =1 gives

2 1
M1(7"7 f/) < 7

_Zm, 0O<r<l1, fes.

In general for p,q > 0 we have

My(r, f) = O <ﬁ> if and only it M,(r, f') = O (ﬁ) . feHD),

by [2, Theorem 5.5]. Therefore Theorem 7.7 is of interest only when p < %, ie. p€ (%, %]

8 Maximum modulus of univalent functions
In this section we will discuss a refinement of Theorem 5.3. Let f € S and ¢ = vy :
(0,1) — (0, 00),
1
(1 - 7")2M00(7’, f)

r

o(r)

The Hayman index of f is
a(f) = lim ().

We don’t know that this limit exists, but the following result shows that this is indeed
the case.
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Theorem 8.1 If f € S is not a rotation of the Kébe function, then 1y is strictly de-
creasing on (0,1) and hence tends to a limit as v — 17.

Proof. By Theorem 5.4,

dlog|f(re)|
or

dlog f(re?)
or

F(re”)
Flre?)

for r € (0,1). If f is not a rotation of K6be, then strict inequality holds above. Integrating
this inequality from 7; to ro, where 0 < r; < ry < 1, we obtain

0 ; 147
— log f(re') < (=1

=R
e@r

g

f(ree?) /’“2 1+r [ r ]”’ (1 —71)%ry
lo . < dr = |log ——— =log ——~ =
& ‘ f(rie?) n T(1=7) & (1—=r)2],_,, =)
Therefore
(1 — 7'2)

’ 0 (1—m)? 0
——|f(ree"”)| < —————|f(rie”)], 0<ri<ryo<l1l, 6#€R.
T2 1

Choose 6 = 0(ry) = 0(f, ) such that |f(ree?)| = My (r2, f). Then

MMOO(TQJ) < le(new)l < (I=m)?

MOO(’I“l,f), O<’T‘1<’I“2<1.
T 1 A

Hence 1) is strictly decreasing on (0,1) unless f € S is a rotation of Kébe. By Theo-
rem 5.3,

1— 2
a(f) = lim (1=r) My (r, ) < 1.
r—1- T
Of course, if f € S is a rotation of Kobe, then ¢y =1 and a(f) = 1. O

Krzyz proved a corresponding result in the other direction for the derivative of f € S.

Theorem 8.2 (Krzyz, 1963?) If f € S is not a rotation of the Kdbe function, then
the function
(1—r)°

147

is strictly decreasing on (0,1). Moreover, the limit

Moo (r, 1)

lim My (r, f)(1 —7)* = B(f)

r—1-

exists and B(f) € [0,2]. Equality 5(f) = 2 occurs if and only if f is a rotation of Kdbe.

Proof. By Theorem 5.1 and direct calculation,

f// (reie)
F/(re?)

2r +4 d 1+7r
=—1lo
~1—r2 dr g(l—r)?”

g eR,re(0,1).
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Moreover, equality can occur for some r and 6 if and only if f is a rotation of Kébe. Both
|f'(re®)|(1—7)3/(1+7) for a fixed  and My (r, f)(1—7r)3/(1+7) are strictly decreasing
(Exercise) on (0,1) unless f is a rotation of Kobe. Since

1—r)?
lim My, A =1
A Moolr ) =1
we deduce, by Theorem 5.2,
_ 1—7r)p 1 . B(f)
lim M, 0! = — lim M, N1 —r)?=—~ <1
i Mol F) 5 = 5 i Meeln )0 =)= =5 <
Clearly, 5(f) = 2 if and only if f is a rotation of Kobe. O

We give the following result, the proof of which is an easy geometric argument and
left as an exercise.

Theorem 8.3 Let f be univalent in D. Then
Moo(raf)SWTM1<T7f/)+|f(0)|7 0<r<l.

Proof. Let f € S and C, = 9D(0,r) for r € (0,1). Now

2
e = / |f'(re®)|dd = My(r, f), 0<r<1,
0
is the length of the curve C,. Clearly dist(0,C,) < ¢(C,.)/2, that is,
1
Mo (r, f) < 3 2mr My (r, f') = 7rMy(r, f'), 0<r<1.

The general case follows. a

Theorem 8.4 If f € S and

lim My (r, f)(1 —7)*>=0,

r—1—

then
lim M,(r, f)(1 —r) =0.

r—1—

Proof. By the proof of Prawitz’ theorem,

d Moo(r, f) _ W(r)
%Ml(ra f) < . BRCEEESE
where )
P(r) = Moo (r, /) (1 = 1) ., 0<r<1,




is strictly decreasing on (0,1) by Theorem 8.1 and the hypothesis M. (r, f)(1 —r)* — 0.
Integration from r; to 7o produces

Mtra )= ) < [ < [M S v |2 -

r 1—T2 1—7’1

which is equivalent to

1—r
Mi(ra, f)(1 = 1) < Mi(ry, f)(1 —12) + (1) [1 — 7 7,21 < Mi(r, f)(1 = r1) + (r1).
— T
Hence
Mo 1—7)2
limsup My (1, £)(1 — 1) < () = el DA g 0y
ro—1- ™
and by letting 1 — 17, we obtain the assertion. O

[How could one show that
lin% Myo(r, f)(1 —7r)> =0 does not in general imply lirr% Mi(r, f)(1 —=r)=07?
r— r—

It’s possible to use a derivative of a Blaschke product or a lacunary series, since for a
lacunary series

MOO(T7f)pr(r7f)a T_>1_, 0<p<oo
Does the fact
lim My(r, f) = M (r, f), 0<r <1,

p—0o0

play any role here?|

Corollary 8.5 If f € S, f(z) =3°

n=1

a,z", and o(f) =0, then

lim Jan] = a(f) =0.

n—oo M
Proof. By the Cauchy, |a,| < r~"M;(r, f) for all 0 < r < 1. Choose
1
r=r,=1——
n
to obtain

n "
mS(l——) (1 —=r)Mi(r,f) > e-0=0, n— oo,
n n

where the last step follows by Theorem 8.4. O

Hayman’s regularity theorem (1955) states that for each f € S with f(z) =Y 07 a,2"
we have

lim M:oz(f)<1

n—soo MmN -

and a < 1 unless f is a rotation of Kobe. We do not prove the more involved case o > 0
now.
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9 C(Coeflicient estimates for odd univalent functions

By Theorem 1.2 the square root transformation of each f € S is an odd function in S and
conversely, every odd function in S is the square root transform of f € S. The set of all
odd functions in S is denoted by S®). The square root transform of the Kébe function is

z
1 — 22

=242+ 4+

and, as expected, this function plays a role in S® similar to that of k in S.

Theorem 9.1 Let h € S@. Then

2] 2]
<|h < eD
o <O U 2eD,
" 1 [2f 1+ of
— |2 + |z
' : eD.
Ay =S Ty
Proof. The proof is left as an exercise. O

In general, one can show that if f € S, has the N-fold symmetry, denoted by f € S,

then
E 2]

WSU(Z)|SW7 zeD.

We omit the details.
In view of Theorem 9.1 it is reasonable to expect the coefficients of functions in S
to be bounded.

Theorem 9.2 There exists C > 0 such that |c,| < C for alln = 3,5,7,... for allh € S®
with h(z) = z + c32% + ¢c52° + . . ..

Proof. BEach h € S® is of the form h(z) = /f(22) for some f € S. Two more square
root transforms produce the univalent function

o) = (h(=)t = F(*)3, zeD. "
Since ¢*(z) = h(z*), we obtain by differentiating 4¢°(2)¢'(z) = h'(2*)423, which gives

B () = M, z € D.

The Cauchy-Schwarz inequality gives

2T 0\ |31 o/ 10 do
M) / g(re®)Plo/(re)| b
0 r 2

L/ dONT [ R
< 10Y16 7 / 0y 1277 (91)
<5 ([ errs) ([ woersy)

1
= ﬁMS(T; 9)Ms(r,g), 0<r<l.
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By Prawitz’ theorem and Theorem 9.1

r d
M¢(r,g) < 6/ Mfo(p,g)?p
0

O dp
Do [l L

0

<6/T 0 e
— Jo \1-p'° P

" dp 1
< < :
<6 ), TP S T

On the other hand, the integral means M, (r, ¢’) are non-decreasing and hence

(9.2)

1 2T 2 )
M(rg) =5 [ [ g6 Pas
0 0

4 % 27
— d / 0 2d6
7r(1—r)(1+37“)/0 p p/o 19" (pe™)]
4

|9/ (2)[PdA(2)

T

(9.3)
4 1+7r
“armn e (o2 (057)

4 L (l+r N 4 [ /1+7\°

Thm).3 1

N —(1 — r—1".
Combining these restimates we deduce
1 1 1
My(r* 1) S Mg(r, g)Ma(r,¢') < - ro 1

(L=r)/4 (1 —r)3a 1 —p

Finally, by the Cauchy integral formula, n|c,| < r'=™M;(r,h), and hence, by choosing
r:rnzl—%wededuce

1 1 1 1 1\
len] < =(1— =)'"M,y (1 - —,h’) < - (1 - —) n <,
n n n n n
and the theorem is proved. O

10 Nehari’s theorem

Let A, =sup{|a,| > a;zj € S}. Hayman (1958) proved an existence of the limit
An

A= lim —.
n—oo M
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The Bieberbach conjecture (—=de Branges theorem) asserts that A,, = n for all n, while the
asymptotic Bieberbach conjecture is the weaker assertion that A = 1. Littlewood (1925)
posed another conjecture: If f € S and f(z) # w for all z € D, then |a,| < 4|w|n for
all n € N. Nehari showed that the asymptotic Bieberbach conjecture implies Littlewoods
conjecture.

Theorem 10.1 (Nehari 1927) Let f € S with f(z) = > a,2" and suppose that w € C
such that f(z) # w for all z € D. Then |a,| < 4w|An for all n = 2,3,..., where

A= lim,, %
We will need the following lemma.

Lemma 10.2 Let g be analytic and univalent in D with g(0) = 0 and g(z) # 1 for all
z € D. Then the function G defined by

has the same properties as g.

Proof. Let g(z) = 3 72, ¢;27, 2 € D. Note first that

1

1 1
hz)=[9(z*)(9(z*) = 1)]2 = [fz* + 2012° + 22 + ... —12” — 2 — ] =iciat. ..

(%)
is an odd analytic function in D) which vanishes only at the origin. This because g(z) # 1

for all z € D, ¢ is univalent and ¢(0) = 0; hence (g(z2) — 1)2 has an analytic branch and
an analytic branch of \/¢(22) can be found by writing

o
f(z) = Z (gj 127"
=0

and working out the coefficients from
f(2)? =a22? + 2aa32* + a2 + ... =12 + et d e+ = g(2Y)

inductively. Suppose now that G(z) = G(§) for some z,{ € D. Then, by denoting
g(z?) = a and g(&%) = b, we have

a—b=h(z) = h(g),
which implies
a® — 2ab + b = h(2)? — 2h(2)h(&) + h(€)? = a® — a — 2h(2)h(E) + b* — b,

which is equivalent to
a+b—2ab= —2h(z)h(£),
which gives
a® 4 2ab + b* — 4(a + b)ab + 4a*b* = 4h(2)*h(€)*.
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By simplifying, we get
a® 4 2ab + b* — 4ab — 4b%a + 4a*b* = 4(a® — a)(b* — b) = 4a*b* — 4a*b — 4ab® + 4ab,
that is,
a® + 2ab + b? = 4ab,

which gives
a? = 2ab+ b = (a — 6)2 =0= (9(22) - 9(52))2-

Since ¢ is univalent, this implies z = +£. But h is an odd function with h(z) # 0 for
z # 0, and so

G(2) — G(—2) = 2g(2%) — 2h(2) — (29(2*) — 2h(—2)) = —2h(2) + 2h(—2)? — 4h(z) # 0,

unless z = 0. Thus z = £, which proves that G is univalent. If G(z) = 1 for some z € D,

then
1

a—5=lala=17, a=g(z),

NI

which implies

1
2 — —_ = 2 —
a a—+ 1 a a,
which is equivalent to 0 = 1. This contradiction shows that G(z) # 1. O

Proof of Theorem 10.11f f € S and f(z) # w for all z € D, then

1
g(z) = Ef(z) =ciz+ct+ ...
satisfies the hypotheses of Lemma 10.2. The operation of the lemma may be iterated to
produce a sequence of functions

(k) (k)

g(z)=c"z+c’ A+, k=0,1,2,...,

where gy = g and

[SIES

ge11(2) = 206(z%) — 2 [ge(2) (=) = D]®, k=0,1,....

N

Since z — 2 [g1(2?)(gx(2%) — 1)]? is an odd function, we have

S = 2P peN, (1)

and further, by (x),
"V = —2i(e)")z, (#)

which implies

)Cgk+1)

1
zzﬁﬂﬂ k € N,

where 67(10) =c¢, = . Now
o — 1L <4
[End 'w‘ >
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by the Kébe 1/4-theorem, and it follows inductively from (#) that |c§k)| <4forall k e N.
Since gk/cgk) € S, we deduce

e®)) < |P|A,, <44,,, meN\{1}.

For an arbitrary n € N\ {1}, the iteration of (#) now yields

=gl = el == ),
and hence
2*le,| = | | < 4Ap,, keNneN\({1}.
Consequently
au] = [wllea] < 4hwf2~* Ay, = dfuln S22 k€N,
and the desired result follows as & — oo. O

11 Nehari’s univalence criteria

A meromorphic function f in D belongs to the restricted class R if f has only simple poles
and f'(z) # 0 for all z € D. [It’s the class of locally univalent meromorphic functions.
See exercises.| The Schwarzian derivative of f € R is

s - (59) -3 (52) -5 -3 (52) - e

Analytic functions f in R are those that are locally univalent (< f'(2) # 0 for all z € D),
and hence Sy is a well-defined analytic function whenever f is a locally univalent function.
One can actually show that a meromorphic function f in D belongs to R if and only if f
is locally univalent (Ex). If f has a simple pole at zy € D, then

C

f(z) = +9(2)

Z— 20

for all z in a neighbourhood D of 2z, where ¢ € C\ {0} and g is analytic.

/ B / " 2 " " —6 "
FE) = oo tI6 IO = o G [E) = 96
For
S _f_/”_§(f_”>2_12f/f”/_3(f//)2
T o2\y) 2 ()
we obtain

F(2)'(z = 20)" = (—c+ (2 — 20)°d(2))?
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and
[2F() () — B(F"(2))?] (= — =)
—C / —6e 5 — V4" (2)) — 2c 2—202”2 ’
zz(ﬁmz))( 6+ (2 — 20)'9"(2)) 3( T >g<>)

1262 / 2 m / 4 m
“Goar 12¢4'(2) — c(z — 20)°9"(2) + ¢'(2) (2 — 20) 9" (2) (11.1)

- - 12— g () — 3 — )

= —1209/<z) — C(Z _ Zo)2g"'(z) —|—g/(Z)<Z _ ZO)4g///(Z)
— 12(2 _ Zo)g”(z) o 3(2 o 20)4g//(z)2‘

Therefore

—12¢g'(20) _ —69'(20) cC

lim Sf(Z) == (—0)2 -

Z—20

N | —

Thus Sy has a removable singularity at 2, and therefore Sy € H(D) when f € R.

Lemma 11.1 Let f € R and ¢ : D — D analytic and locally univalent. Then
Stap = Spo - (¢/)* + S

mn D.

Proof. Denote F'= f o . Then
F'=fop ¢ F'=[f"op()+¢"f(g)

Hence F’ does not vanish in . Moreover, since ¢ — a, a € D, has only simple zeros, F'
has only simple poles. Thus F' € R. Now

)k B f// o @(90/)2 + 90/]”(90) B f// o 9090/ N ﬂ

F f'lp)e’ ~ flop
[Here we see that the pre-Schwarzian sy = f”/f’ has the similar property
Srop = S£(0)¢ + .
Of course we can consider higher order differential operators of the same kind and try
to produce nice formulas for them too. Maybe we can have pre-Schwarzian, Schwarzian,

1-post Schwarzian, 2-post Schwarzian etc.| Hence [whenever the image of T" is contained
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in the domain of f]

) / 1 [/ F" 2
Sf:<ﬁ ‘5(?)
_ (f”(@)w’)'
f'(e)
L @ON e SR
2 f@ﬁ>( SR >+S¢
_ @D+ (0" () = F(0)¢ ()¢ (11.2)
(F(9)?)
LN e )
Q(N@)(w) o)t
@) e 3@ e
=g =3 (Fg) @res.
= S;(P)()* + S,

If T' is a nondegenerate linear fractional transformation

az+b

T(2) — _

(2) i d ad — be # 0,

then d—b 2c(ad — be) 6c2(ad — be)
;o ad—bc no oy —2c(ad —be iy _ 6¢*(ad —be
T<Z)_(cz+d)2’ ) (cz+d)? ") (cz+d)*

and hence

STof:STof(f/)2+Sf:Sf

by Lemma 11.1 because S = 0. On the other hand, Sjor = Sy o T(T")? also by
Lemma 11.1.

The problem of finding functions of prescribed Schwarzian derivative has a simple
solution.

Theorem 11.2 Let p € H(D). Then, for any two linearly independent solutions g and
go of the linear differential equation

9" +pg=0 (11.3)
the quotient f = g1/g2 € R and Sy = 2p.
Conversely, let f € R and p = %Sf. Then p € H(D) and (11.3) admits two linearly
independent solutions g1 and gs such that f = g1/gs.

To prove this, we will need the following result of differential equations.

Theorem 11.3 Let g1, g2 be any linearly independent solutions of (11.3).
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(1) All the zeros of g1g2 are simple;

(ii) An arbitrary solution g of (11.3) has unique representation g = c1g1 + Caga, where
ci,c0 € C.

Proof. (i) The Wronskian determinant

g1 91
g2 gé

W (g1, 92) = 9195 — 9261 = ‘
satisfies

D(W(g1,92)) = D(9195 — 9291) = G195 — 9291 = —g1092 + g2pg1 = 0.

Hence W (g1, g2) is a non-zero constant for if W(gi,g2) = 0, g1 and go would be linearly
dependent [4]. From
9195 — 929) = ¢ # 0,

we deduce the following things:

(i) |g91(2)] + |g2(2)| = 0 is impossible for all z € D and therefore g; and g» do not have
common zeros, that is, g1g» has only simple zeros. Therefore both g; and go have
only simple zeros;

(i) |g1(2)|+]g7(2)| = 01is impossible for all z € D and therefore g; has only simple zeros,
that is, all nontrivial solutions have only simple zeros (this was already included in

(1));
(iii) |g1(2)| + |g5(2)| = 0 is impossible for all z € D and therefore g; and ¢} do not have

common zeros, that is, g;g5 has only simple zeros.

[In the lectures: Further

9 9 _ 919 — 9201 _ W91, 92)

g2 g1 9192 9192

All poles of the meromorphic function g/g; are simple, and hence the zeros of g; g must
be simple as well.|
(ii) Fix zp € D. The linear system of equations

c191(20 + c2g2(20) = g(20)
c191(20) + c295(20) = g'(20)
where c¢; and ¢y are unknown has a unique solution, since the determinant of the coefficient

matrix W(gi, g2) # 0 by the proof of (i). We see that ¢;g1 + 292 is a solution of the initial
value problem

["+pf=0, f(z0)=g9(2), ['(20)=7"(2), (11.4)
since
191 + €2y + pergy + peage = c1gt + peigr + c2(gs + pga) = 0.
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Since ¢ is also a solution of (11.4) and (11.4) posesses a unique solution in D, g = ¢191+¢292
in D. O

Proof of Theorem 11.2. Let p € H(D) and f = ¢1/g2, where ¢g; and go are linearly
independent solutions of (11.3). By the proof of Theorem 11.3, W (g1, ¢g2) € C\ {0}. Now

p= 919250 _ Wi e)

g g
nd g .
f” = _2W<glvg2)_7 X = _2_7
93 f g2

and hence f is meromorphic in D such that f’(z) # 0 for all z € D and all poles of f are
simple (as zeros of g2) by Theorem 11.3(i). Moreover,

o _ (Y _ (I o N R (Y S () Y B
F=\w) "\ ) T2 T 9 = Tea— =4ap,
f f 93 93 g2

proving the first part of the assertion.

Conversely, let f € R and p = %Sf. Then p € H(D), see the beginning of the section.
Define g = (f/)~'/2, where the branch is fixed, for example, such that v/1 = 1. Then
g € H(D). Now ¢’ = —L(f)3/2f" which implies

2

2 + g = 2 (~ (1) PR+ ) =0

So ¢ is a nontrivial solution of

2f'g + f"g = 0. (11.5)
Hence o
29 + 79 =0,
which implies
f// f//
2+ () o+ () 7 =0
But (11.5) implies
9l
g = _2 IR

which gives

(5 () ()
AN n\ 2
29”9((7) -5 (%) ) -0

or equivalently 2¢” + %ng = 0. Thus ¢ is a nontrivial solution of (11.3).

that is,
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To get the other solution, consider h = fg. Since

W' +ph=f'g+2fqd + fg"+pfyg
f"a+2fq + f(¢" + pg)
gf”
= f'g+2f (—57) +0=0,

so h is also a solution of (11.3). Since all solutions are analytic, h € H(D). If g and h
were linearly dependent, f = h/g would be a constant, which is impossible, since f” # 0
for all z € D. Thus f is a quotient of two linearly independent solutions of (11.3).

Lemma 11.4 For each pair of distinct points z1 and zy in D, there exists a linear frac-
tional map (an automorphism of D)

a—z

p(z) =¢ zeD, aeD, €€T,

1—az’
such that 0 < p(z1) = —p(z2).

Lemma 11.5 Let u # 0 be a real-valued continuously differentiable function on [—1,1]
such that u(z) = O(1 —z) asx — 17, and u(x) = O(1 + ) as © — —1F. Then

1 u(w)2 1 )
/—1 —(1 T dr < /_1 o' (z)* du.
Proof. Observe that

1 2 1,2 2 1 / 1
o< [, ({2 o) w= [ e [ ek [ e
Integrate the second term by parts to obtain

2/1 xu($>UI§m)dx: zu(z)?] —/1u(x)21_x2+2x2dx:—/1u2(x)1+x2,
4 l1—x 1—22] _ ). (1 —22)? 1 1 — a2

hence - ()2 . . ) )
reul(x 9 +x 9

/11 % dr < /11 o (2)? dr.

Note that equality in (11.6) occures only if

which is equivalent to

1 —a?

+u'(z) =0, ze€(-1,1).

It is easy to see that the unique solution of this separable differential equation is u(z) =
(1 — 22)!/2 which does not satisfy the hypotheses of the lemma. O
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Theorem 11.6 (INehari’s univalence criterion 1949) If f € R satisfies |S¢(2)|(1 —
1212)2 < 2 for all z € D, then f is univalent (injective) in D.

Proof. First observe that it suffices to prove f(r) # f(—r) for 0 < r < 1 under the
hypothesis |S;(2)|(1 — |2[*)? < 2. Indeed, if f(z1) = f(22) for 21,22 € D, then by
Lemma 11.4 some automorphism 7" of D produces a function F' = foT with F(r) = F(—r)
and with the Schwarzian derivative Sp = S§(T)(T”)? by Lemma 11.1. The assumption
and the Schwarz-Pick lemma therefore give

T'(z)|*  sp 2

(1 —[T(2)?)? = (1—|z]2)%’ z e D.

|Sr(2)] = [Sp(T()IT"(2)]* < 2

Thus F' also satisfies the assumption, and hence it suffices to prove f(r) # f(—r) for
all » € (0,1). In view of Theorem 11.2, it is equivalent to prove that if p € H(D) such
that |p(2)[(1 — |2]*)> < 1 for all z € D, then the ratio g;/g> of two linearly independent
solutions of ¢” +pg = 0 takes different values at £ for each r € (0, 1). If, on the contrary

91(r) _ g1(=r)
92(r)  ga(=7)
for some r € (0, 1), then g = g; — agy satisfies

=aecC

ga(r
o(r) = (1) = ) = u0) 1= @220 ) 0 = g()
91(r)
|[Here it was assumed that g,(r) # 0. If g1(r) = 0, then we have go(r) # 0 and we can do
a similar argument.|
Conversely, if some nontrivial solution of ¢” + pg = 0 vanishes at +r, that is,

g(£r) = g1(£r) + Bga(£r) =0,

we deduce
91(r) _ g1(—7)

92(r) g2(—r)
for suitably chosen base functions g; and g». The theorem is therefore equivalent to the
statement that if p satisfies |p(2)|(1 — |z|*)? < 1 for all z € D, then no nontrivial solution
of ¢" + pg = 0 can vanish at both +r for any r € (0,1).
Suppose, on the contrary, that there exists a nontrivial solution of ¢’ + pg = 0 and
r € (0,1) such that g(r) = 0= g(—7). Then

0=4g"+rg

implies

- [ @@+ [ o) dr

N [QI@EEH - /_ 9’(w)de+/_:p(x)!g(:v)!2dw (11.7)
=0-0- /_7; g (2)]? dx + /_:p(w)|g(x)\2 dzx.
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Now |p(2)[(1 —|2]?)? < 1 implies

[ v@pi= [ poswpas [ 40w
[ gpras [ S e < [ M

so by denoting g(rt) = u(t) + iv(t), we have

/_1 (W (82 + (1)) dt < /1 ut)” +olt) ),

1 o (T2

Hence

This contradicts Lemma 11.5. |

One may write Nehari’s criterion in the following form: If f is meromorphic in D and
satisfies |S;(2)[(1 — |z]*)? < 2 for all z € D, then f is univalent in D.

The constant 2 in Nehari’s theorem is the best possible and cannot be replaced by any
larger number. This is seen by considering the function

ra=(152) . acc

for which ( 2
2(1 — «

The function f is univalent in D or, equivalently, w® is univalent in the right half-plane

if and only if o = a + ib satisfies a? + b* < 2|a|. The choice o = ib gives a non-univalent
function f with
2(1+v?)

15¢(2)] < m7

z € D.

Theorem 11.7 (Kraus 1932, Nehari 1949) Let f € H(D) be univalent in D. Then
|S¢(2)| <6 for all z € D.

Proof. Let

f($a(2)) = f(a)
f'(a)(1 = lal?)

Then Go(2) = F,(1/2)™' = 2+ By + Biz7' + -+ belongs to ¥, and so B; = A% — A;
satisfies | B1| < 1 by Corollary co:bl estimate. But

F.(z) = =2+ A2+ A3 +..., a€D.

1
B = —£Sy(a)(1— |2

and the assertion follows. See the exercises for details. d
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Stowe-Chuaqui conjecture

In their paper [1], Dennis Stowe and Martin Chuaqui considered the equation
J'+Af =0
in the case, when there exists some C' > 0 such that

1+CU—|2) .
A < oy 2€D (4

If C' =0, then Nehari applies: each solution f of f”+ Af = 0 can vanish at most once
in D.
Does * imply that each solution has at most finitely many zeros? Equivalently, does

2+ M(1—|2|)

512 <~ Ty

imply that f is of finite valence?
If
L+n(z])  n(z))
A(2)] <
AN T 17
then f” 4+ Af = 0 might have solutions of infinite valence.
In fact, (*) implies that f has only one zero in a pseudo-hyperbolic disc A(z, R), for
all zp € D, for some R = R(C') —» 1—, C' — 0+
If {z,} is a zero sequence of f, we may consider many conditions. For example

— 00, |z] = 17,

SuP(l - ’@a(zn)l)lm < 00,

a€D

S0~ Jzl) < o,

Zn

the Blaschke condition

condition about uniform separation etc.

12 Sharpened forms of the Schwarz lemma

Let f € H(D) such that |f(z)] < 1 for all z € D. If f(0) = 0, the Schwarz lemma says
that |f(2)| < |z| for all z € D and |f’(0)] < 1. In more general terms, the Schwarz-Pick
theorem asserts that

1) = 1)
- F©/()

z—=8
1— &z

< , z,¢€eD, (12.1)

and
£ =2 <1=|f(2)?, zeD.

A more careful analysis leads to sharper results on the region of values of both f(z)
and f’(zo) at the fixed point zy € D.
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Theorem 12.1 (Dieudonné 1931) Let zo,wy € D, 29 # 0. Then

{f'(z0) « feH(D), f(D) CD, f(0) =0, f(z0) = wo}
- D (@ | 20]2 — [wol? ) (12.2)

20 |20l(1 = |20/?)

Proof. By (12.1), the function g defined by

f(z) —wo  z—wp B
1 —wof(z) 1—2029

that is,
f(z) —wo 1 —Zpz

9(2) = 1 —wof(z) z—wo

satisfies |g(z)| < 1 for all z € D. Thus an application of (12.1) to g gives

9(z0) — 9(0)
1 —g(0)g(20)

But since f(0) = 0 implies g(0) = wy/zp (note that zo # 0), this inequality shows that
g(z0) belongs to D(v, p) where

< |2ol.

_ 1_|z0|2 (O)_ 1_|ZO|2 %_ 1_|ZO|2@
T T OPREPT T T ez T el 2
and )
p= B 1:_(? |ZO|: ’ZU|2_|w0’2
1 — |wol? |20[ (1 — [wol?)

by Lemma Al. Since

[ —wof(2) +wf'(2)(f(z) —wo) 1 —Z0z+ Z(2 — 20)
(1 —wof(2))? (1 —%2)?

we deduce, by choosing z = 2,

f'(z0) (1 = [wol*) 1 — 1zl

L—wP)? @ =Je? )
that is,
1 — |wol?
/ —
Filz0) = 5 22 9(20)

This is equivalent to saying that f’(zo) belongs to

D (E, |20]% — |w0!22 )
20 |z0[(1 — |wol?)
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To see that the whole disc is covered, let

a — Wy

p

= 1w’ af <1,

and let f be defined by

f(z) —wo 22—z wo+ ZPz
L—wof(z) 1—7%5z20 +wWohz

The first factor on the right hand side has modulus less than one for z € D. On the other
hand,

wy +Zofzr Z_O(BZ‘F%)) _gﬁz%—%ﬁ")
20+ Wbz 20 (14—@52) N 201‘1‘53@
20

belongs to D and we deduce |f(z)| < 1 for all z € D. If z = 0, then we have

SO —wo _ wo
1-— w_0f<0) 20 ’
which implies f(0) =0, and if z = z,

f(Zo) — Wo
1 — g f(20)

which implies f(z9) = wo. Moreover, a direct calculation gives

=0,

Wo |20[* = Jwol?

20 z2o(l—1200?)

f'(z0) =
Since o € D was arbitrary, this completes the proof. O

Corollary 12.2 If f € H(D), f(D) C D and f(0) =0, then

IS S S

4r(1—r2)?

This bound is sharp for each r € (0,1).

Proof. For z € D fixed, let r = |z| and R = |f(2)|. Then R < r and Theorem 12.1 gives

) R r?—R*> R(1-r)+r*—-R*>  9(R)
F =)l < r + r(l—r2) r(1—r2) (L —r?)

The function ¢ attains its maximum at R = (1 — r%):
V'(R)=—2R+1—1"=0
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is equivalent to

The maximum is

¢(1_T2) 1—r2 1—r2+T2_1—2T2+7‘4+T2 (1 +7?)?

2
Therefore

|f'(z)|§r<1<_2r2>>: 4<:(1+j7}2>, P> Vi-l

For r <2 —1, ¢¥(R) <9(r) =r(1 —r?) on [0,7], so | f'(z)] <1 there.
The sharpness is clear, since every value f’(z) in the disc given by Theorem 12.1 is
attained for some function f. O

The next result may also be viewed as a sharpened form of the Schwarz lemma. For
2o € D\ {0} fixed, let A,, denote the closed region containing the disc D(0,|2|?) and
bounded by an arc of the circle 9D(0,|z|?) and the two circular arcs 7., and 7., joining
2o to the respective points i|2|29 and —i|zp|z0, and tangent to the circle 9D(0, |z]?) at
these points.

Theorem 12.3 (Rogozinski 1934) Let zp € D\ {0} be fized. Then
{f(20) : feH(D), f(D)CD, f(0)=0, f'(0) >0} = A,
Proof. Apply (12.1) with £ = 0 and with f(z) replaced by f(2)/z # 1 to obtain

f(z) = ['(0)z
2= [(0)f(2)

This places wy = f(z0) in the disc D; defined by

< |z,

w — 2o

S |ZO|7 t:f,<0),

z0 — tw
where t € [0, 1] by the Schwarz lemma. Since

wo_¢

20

1— 2t
20

w — tzp

= s

zo — tw

we see that w/zy belongs to the pseudohyperbolic disc centered at ¢ and of radius zg = 7.
Therefore w belongs to the Euclidean disc of radius

1— ¢ 11—t 2l
———T0 T = ——5T5, To= |2,
1—2527"(2)0 0 1—t27‘30 0 0
and center
1—7’(2)t
——12zp.
1—t2r2 0
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This center point traverses the line segment from 0 to zy as ¢ increases from 0 to 1.

The union of the discs U0§t§1 D, equals to A,,. To see this, write the equation fro the
boundary of D, in the form

w — tzg w — tzg

/1z0| = 0.

Zo — tw

F(w,t) = Re (log ) — log |zo| = log

2o — tw

A curve C in C is an envelope of the family {F(w,t) =0 : 0 <t < 1} if at each point of
C at least one member of the family is tangent to C, different members being tangent
in different points of C. One can show that the envelope of {F(w,t) : 0 <t <1} is
determined by the pair of equations F(W,t) = 0 and

ot w — t2 (z0 — tw)? 20— tw  w—tz

See [9]. Now

w 2 w 2
Re — 0 =Re |———— ) — 0
Zo—tw w—tz Zo — tw w — tzg

— Re lw|? — tzowW — |20| + tzow
(Zo — tw)(w — tzp)

= (|lw]* = |20]*) Re ( 2o — tw )

|20 — tw|?(w — tzg)

CJw]? — |z Re (Zo - tw)

|2 — twl? w — tzo

(12.3)

so that the envelope is defined by

—1
F(w,t) =0 and Re (ZO w) =0.

w — tzo
Thus the envelope is given by

w — 1ty F(w,t)=0

= :i:i?“o = :i:'l|20|,
zo — tw
which is equivalent to
t:l:’i’f’o
w = z=w(t), 0<t<1.
1+itrg ), 0sts

This equation defines the circular arcs +.,, 7., which comprise part of the boundary of
A,,.
To see that the entire A, is covered, consider the function

az +t
fz) = Zl +taz’

Then f(D) C D for all & and ¢. Moreover, f(0) =0,

aeD, 0<t<l1.

£(z) = az+t Za(l + taz) — ta(az + t);
1+ taz (14 taz)?

f'0) =t,
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and

azg+1
wy = f(29) = 2
0= f(z) o1+ tazg
that is,
Wy — tZO
azyg =
Z0 — two

and a € D, this shows that every point in the disc D; is the image of z, under some f
with the required properties. O

13 Hyperbolic metric

The hyperbolic arc length element is defined by

d2]
dé = .
ST

If v, parametrized by z(t) : [a,b] — D is differentiable arc or curve in D, then for z = z(¢)
|dz| = |2'(t)|dt, the hyperbolic length of 7 is biven by

)
Mw_L%_Ll—MM?

Lemma 13.1 Let vy be a differentiable arc or curve in D and ¢ : D — D conformal. Then
AMe() = A7), i.e. @ is length-preserving.

Proof. Each conformal map from D onto D is of the form {{== for £ € T and a € D, and
hence |’ (2)|(1 — |2|*) =1 — |@(2)]? for all z € D. Hence

|dwl ' ()ldz] |dz|
Me() = [ de= = - It
(e(7)) /90(7) § ooy L= 0] 1= p(2)]? /7 1—|zf? )

O

|Note that if ¢ : D — D is analytic, then by inequality (12.1) given by the Schwarz-Pick
theorem gives < instead of an equality in *. Thus in this case, we obtain A(¢(7)) < A(7).|

The geodesic between zq, 2o € D, 21 # 25 is a curve joining z; and 2 in D of minimal
hyperbolic length.

Lemma 13.2 The geodesic between 0 and r € (0,1) is the line segment [0,7] from 0 to r.
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Proof. Clearly, [0,7] can be parametrized as z(t) =t, 0 <t < r, so

"od
o= [ = [
" 1

[
1 1

_ - dt 13.1
2/0(1—t)+1—t (13.1)

1 1 IL+r
—5(—log(1—r)+log(1+7“)) —§1og1_r.

Let v be an arbitrary differentiable arc in D joining 0 and r, parametrized by z(t) =
x(t) +iy(t), 0 <t <r. Then

B "2(t)|dt "o (t)dt
M”Alwwwzﬁl—wv
_1l 1+ a(r) 1+ z(0) 11 1+

/ (13.2)
T2 T o) 2 BT 20 2 BT

Whence the assertion. O

Note that the inequality in the proof of Lemma 13.2 is strictly less unless y(¢) = 0 for
all ¢ € [0, 7], so that the geodesic joining 0 and r € (0, 1) is unique.

Lemma 13.3 The geodesic between z1,2y € D, 21 # 23, is a circular arc joining them,
which, if extended, meets the unit circle orthogonally.

Proof. Let F : D — D, F(D) = D be a Mobius transformation such that F(z;) = 0
and F'(z3) = r € (0,1). The geodesic connecting z; and 2, is the inverse image of [0, 7],
since F' is length-preserving by Lemma 13.1. This inverse transformation is a Mobius
transformation of D, that takes circles onto circles, regarding a straight line as a special
case of a circle. Furthermore, since the mapping is conformal and [0, 7] is orthogonal to
T if extended untill T, so is the geodesic joining z; and z». O

Write (21, 22) for the geodesic joining 21 and 29 in D (circular are, hyperbolic segment).
For many authors ”a geodesic” is a hyperbolic line in D, i.e. a circular arc in D that meets
T in two points and is orthogonal to T.

Lemma 13.4 Let z1,20 € D. Then

1. 14 ]ps(2)] a—z
A((z1, =—log ———2  ©.(2) = , a,beD.
((21, 22)) 5087 00, (22)] Pa(2) 1—a a
Proof. Let
z—z
o(z) = 1_2_112, zeD.

Then ¢ is a Mobius transformation such that ¢(z;) = 0 and |p(z2)| = € (0, 1) if 21 # 2.

Now
1 1-'-7'_ 1 1+’(,021<22)|

)\(<2’1,22>) = )\(SO(<21’Z2>)) - §log 1—pr §1og 1-— ’(Pz (22)"
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O

Write pp(21, 22) = A((21, 29)) for all 21,29 € D. As pp(z1, 22) represents the length of
(21, 22), pn defines a metric in . This is called the hyperbolic metric or the Poincaré
metric. Note that pp, is additive on hyperbolic lines, so along geodesics the equality in the
triangle inequality occures.

Hyperbolic disc with hyperbolic center zy € D and hyperbolic r € (0, 00) is defined by

Ap(z0,7) ={z €D : pp(20,2) <7}

A A it
= App (20, tanhr) = Ay e

e —1
<o +1)7
where pp, is called the pseudohyperbolic metric. The fact that pp;, is a metric is inherited
from the properties of the hyperbolic metric. In particular,

(13.3)

20 — R

= {z eD : ppn(z0,2) =

1— %92

21,20 € D.

The hyperbolic metric is one of the most natural and important metrics in D. It is clear
by the definition that pp(z,w) € [0,00). Moreover, for any fixed w € D, |¢,(w)| — 17, as
|z| = 17, and hence pp(z,w) — oo. This means that T is "infinitely far away" from each
point of .

It is immediate that both metrics dj, and d,;, are conformally invariant; for each auto-
morphism v of D,

dp(9(2), P (w)) = dn(z,w) and - dpn(1p(2), (W) = dpn(z, w).

Moreover, the topologies induced by dp,, d,, and the Euclidean metric d.(-,-) = |- — - |
coincide; the corresponding collections of open sets are the same.

We will use the following notations for Euclidean, hyperbolic and pseudohyperbolic
discs, respectively:

D(a,r)={2€C:la—z|<r}, a€C, re(0,00);
Ap(a,r) ={z€D:dy(a,z) <r}, aeD, re(0,00);
App(a,r) ={z€D:dyp(a,z) <r}, aeD, re(0,1).

We will prove two basic lemmas that show that each pseudohyperbolic disc is an
Euclidean disc and, of course, vice versa.

Lemma 13.5 Let a € D and r € (0,1). Then Ayp(a,r) is the Euclidean disc D(C, R),

where ) ,
1— 1-—
d and R = —|a\ r

C=—"— )
1 —7r2|al? “ 1 —1r2|al?
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Lemma 13.6 Let C € D\ {0} and R € (0,1 —|C|). Then the Euclidean disc D(C, R) is
the pseudohyperbolic disc App(a,r), where

(1+ B2 —|C]") — /(1 + B2 — [C]?)? —4[CP
2|CP?

and

(1+R*—|C]*) = /(1 + R?—|C|*)? — 4R?
2R '

Proof of Lemma 13.5. We start by deriving two equations, namely (13.4) and (13.5). Let
a, B € C. Now

o = B> = (@ = B)(a = B) = |af* = (af + pa) + | B[
Since z +Z = 2Re (2) = 2Re (Z) for all z € C, we get
af? + 8 — |a — B = 2Re (aB) = 2Re (aB). (13.4)

This is actually the law of cosines. Namely, if o = ae® ja 8 = be®, where a,b > 0
and t,s € R, and we denote v = s — ¢ and ¢ = |a — 3] we get the familiar equation
2 = a®+ b* — 2abcos .
Let z € C be arbitrary. By substituting & = 1 and g = az to (13.4) we get
1+ |a?|z|* — |1 — @z|* = 2Re (@z).
On the other hand, by substituting o = z and 5 = a to (13.4) we get
2|2 + |a]* — |z — a]* = 2Re (@z).
By substracting last two equations we get

L=l = lal* + [af*|2* — [1 —@z|* + |z — a]* = 0,

which simplifies to
1 —az]* =]z —a|* + (1 —|a]®)(1 - |2]?). (13.5)

Let z € D be arbitrary. Now by equation (13.5) we have

_ le—a? |2 —af” 2

pa(2)|* = =
1—az>  (1—|a*)(1—]z]?) + |z — al?

This is equivalent to
2 —a* (L —1%) = (r* — [a]*r*)(1 = |2]*),

and hence

‘2 _ T2 B |CL|2T2 TQ B |(l|27”2‘ |2

|z —al” = 1—17r2 1—17r2
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Now by equation (13.4) we have

r? —laf*r?  r*— |a|2r2| 2

2 2_2 =) —
27 + Jaf? — 2Re (az) = 10~ 1

Y

which gives

r2 — |a|27,2 B r2 — ’CL|2?”2
|Z|2 (1 + 1_—72) — 2Re ((IZ) = 1_—712 - ’CL|2,

which simplifies to

1 — 2,.2 2 2
Bk (ﬂ) — 2Re (a7) = r—la®

1—1r2

Multiplication by factor

1—r?
A= —7F——>>0
=P
gives
2 2
2 N
o = 2Re (4%) = 1
Therefore o
_ r2 _ g
o = 2Re (403) + A = T + A%l
and by equation (13.4) we obtain
r? —|af?
|Z — Aa|2 — W + A2|a|2,
That is,
|z — Aa|2 = (r? — la/*)(1 — |a|?*r?) + (1 — 7?)?|a|?
(1 — ’a‘2r2>2 9
hence

r? — la*r* — |a)® + |a|*7? + |a|® = 2|a|?*r? + 7|a|?

— Aal? =
E al (1 — |a|?r?)? ’

which simplifies to
r?(1—a*)?
— A=)
Al = Ty

Now C = Aa, the right hand side is k2 and the proof is complete.
Proof of Lemma 13.6. Let first C' € [0,1) so that a € [0,1). By Lemma 13.5,

1—r? 1—a?
A e R A ey
and hence
C+R:a—r2a—|—r—m2: (a+7r)(1—ra) _atr
1 —1r2a? (1—ra)(l4+ra) 1+ra
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and

a—r1r2a—1r+ra? (a—7)(1+ra) a—r
C—-—R= = = )
1 —1r2a? (1—=ra)(l4+ra) 1—ra
Therefore
at+r=C+R+raC +raR
and

a—r=C—R-—raC+raR.
By adding these equations and dividing by 2 we get

a=C+raR. (13.6)
By subtracting the equations and dividing by 2 we get
r=R+raC. (13.7)

Equations (13.6) and (13.7) are in some sence symmetrical. Namely, let P(z1, xa, T3, x4) =
Ty + w3214 — 1. Now (13.6) is P(a,C,r, R) = 0 and equation (13.7) is P(r, R,a,C) = 0.
By solving r from equation (13.7) we get

__R
1 —aC”

Substituting this to (13.6) we have

R?%a

a:C—l—l_aC.

Multiplying both sides with 1 — aC we get
a—a’C =C —aC?+ R%a,
which gives a quadratic equation for the center a, that is,
0=Ca?>— (1+R*—C*a+C.

Quadratic formula gives

. (I+R-CHE /(1 + R2—C2)2 —4C?
a=a = 20 .

A direct calculation shows that a™ > 1, and hence

(1+R*—C* —/(1+ R?—(C?)% — 4C?

a =

2C
Solving for a in equation (13.6) gives
" C
S 1-7rR
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Susbstituting this to (13.7) we have
C?%r

=R )
" +1—7"R

Multiplying both sides with 1 — rR we get
r—1"R=R—rR*+C?,
which gives a quadratic equation for the radius r, that is,
0=Rr’—(1+R*—C*r+R.
Quadratic formula gives

e QR0 x JOT RO AR

2R

of which the acceptable one is r~, and thus
(1+R*—C* —/(1+ R?—C?)2 — 4R?
2R '

The general case follows by rotating the center of the Euclidean disc to the segment [0, 1).
O

14 Two-point distortion results

Theorem 5.3 gives the necessary condition

kd 2|
=g S @< /s,
(1+]2])? (1—1z])
for f € H(D) with f(0) =0 and f'(0) = 1 to be univalent, but this condition is of course
not sufficient. We next give a necessary and sufficient condition for univalence in terms
of two-point distortion.
Define the differential operator D, on ‘H (D) by

Di(f)(z) = f(z)A = |2*), z€D.

z €D,

This operator satisfies
&tz
14z
Theorem 14.1 (Kim-Minda 1994) Let f € H(D). Then f is univalent if and only if
sinh(2pp,(a, b))
a) — f(b)| >
=101 5 o @pn(ad)

Moreover, there exists a,b € D, a # b, for which equality holds if and only if f = ®okoT,
where ® is an automorphism of C, k is the Kobe function, and T is an automorphism of
D.

Di(f)(z) = (f 0 12)'(0),  :(€)

¢ eD.

‘max{|Dy(f)(@)l, ID:()B]}, abeD.  (14.1)
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Proof. Let T be the automorphism given by

zZ+a
T(z) = Tras ° e D,
and let
_f(T(R) = f10)  f(EE) - fla)

9(z) = - - 2eb
ST @i —aP)
Then g € S and Theorem 5.3 gives
2| sinh(2p;(0, 2))
< _ , z e ]D)’ 14.2
|g( )‘ — (1 + |Z’)2 2exp(2ph(072)> ( )
and because 2p;(0, z) = log iljv
1+|z] 1—|2|
. S SR Ol ) il € Sl ) SO
h(201(0, 2)) = L HEL - B
sinh(2p,(0, 2)) 9 2 1— |22 1—|zf?
and 1+ |2
+ |z
2exp(20(0,2)) = 21 — 2
thus h(20n (0 9 1
sinh(2p,(0,2)) 2| — 2l _ 2] z € D.

2exp(200(0,2))  2(1—[2)2 1+ |z[  (L+ |2)*

Let z € D such that T(z) = b, that is, z = 2=%. Then (14.2) becomes

sinh(2pp(a, b))
10— @] 2 S 1y a)

because the hyperbolic metric is invariant under 7" by Lemma 13.1. Interchanging the
roles of a and b leads to
sinh(2py(a, b))
a)— f(b)] >
@)= 1012 5 @ona,0)

[DL(F)(B)];

and (14.1) follows.

The condition under which equality in (14.1) holds can be deduced from the fact that
equality in the lower estimate |z|/(1+ |z])? < |f(2)] holds only for rotations of the Kébe
function. Details are omitted.

It remains to show that (14.1) implies univalence. Let f € H(D) be nonconstant such
that f(a) = f(b) for a,b € D, a # b, and it satisfies (14.1). Then f’(a) = f'(b) = 0 and
hence f is not univalent in any neighbourhood of a or b. Hence we find sequences {a,}
and {a] } of distinct points in D such that

. . !/
lim a, =a, lima,=a
n—o0 n—oo

and f(a,) = f(al) for alln € N. Then (14.1) implies f'(a,) = 0 for all n € N. Then (14.1)
implies f’(a,) = 0 for all n € N, and hence f is constant. This contradicts the hypothesis,
and we conclude that f is univalent. O

Blather proved the following result in 1978.
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Theorem 14.2 Let f € H(D). Then f is univalent if and only if
inh? (201 (a, b))

2> Sin ,
|f(a) = fFO)° = S cosh(dpn(a.D))
Moreover, there exists a,b € D, a # b, for which equality holds if and only if f = ®PokoT,

where ® is an automorphism of C, k is the Kdbe function, and T is an automorphism of

D.

Proof. We will not give a proof. It requires the estimates |as| < 2, |as] < 3 and
las — a3| < 1valid for f(z) =z +> o7 ,a,2" in S. O

(DN @+ [Di(HO), abeD.  (14.3)

We can prove an inequality of type (14.3) with a nonsharp constant. Let f be univalent
in D. Now (14.1) gives

- sinh?(2p(a, b))

— f(0)? : D 2 |Do(f)(b)|? beD.
@ = 0P 2 T D (@ DR, b e
For z,y € [0,00), we have
e“+e® et 1 1 5 9y o T2HY?
cosh 2 — 27 e* = 2coshz’ max {2, 4"} > 2

and hence we obtain
inh®(2py,(a, b))
S sin ,
Fla) = JOF = 16 cosh(4pp(a, b))

which fails to be sharp by factor 2.
On the other hand, by

(ID1(H(@) + D)), a,beD,

1 1
> — €10
coshx — e’ z €0, 00)

and
2+ y2 > max {xz,yQ} ,
we get from (14.3)

2 Sinh2(2ph(a, b)) 2 2
@) = FOF > So ST (1)) + D )P

> |f(a) - f <b)|2212)}:p828: 23

(14.4)
-max {|Dy(f)(@), D1 ()}

which implies
sinh(2pp(a, b))
|f(a) = f(b)| =
2v/2 exp(2pn(a, b))
which fails to be sharp by a factor v/2.

Actually, Theorems 14.1 and 14.2 are special cases of a more general result where (14.3)
is replaced by

max{|D1(f)(a)|,|D1(f)(b)|}, a,beD,

sinh(2py(a, b))

|f(a) = f(b)| = 302 cosh (2ppn(a. b)) VP
due to Kim and Minda (1994) and Jenkins (1998). The case p = oo corresponds to
Theorem 14.1 while p = 2 is Theorem 14.2. For upper estimates for |f(a) — f(b)|, see
Jenkins (1998) and Ma and Minda (1999).

p=>1,

69



15 Bounded univalent functions

If f € H(D), then the Cauchy integral formula shows that the coefficients in the Maclaurin
series of f are given by

1 f©)

Ay =
, 1
211 |z|=r €n+

dg,0 <r <1,

the mean value of f(£)/£™ on the circle |z| = r. Hence, if f € H™,

2rr | fllge
==

1 .
lanl < 5l o = [ fllgee, =17,

and thus f has uniformly bounded coefficients. However, if f is bounded univalent func-
tion in D, then f(DD) has finite area, and hence

/D]f’(z)\sz(z) = WZn\an\z < 00,
n=1

Therefore n|a,|* — 0, n — oo, implying
Ay = o(n_l/Q) , N — o0.

Comparison test
Is the following reasoning correct? If not, where is the flaw?
Let by, ¢, € [0,00) for all n € N. Assume that

bn
limsup — = M € (0, 00).

n—oo CTL

Now for ¢ € (0,00) we find N = N(¢) € N such that

bn
— < M+¢e, n>N,
Cn
that is,
b < (M +¢)c,, n>N.
Now if

00
D e
n=1

00
PL
n=1

converges. This is the one-sided comparison test. Let now b, = % so that »_ b, diverges.
Let f € H(D) be a bounded univalent function, f(z) = >.°2a,2" and ¢, = n|a,|?* so
that > ¢, converges. We deduce

converges, then

: bn ..
lim sup — = lim sup = 00,

n—oo Cn n—soo N2 ‘an‘z
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that is,

lim sup =
n—00 ’I’L|(ln|

Theorem 15.1 (Clunie and Pommerenke 1967) There exists o € (0,00) such that
an, = O(n=Y2=%) for every bounded function f € S with f(2) =3 °°  a,2".

n=1

Proof. For § € (0,00), the Cauchy-Schwarz inequality gives

2
/ [f(re)|*0d6 < (1(r)J(r))"/2, (15.1)
0
where o o
10 = [ 1o a0 = [ 1f e
0 0
Since J(r) increases with 7,

r(l—r)J(r) < /1 tJ(t)dt < /1 tJ(t)dt = Win\an\z < 0.

Thus
J(r) =0 (ﬁ) o (15.2)

The estimation of I(r) is more involved. Since f is locally univalent, the function

F(z)=(f'(2))’ =) eas", =1,

n=1

is analytic in D (for a fixed branch), and

2 0
1) = [ 1RGP =20 feli
0 n=0
It follows that
]/’(7’) = ZWZ |cn|22n(2n _ 1)7‘2”_2 < 87‘(’2 ’Cn|2n27“2n_2.
n=2 —1

On the other hand,

for all f € S by Theorem 5.1, and so
o0 2w
2m Y et = [P s
n=1 0

) 2 f”(?“ew)
? Fi(re)
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(1—r)2

2
|/ (re”)[*'do < I(r).




Combining these inequalities, we get

- (35~ (5 <

~ 1 \1m) =10
8m Y o e, |Pr?n 2 1446% I(r) = 1440
= 1) U= I - G=rp
Hence I(0) = 27|co|?> = 2m; I'(0) = 0;
lox 1)) = 1 gt =0 = (og 1)

Two integrations from 0 to r yield

/Or<(log](s))/ o O)ds = log[(r) —log 27 < 14452 /OT/O(g(li—ttde

:14452/ (11 —1)ds
0 — S

1
< 1446° log -

and thus
log I(r) < log2m — 1446 log(1 — 1),
that is,
I(r) < 2m(1 — ) 14407, (15.3)
The estimates (15.1)-(15.3) give

2
| renyas
0

(15.1)
< ((r)J(r)"?
(15.2) 1 (15.4)
< L e —
~ I(T) (1 o T‘)l/Q
(15.3) 1 B
N (1— 70)1/2+7252’ r— 1
For v € (0,1/2), let
Ei = Ei(y,r) = {6 : NN<@=r)7}
and
Ey = Es(y,r)={0 : |f/(re’)| > (1—r)7} =[0,2n] < E.

Then, by (15.3),

2
| rtenido= [ 1pwenia s [ 15wet) ot
0 Ey Es

o 2 )
1— Yo / 6 1+§d6)
T+ = [ e
1 1
(1—r) + (1= r)1/2+7282 75"

<

N

r—1".
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The exponent 1/2 + 726 — 4§ attains the minimum

1 72
2 288
at v
§=——.
144

[h(6) = 7262 — 46 + 1/2, '(5) = 1446 — v = 0 <> 6 = /144
This minimum is smaller than ~ if ~y is sufficiently close to 1/2. [0.49913 ~ 12(v/145 —
12) < v < 1/2| Thus for some v < 1/2, we have

27 ) 1
! 19 < 17.
/0 PO S e

The Cauchy integral formula yields

2
) € gy [ 170NN S
and the choice r =1 — % therefore gives
la,| = O (Tﬂ_l) :
Since v < 1/2, the theorem is proved.
[v=12(v145 — 12); a = 1 — v = (289 — 241/145) /2 ~ 0.000865] m

The best value of «v is unknown. Theorem 15.1 has a close connection to the asymptotic
coefficient problem for the class > of univalent functions

g(z) = z+anz_”, z € C\D.
n=0

By Corollary 2.2, >°°° n|b,|> < 1, so |b,| = o(n"Y?), n — co. By a method parallel
to that used in the proof of Theorem 15.1, Clunie and Pommerenke improved this to
|bn| = o(n~1/278) for some B > 0 (the best value of 3 is again unknown). This actually
implies 15.1; in fact, one can show that a > 5. More precisely, we have

Theorem 15.2 (Pommerenke 1967) If 8 > 0 and the coefficients b, of each function
g € X satisfy |by] = O(n=Y278+) for every ¢ > 0, then |a,| = O(n=Y277+) for the
coefficients a, of each bounded univalent function f € S.

Proof. Suppose on the contrary, that
|an| 7£ O(n—l/Q—B—l-Qa)

for some bounded f € S and € > 0. Consider the cube-root transform (Theorem 1.3)
h(z) = (F(ZNP =) e a=1.
n=0
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We claim that |c,| # O(n~1/278+%). Otherwise, since for i4+j-+k = n we have max(s, j, k) >
n/3, we could deduce

lana| <Y Jacied

i+j+k=n

3 1/2+p—¢
<(2) Xl

J+k<n

1
Sm Z |cjck] (15.5)

Jj+k<n

1 n n—k
= s D lel Y lel
k=0 =0

1
S e

because the Cauchy-Schwarz inequality yields

n n 4 1k s o 1/2
D lel < (Zz> (Zmﬁ) < (logn)'/? - 1.
k=1

k=1 k=1

Here we used the facts that

3

= logn

e

k=1

(3k +1
Zkyckyher\ck\? o —/D|h’(z)\dA(z)<oo

Let M > 0 such that h(z) < M for all z € D and consider ¢(w) = % + = in D(0, M).
Now % is univalent in D(0, w), since

_ _ _ _ 2
(a) —1(b) = GMQb - aabb _ L b])\(;zb M) e D(0, M)

Thus g(§) = ¥(h(1/£)) belongs to X, and

h(1/€ 1 ) 1 o= 3, =
9(&) = (M/2)+h(1/§) £+Zd§3“ MQ;%U 1:§+bo+;bvz .

and

Theorem 15.3 (Pommerenke 1967) For each m € N, there exists a bounded univalent
function

= Zamv+lzmv+1a S Da
with f(D) C D, a, >0 and a, # O(n~°%), n — oo.
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Proof. We will use the notation
S 3
n=0 n=0
if a,, < f3,, for all n € NU {0}. Let
z)=1+ Z Cp2"
n=1
be analytic in D and have the properties Re (p(z)) > 0, ¢, > 0 for all n € N and
A= Z — < 00.

Choose ¢ € N\ {1} and form the functions

Pu(z) = ze maF V()

where
1 > Cn  nmag*
Z):m—qknglgz q’ k € N.
Clearly,
1 ¢, A
< <—) =
() < )] < o D2 = =

and therefore

Wi (
91(2)] = J2] |

A
— |+] exp (Re (=) — %) <l = || < 1,

for z € . [Thus 1 satisfies the assumptions of the Schwarz lemma and is a so-called
Schwarz function.] Also

Cp k
Ui (z P ——— 2 zeD,
(2) = mqk Z -
and so
ek () z z €l gk
Or(2) = 2—5— > — (T +p(2)) > — [ 1+ —2"" |. (15.6)
emaF ema® emaF mq
Further,
Vi(2) Yr(2)1y,(2)
e e k
Vi(z) = oo T2 N
emak ema”
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and hence

/ Yr(2) i (2 Yi(2)
sz(z) _ zeL 12 9€ 1/%( ) /ZeA
k(z) emqk emq emqk

=1+ 2¢.(2)
1 - Cn k _nmqg®—1
=1+ Zm_q’f ; Enmq z
=1+ Z 2" = p(2™T)
n=1

Theorem 17.1 shows that ¢y is starlike and therefore univalent in . Define fi(z) = =
and fri1(2) = fe(or(2)) for k € N and z € D. Then

Jer1(2) = fu(Or(2)) = frm1(Pr—1(dx(2)))
= fi(or(@a(. .. (¢r(2)))))
=(prope0...0¢)(2), =z€D.

Let fu(z) = > oo ar,2". Since ¢i(D) C D for all k € N, fi(D) C D for all £ € N.
Moreover, since ¢, > 0 for all & € N, 1, has nonnegative coefficients, and therefore
ax,n, > 0 for all n,k € N. Moreover, as ¢, has "gaps” in its Maclaurin series, we see that
agn, 7 0 only if n = mv + 1, that is, each f; has m-fold symmetry.

Observe that

fen1(2) = fe(r(2)) > arn(Pr(2))" > arn

(15.6) n "
> Ak n - <1 + izmqk>

em;’“ mqF (15.7)
> agp Zn <1+ cl—izmqk) , neN.
emq mq
Define
¢ -
ng=1+ml+q+... +¢ 1)—1—|—mq_1,
so that
qk+1 -1 .
Ngt1 = 1 +m———=n, +mq".
qg—1
Then, by (15.7),
2" cn
Z (077 ] ]Zj > Akn ™ m )\n + ay, nMI—Znerqk (158)
=1 emaF emd® - mgk
and hence o
1Mk
At 1ngyy = Ok 3
emd® - mgk
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Denote Ay = nyayn,. Then this becomes

CiMg4+1
Ak+1 Z Ak?
emd® . mgh

qk_lfl
ca(l4+m p, g,

1 A ¢" -1 (15.9)
11— — 2 (1 :
( %“)@m( m&( +mq—1)>
c1q 1 A A ¢Ft
kq—l( W)@m( mgt  q—1 ¢~

Now define 5 by

and conclude from (15.9) that

—k+1
Akauqqqemp(——i—)(l—q‘ﬂema(—Aq )
q—1 q—1

m
A —k+1
— Ak_lqﬁ(l — q_k) exp (— g )

m
\g—k+2 g Fkt1
244k2¢%1——qk+ﬂexp(—-q )-qﬁﬂ-—qﬂexp(—-q )
m m
)\
_ Ak_QqQﬁ(l _ q*k+1) - exp ( - fk+2 k+1)) > .

> AQqﬁ(k—Q)

=

(1—q77)exp

3

A k—1 -
7j=1
> Ay 1= ¢ ﬁxp<—;;§:qﬂ>

<.
Il
)

i=1 j=1
~ . A1
_ B(k—1) —q -
— [0 = e (<21
j=1
where
d A
Ay H(l —q7)exp (———) =B>0
j=1 @1
Since i .
-1
nk:1+mq xmq’ k eN,
g—1 q-—-1

this implies [} = ¢°¥|
Ap = ngayn, > BV,
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that is,
BgPk—1) B Eqﬁk _ B 4,

a > =_1 =
R = ur R

)

and thus
gy, > Cnp ' k€N, (15.10)

for some constant C' > 0. It follows by (15.10) that

ak—}—l,nj Z ak;,nj €exp (__) )

and hence

m
)\’I’Lj 1 1
2> Qp—2n; €Xp | — m \ g1 + = A
1

(15.11)

by (15.8) and the fact n; < ¢’.
Since f(D) C D, some subsequence converges uniformly on compacta to an analytic

function of the form .

flz) = Z A1 2™

v=0

The limit function is not constant because

f,g(()) = ay,1 = exp (—ﬁ) > 0.

Thus f is univalent and f(D) C D. Since a, — a, for all n, it follows from (15.11) that
an; > Dnj"', jeN. (15.12)

The final step is to make an appropriate choice of the function p upon which the conclusion
is made. Fix 7 € (0,7) and let



Then
m-lo) . <7
0 , T<|0| <.

Re (p(e”)) = {

[Use Fourier series to obtain this.| In particular, Re (p(z)) > 0 for all z € D. Now choose
7 = 7/3 and compute [since p(z) =1+ > 7| ¢,2"]

_il—COST_ﬁ(l_ E)_§
AT o2 o 37 w2
and
Zc 4 & 36 36 <= cosnm/3
A= = —3(1 - =—(3) - — e
; . TQ;TL (1 —cosnt) - (3) 7r2; 3
Now
=1 cosnm/3 i (-1 & (=1 = (=1)vtt
Sy ey
~ —~ (3v)* = 203v+1)* = 203v+2)°
and hence
=B (e C ) B[ L
-2 ~ (3n)? w2 (B3n+1)3  (3n+2)3
36 — (-1)"! 18 -3 -3 -3
— ——|(1=-27")— (477 — 2.93.
<5 (<<3> > o ) -2 - (4 -5 < 293

that 8 > 0.17. Hence (15.12) shows that a,, # O(n™%%) O

16 Functions with positive real part

We begin with the following auxiliary result.

Theorem 16.1 (Helly selection theorem) Let {a,} be a sequence of nondecreasing
functions on a bounded interval [a,b], with ap(a) = 0 and o, (b) = 1. Then some subse-
quence {ay, } converges everywhere in [a,b] to a nondecreasing function o and for each
continuous function ¢ on |a, b

b

lim [ o(t)day, () :/ o(t)da(t).

k—o0 a
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Proof. By a diagonalization process we may extract from {«,} a subsequence {5,} such
that 5, (t) — a(t) for every t € [a,b] N Q. For an arbitrary t € [a, b], let
a,(t) =liminf B,(¢), o (t) = limsup B,(t).
n—00 n—00

Then o, (t) = a*(t) = a(t) for each t € [a,b] N Q. The functions a, and a* are nonde-
creasing because each (3, is nondecreasing and therefore differentiable (thus continuous
as well) aside from a set of measure zero. By Froda’s theorem monotone functions are
continuous aside of a possible exceptional set £ C [a, b] that is countable. For each t ¢ E,
it is clear that o (t) = a*(t) because the rational numbers are dense in [a, b]:

a*(t) = £11>I%Oé (s) = lslir%a (s) = 15113& (s) = £1£>1%a*(5) = u(t).
s€Q seQ s€Q

Thus the subsequence {f,(t)} converges for each t ¢ E. Another diagonalization process
applied to {3, } now produces a further subsequence {a,, } which converges everywhere on
the countable set E. The function «a(t) = lim_,o0 oy, (1) is therefore the desired function
on [a,b] with a(a) =0 and «(b) = 1.

To prove the statement concerning integrals, we take advantage of the uniform conti-
nuity of ¢ at [a,b]. Given € > 0, choose a partition

a=ty <t <ta<...<t,=0b

such that [p(t) — ¢(t;)| <efortj_y <t <t;,j=1,2,...,n. Let M = maxycps |0(t)].
Then

[ ot~ [ otoat E Z / (1l (1

+Z/ o(t)lda(?)

D3 / 6(t5)|[d(cn, (1) — (1))
Se/abdank(t)Jre/abda(t)

+ Mf; (1) = {t5) — g (t51) + (1 1)
=2+ MY (1) — alty) — an, (t51) + alty 1)

J=1

Since ay,, (t) — a(t) for all ¢ € [a,b] as k — oo, we may choose k sufficiently large so that
the last term is at most €. This completes the proof. a

Recall that the Poisson kernel of D is

1—172 1+ ret?
0 =Re—, 0<r<l1, #ecR
P(r,0) = 1 —2rcosf +r? ¢ 1 —re?’ =7 ’
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Theorem 16.2 (Herglotz representation theorem) Letu be a positive harmonic func-
tion in D with u(0) = 1. Then there exists a unique positive unit measure p such that

2m
u(re’) = / P(r,0 —t)du(t), 0<r<1, 6¢€]l0,2n).
0

Proof. For 0 <r < 1, define

T or

(%) ! /0 u(re®)do.

Then g, is an increasing function with p,.(0) = 0 and u,.(27) = u(0) = 1 by the mean value
property of harmonic functions. By the Helly selection theorem, there exists a sequence
of radii r,, increasing to 1 and nondecreasing function p on [0, 27 for which p,. (t) — wu(t)
as n — oo, for all t € [0,27]. By the Poisson integral formula

1 2 ] 27 )
u(ryz) = %/0 P(r,0 — t)u(rne™)dt = /0 P(r,0 — t)du,, (t), z=re".

By letting n — oo and appealing to the integration part of Helly selection theorem, we
obtain

u(z) = /0 ' P(r,0 — t)du(t), z=re”,

which is the desired representation because p is a unit measure, i.e., fo% dp = 1.
To prove the uniqueness of the representing measure, assume that there exists positive
measures p1 and gy such that

27 om
/ P(r,0 = t)du () = u(re”) = / P(r,0 = t)dps(t), re” €D.
0 0

Then p = p1 — peo is the difference of positive unit measures such that the real part of the

analytic function
2m it
e+ z
/ P E0u(t), zeD,
0o €r—=z

equals to
2m 2m 2
/ P(r,0 —t)du(t) = / P(r,0 —t)du(t) — / P(r, 0 — t)dus(t)
0 0 0
= u(re”) —u(re) =0, re? €D.

Hence, for some v € R,

27Teit_|_z ) 2 0 int )
O:/O eit_zd,u(t)qu:/o 1—1—2;e 2" | du(t) + iy

and hence, by conjugation as p is real, we deduce

2m
/ e™du(t) =0, n€Z.
0
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Hence p annihilates every trigonometric polynomial. By the Weierstrass approximation
theorem, it must therefore annihilate every continuous periodic function. Since the charac-
teristic function of any interval can be approximated in L}L—norm by a continuous periodic
function, this shows that the y-measure of each interval is zero. Thus p is the zero measure
and gy = po. O

Corollary 16.3 Let f € H(D) such that Re f(z) > 0 for all = € D. Then there exists
an increasing function p : [0,27] — [0, 00) such that p(27) — 1u(0) = Re f(0) and

R S () + i Im 1(0).

et

Proof. Consider the harmonic function © = Re f. By the proof of Theorem 16.2, there
exists an increasing function yx : [0, 27] — [0, 00) such that p(27) — pu(0) = Re f(0) and

2 i(0—t
; 1+ ref®-t
0\
u(re”) = /0 Re (—1 — rei("—t)) du(t)
2 it 0
:/ Re eit—i_—reidu(t)
0

eit — ret?

i0
= Re / H—re.du(t), 0<r<l.
0

et — 7’619

Therefore the analytic function f and

2m it
z»—)/ e’ + ret du(t)

it — peif

have the same real part. Thus

for some v € R. But

- [ 0 4(t) = F(0) — Re £(0) = ilm F(0)

et — ()

and the assertion is proved. a

Theorem 16.4 Let f € H(D) with

z)=1+4 i anz"
n=1

and Re f(z) >0 for all z € D. Then the following assertions hold:
(i) (Reay)® <2+ Reay;
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(ii) |as| <2, n € N;

(ifi) If(:)| < 755, = €D

1—|z|?
() 1f'(2) < 2, z€D.

All these inequalities are sharp.

x > 0} conformally onto

Proof. Since w — i—g maps the right half-plane {z = = + iy :
D,
1—f(2)
h(t) = ————=, e D,
O=1re °
sends D into D with ~(0) = 0. Hence, by the Schwarz lemma,
1—f(z)
< e D.
e R
Moreover, if equality occures for some z € I, then
1-f(2)
— = =<z, eT,
T+ 7 ¢
that is,
1-¢2
(z) = 14+¢&2
and hence f maps DD onto the right half plane. In this case
1+ |Z| ! _25 /
2)| < , 2)= ——, )< —.
FENS T FO= g OIS g0
Now

f)=1+) (-1)"2(&2)"
n=1
implies |a,| < 2 for all n € N and
(Re a;)?> <2+ Re ay

if and only if
Re (—26)* <2+ Re (26?),
that is, for {E =z + iy € T,
(—22)* <2+ 2(a” — 9",
which is equivalent to
432 < 2 4227 — 2

and
4yt <1,

and thus (i)-(iv) are satisfied. This also shows that (i)-(iv) are sharp.
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We may now assume that |(1 — f(z))/(1+ f(2))| < |z for all z € D. Then

11— f(2) aj
is analytic in D and ¢(D) C D. The Schwarz-Pick theorem yields [¢/(0)] < 1 — |4(0)|2.
Now

11-f(2) a1
¢'(0) = lim P =¥ _ lim 22 2
z—0 A z—0 z
. 2=2f(z)+az+arzf(z
= lim
T 221+ f(2)
. 2—2—2a12 —2a92° — ...+ a1z +az+ a4+ ...
= lim
250 2221+ 14 a12+...)
B a9 a%
247
and hence ) anf? ) a?
Qo aj aq ai aq
f2 4o 1k ~ A< ML
2 4| 1 ‘“2 2| = 2
This implies (by taking the negative real part on the left)
R 2 2
—Rea2+ e<a1) SQ_’a;’ )
that is,
1 2 Jai]? _ 2
2+ Reay > §Re (a1)" + —— = (Re ay)

and thus (i) is proved.
(ii) By Corollary 16.3 there exists an increasing p : [0, 27] — [0, 00) such that p(27) —

1(0) = Re f(0) = 1;

f(2) = /0 T E ) + it £(0),

et —z
Since ) -
Z; j_L z =1+2 ; e mtyn
we deduce o
ay, = 2/ e "du(t), neN,
SO "

MM§2AWE”WM®=2m@ﬂ—u®D=2

(iii) Using the notation above,

vwngé%

el + z

27 1 1
- du(t)gf = LEE L ep
0

eit _
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(iv) Since

we have

17 Convex and starlike functions

A set I C C is starlike with respect to wy € E if the linear segment joining wy to every
point w € E lies entirely in F. This means that every point of E is "visible” from wy.
The set E is conver if it is starlike with respect to each of its points, that is, the linear
segment joining any two points of E' lies entirely in F.

A convex function is one which maps D conformally onto a convex domain. A starlike
function is a conformal map which maps D onto a domain starlike with respect to
the origin. The classes of convex and starlike functions in S are denoted by C and S*
respectively. Thus C C S* C S. The Kébe function

2 1/1+2\% 1
k(z)_(l—z)Q_é_l(l—z> s 2eb

is starlike but not convex. The identity mapping f(z) = z, z € D, is convex.
Let P denote the class of f € H(ID) such that Re f(z) > 0 for all z € D and f(0) = 1.
According to the Herglotz formula, every f € P can be represented as (a Poisson-Stieltjes

integral)
2m gt 2m gt
f<z>=/0 ¢ +Zdu(t)+i1mf(0):/ “ 2 ),

et — 2 g €t—z

where g : [0,27] — [0, 1] is an increasing function such that pu(27) — p(0) = 1.

Theorem 17.1 Let f € H(D) with f(0) =0 and f'(0) = 1. Then f € S* if and only if
L8 ep
f(2) )

Proof. Let first f € S*. We claim that f maps each D(0,p), p € (0,1), onto a starlike
domain. An equivalent assertion is that f, is starlike. To see this, we must show that
for each fixed t € (0,1) and for each z € D, tf,(2) C f,(D) = f(D(0,p)). But since
f € S* tf(z) € f(D) and hence w(f) = f~1(tf(2)) is analytic, maps D into I and fixes
the origin: w(0) = f~1(¢f(0)) = f~*(0) = 0. Hence the Schwarz lemma gives |w(z)| < |z|
for all z € D. Thus tf,(2) =tf(pz) = f(w(pz)) = f,(wi(2)), where wy(z) = w(pz)/p and
ol _
jwi(2)] < P 2]
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for all 2 € D. This shows that f maps each circle |z| = p € (0,1) onto a curve C, that
bounds a starlike domain. It follows that arg f(z) increases as z moves around the circle
|z| = p in the positive direction. In other words,

O (axg £(pe?)) > 0.

o0
But
9 ’ 9 y F(pe”)pei f'(2)
v i — 1 iy | v =1 —_— | =
ae(arg f(pe™)) m <89 og f(pe )) m ( Fpe®) Re | 2 f(z) )’
for all z = pew and since lim,_,q z% =1, we deduce zj;/((j)) ePp.

Conversely, let f € H (D) such that f(0) =0, f(0) = 1 and zél((j)) € P. Then f has
a simple zero at the origin and no other zeros in D. By the calculation above and the

observation just after the definition of P,

%(arg f(pe)) >0, 0<6<2m.

Thus as z runs around the circle |z| = p in the counter-clockwise direction, the point
f(z) traverses a closed curve C, with increasing argument. Because f has exactly one
zero inside the circle |z| = p, the argument principle tells us that C, surrounds the origin
exactly once. But if C, winds around the origin only once with increasing argument, it
can have no self-intersections. Thus C), is a simple closed curve, which bounds a starlike
domain D, and f assumes each value w € D, exactly once in D(0, p). Since this is true
for every p € (0,1), it follows that f is univalent and starlike in D. O

Theorem 17.2 Let f € H(D) with f(0) =0 and f'(0) = 1. Then f € C if and only if
(1+zf (Z>) P,

f'(2)

Proof. Let first f € C. We claim that f maps each D(0,r), r € (0,1) onto a convex
domain. To see this, let z1, 20 € D(0,7) with |z1] < |22|. Let w; = f(%;), and

woztw1+(1—t)w2, 0<t<l.

Since f is convex, there exists a unique zo € D such that f(zy) = wy. We have to show
that |z9| < . The function

is analytic in D with

and



Since f € C, the function f~!(g(z)) is well-defined. Since h(0) = f~1(g(0)) = f~1(0) =
and |h(z)| = |f"(g9(2))] < 1 for all z € D, the Schwarz lemma 1mphes |h(2)] < |z] for all
z € D. Thus

(20 = [/~ (wo)| = [f 7 (g(22))] = |R(2)] < [z2] <
which was to be shown. Hence f maps each circle |z| = r onto a curve C,. which bounds a

convex domain. The convexity implies that the slope of the tangent to C, is nondecreasing
as the curve is traversed in the positive direction. Analytically this means that

%( (;ef(pe )))20, 0<0<om

But

(arg (f'(?"eie)rew))

gl
YR
o
0s
N
gl
—
—
g@
=
~—
N—
Il
gl

= o5 1m (log [ire” f'(re")])

= —1Im (log(ir) + 0 + log f'('rew)) (17.1)
B . f//(reze),rezﬁz
- ( * W)

= Re (1 + z J;”H((z))) >0, z= reie,

andthusl+z Z) cP.

Conversely, let f € H(D) with f(0) =0, f/(0) = J;C/,/((j))
calculation shows that the slope of the tangent to the curve C, increases monotonically.
But as a point makes a complete circuit of C,., the argument of the tangent vector has
the total change

21 ) ) ‘ 27 U 0
/0 20 (arg (aef(reze)))awz Re /0 (1+7‘ew%) df = 2w + 0.

This shows that C, is a simple closed curve bounding a convex domain. This being true
for all r € (0, 1) implies that f is univalent with convex range. O

Theorem 17.3 (Alexander 1915) Let f € H(D) with f(0) = 0 and f'(0) = 1. Then
f€C if and only if zf'(z) € S*.

Proof. 1f g(z) = zf'(2) for all z € D, then

29(z) _ 2+ L 2R)

9(2) 2f'(2) f'(z)
Thus the left-hand function is analytic and has positive real part in D if and only if the
same is true for the right-hand function. Hence

fec 1<7:'>2 1+f”()

z € D.

eP <

f'(2) 9(z)
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because f(0) =0 and f/(0) =1 and thus ¢(0) =0 and ¢'(0) = f/(0)+0- f"(0)=1. O

Near the origin f € S is close to the identity mapping. It is to be expected that f
will map small circles |z| = p, p € (0,1), onto curves which bound convex domains. The
following theorem expresses this in quantitative terms.

Theorem 17.4 Let p € (0,2 —+/3). Then f € S maps D(0,p) onto a conver domain.
This is false for every p > 2 — /3.

Proof. By Theorem 5.1,

')\ | 1412 ')\ 142
e (1) et e (1) -
BN ON T,
f/(Z) - |Z|2 (17 2)
PG 2k |
i) 1—|z?
4)z|
ST zeD,
and hence ) ol 4+ [P
(= 1—4|z| + |2
Re (1+Zf’(z))2 T z € D.

But 1 —4r+72>0for 0 <r < 2—1+/3, so f must map such a disc D(0,r) onto a convex
domain by Theorem 17.2. The K&be function, for which

K'(z)  144z4 22

1
+Zk’(z) 1—22 7

z €D,

shows that the bound 2 — /3 is sharp. O

The number 2 — /3 ~ 0.267 is the radius of convezity for the class S. The radius
of starlikeness is tanh 7 =~ 0.655. The proof of this fact is harder (Léwner chains for
example).

Theorem 17.5 (Nevanlinna 1920) Let f € S* with f(z) = Y a,z". Then |a,| < n
for all n € N. Strict inequality holds for all n > 2 unless f is a rotation of the Kdbe
function.

Proof. Let f € C and define

—zfl(z) = N Cn 2"
=y T 2



Then ¢ € P by Theorem 17.2, and |¢,,| < 2 by Theorem 16.4(ii). Write zf'(2) = ¢(2)f(2)
and compare coefficients of 2" to see that

o0 oo o
z+ Z na,z" = (1 + Z cnz"> (Z a,y:”)
n=2 n=1 n=1

Zanz” + chz”Zanz” (17.3)
n=1 n=1 n=1

00 e ) n—1
= Z anz" + Z 2" Z Cp—jay,
n=1 n=2 7j=1
which is equivalent to
n—1
na, = a, + ch_jaj, n €N,
j=1

where a; = 1. The proof now proceeds by induction. Suppose we have proved |ax| < k
for k=1,2,...,n—1, where n > 2. Then

n—1 n—1
(n=Dan| <D leajlla] <2 i =n(n—1), (17.4)
i=1 i=1

which proves |a,| < n. According to Theorem 3.1, |az| < 2 unless f is a rotation of Kobe.
It then follows from (17.4) that |a,| < n for all n > 2 if f € S* and f is not a rotation of
the Kobe function. O

Corollary 17.6 If f € C with f(z) = > a,2", then |a,| < 1 for n = 2,3,.... Strict
inequality holds for all n unless f is a rotation of the function ¢ defined by £(z) = 2(1—2)~!
for all z € D.

Proof. 1f f € C, then zf'(z) € S* by Theorem 17.3, so n|a,| < n by Theorem 17.5. The

function
z
g pr— p— n
() =1 ;z

satisfies z¢'(z) = k(z) and maps D onto the half plane Re w > —1/2, a convex region. O

Various inequalities for S, such as the growth and distortion theorems, remain sharp
in S* because the Kobe function is starlike and is extremal in S. However, these estimates
can be improved for the class C, which excludes the Kébe function. As may be expected,
the half-plane mapping ¢ is the typical extremal function in C. The following theorem
improves upon the Kébe one-quater theorem.

Theorem 17.7 The range of every f € C contains D(0,1/2).
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Proof. If f € C and f(z) # w for all z € D, then g(z) = (f(2) — w)? is univalent. Indeed,
g(a) — g(b) = (f(a) —w)* = (f(b) —w)* = (f(a) = f(b))(f(a) + f(b) — 2w)

and (f(a) + f(b))/2 = w is impossible for a convex function f which omits the value w.

Thus
2

h(z) :w——g(z)’ z €D,

2w
belongs to S. But h(z) # w/2 because g(z) # 0, so it follows from the Kébe one-quater
theorem that |w|/2 > 1/4, or |w| > 1/2. The function ¢ shows that the radius 1/2 is the
best possible. O

18 Close-to-convex functions

An analytic function f in D is close-to-convex if there exists a convex function such that

!/

Re (f,(z)) >0, zeD.
g'(2)

The class of close-to-convex functions f normalized by f(0) = 0 and f’(0) = 1 is denoted

by K.

Note that f is not required a priori to be univalent and the associated function need
not be normalized. The additional condition g € C (convex, univalent, g(0) = 0, ¢’(0) = 1)
defines a proper subclass of K which will be denoted by K.

The class K was introduced by Kaplan in 1952.

Every convex function is obviously close-to-convex (take g = f). More generally, every
starlike function is close-to-convex. Indeed, each f € S* has the form f(z) = z¢'(2) for
some g € C |Exercise| and

re (£8) = ke (+2)) >0, zem,

by Theorem 17.1. Therefore we have

CCS*"CKyCK.
Ever close-to-convex map is univalent. This follows from the following result.

Theorem 18.1 (Noshiro-Warschawski) If f is analytic in a conver domain D and
Re (f'(2)) > 0 there, then f is univalent in D.

Proof. Let z and w be distinct points in D. Then f is defined on the linear segment
joining z and w, and

£(2) — flw) = / " O dC = (2 — w) / Fltw + (- £)z) dt 0,

since Re f'(z) > 0. 0
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Theorem 18.2 Close-to-conver functions are univalent.

Proof. If f is close-to-convex, then Re (f'(z2)/¢'(z)) > 0 for all z € D for some convex
function g by the definition. Let D denote the range of g and consider the function

h(w) = flg~(w)), weE D.
Then - )
iy = L) _ 1)
g(g~Hw)  ¢)
so Re (W/(2)) > 0 in D. Thus h is univalent by Theorem 18.1, and so f is univalent. O

=g " (w),

Close-to-convex functions can be characterized by a geometric condition somewhat
similar to the defining properties of convex and starlike functions. To do this, the following
lemma is needed.

Lemma 18.3 Let ¢ : R — R be continuous such that
o(t+2m) = o(t) + 2w, teR,
and
o(t1) — o(ty) > —m, 11 < ta. (18.1)
Then there exists a continuous nondecreasing function ¥ : R — R such that
Y(t+2m) =Y(t) + 2w, teR,
and |¢(t) — ¥(t)| < 7/2.

Proof. Consider the function
™

() = max o(s) — =

s<t 2

Clearly, v : R — R is continuous and nondecreasing. In view of properties of ¢,

Y(t+2m) = rilgtxgb(s +27) — g = max [(s) + 27] — g =(t) +2m

and
T (18.1) T T
— =< = < - — = Z
O(t) = 5 < maxo(s) = vlt) < [o(0)+7] - 5 = o(t) + 2,
and thus the lemma is proved. O

Let f € H(D) and let C, = {f(2) : |z| = r}, where r € (0,1). Roughly speaking, f is
close-to-convex if and only if none of C, makes a "reverse hairpin turn”. More precisely,
the requirement is that as € increases, the tangent direction

o (B0

should never decrease by as much as 7 from any previous value.

Because
% (arg (%f(re%)) = Re (1 + Z,J;,’/((ZZ))) , z=re" (18.2)

by the proof of Theorem 17.2, this theorem can be stated as follows.
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Theorem 18.4 Let f € H(D) be locally univalent. Then f is close-to-convez if and only

if
/:2 Re (1 + z?ll/éj;) do > -, z=re? (18.3)

for each r € (0,1) and for each pair of real numbers 61 and Oy with 01 < 0.

Proof. First suppose that f is close-to-convex, and let g be the associated function. Then,
as Re f'/¢’ > 0, for a suitable choice of arguments,

Jarg /(=) — arg g (2)] < 3. (18.4)

Let

F(r,0) = arg (%f(re’%) = arg (f’(rew)rewi) = arg (f’(rew)) + g +0

and

G(r,0) = arg (%g(mw)) = arg (g'(rew)) + g +6.

Since ¢ is convex, G(r,#) is an increasing function of €, see the proof of Theorem 17.2.
By (18.4)

F(r,0) - G(r,0)| < 5.
Thus, for 6, < 65,
F(’/‘, 02) — F(T, 01) = [F(T’, 82) - G(T’, 92)] + [G(T, 92) - G(T‘, 91)]

+ [G(T’, 91) — F(?", 61)] (185)
> —g +0— g = —m,

which is equivalent to (18.3) by (18.2).
Conversely, suppose f is locally univalent function with the property (18.3), and let

(1) = /Ot Re (1 n ZJ{((ZZ))> 4o, =z —=re®.

Since f'(z) # 0 for all z € D, arg f'(2) is a periodic function of # and so

b (t+27) — (1) = /OH%r Re (1 + Zf”(z)) 9 — /Ot Re (1 + Zf”(z)) 0

fl(z)t ) f’(tZ)
= sG] o).
= [F(r,0)li52" — [F(r.0)] (18.6)

= F(r,t+2m) — F(r,0) — F(r,t) + F(r,0)
= F(r,t+2m) — F(r,t)

= arg f/(rei(t+27r)) + g Lt 427 — [arg f/(reit> + g + ti| — o
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The condition (18.3) takes the form

@A@—WMQ%:AQRMMG—AMRMMQ:/QRMM0>—m <t

t1

By Lemma 18.3 there exists a continuous nondecreasing function 1, : R — R such that

Yy (t+27m) = () + 27 and |p,(t) — ()] < /2.
For p € (0,1), define h, € H(D(0, p)) by the Poisson integral

1 2m pezt+z
h = — _— t) —t)dt D .
() =5 | i 2 D
Then

1
o7

Re (h,(re®)) / "0 — )y (t) — 1),

where ) )
pe—=r

P(r.0) =
o(r.0) p? — 2rpcosf + r2

is the Poisson kernel for D(0, p). Since v,(t) —t is periodic,
Yo(t+2m) — (t+2m) =, (t) + 21 — (t + 27) = Y,(t) — ¢,

and v, is nondecreasing, an integration by parts gives

D Re (hyre™) = = [ 2 p 0 - 1) (1) — D)t
g e elren)) =50 | agteln g
1 [0
= "o /) e 0 =)W, (t) — t)dt
1 2T 1 2
— 5 [ BAro =00 0+ o [ R =0~ d
1 2T

periadielty ) 4 5 | Don 0= t)d,(t) —1> —1.
0

(18.7)
Applying this to the analytic function

g,(z) = eia”/ et @ dw, 2z e D(0,p),
0

where a, € R will be chosen later, we find

iy Lihp(2) 5
(1) <1 ()

g/p(z) elop eihp(z)
=1+ Re (izh)(2))
=1+ Re (ire”n)(zre)) (18.8)
9 it
=1+ Re (%hp(re ))

0 ;
=1+ %Re (hy(re)) > 0.
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Thus g, is convex in D(0, p) by Theorem 17.2. Furthermore,
arg g,(z) = arg (eiapeihp(z))
= arg (eiapei Re hy(z)—Im hp(z)) (189)
— Re (hy(2) +
and

arg f'(ré?) = F(r,0) — g — 0 =¢,(0) + F(r,0) — g "y

But arg f'(z) is the imaginary part of the analytic function log f’(z), thus a harmonic
function, so it can be expressed as a Poisson integral:

] 1 2m '
arg f'(re') = %/ P,(r,0 —t)arg f'(pe")dt r < p.
0

We now choose o, = F(r,6) — 7 and obtain for z € D(0, p),

1 I ; ; ™ ; 2
arg ['(2) - g)(2) = 5 / Py(r,0 — t)axg f'(pe’) dt — axg (/P08 i)
0

1 [ T
=~ | P(r6—De,t)dt+ F(p,0)— L g
37 | Bl 0= D0y(0)dt+ F(p,0) ~ G
1 2T T ;
~5r | Blr0—tude- (F<p, 0) = 5 + Re (hy(re 9)))
1 27

Po(r,0 = 1) (¢p(t) — (1)) dt,  z=re".

(18.10)

Since |¢,(t) — 1,(t)| < 5 by Lemma 18.3, it follows that
7r
|arg f'(2) —arg g (2)| < 5, 2 € D(0,p).

Finally, we observe that g,(0) = 0 and g/,(0) = e**¢™(©) € T, 0 < p < 1. Now a normal
family argument gives the claim. O

19 Spiral-like functions (Juha-Matti)

Domain D C C is convex if the line segment [z,w] C D for all z,w € D. On the other
hand, D is starlike, if there exists zp € D such that the line segment [z, w] C D for all
w € D. Figuratively speaking in a convex set all points "see each other” and in a starlike
set there is “one police man” who ”sees” the other points. Here two points "see” each
other if there exists a straight segment belonging to the domain between the points. How
about, if we considered some other curves?

A logarithmic spiral is a curve

W(t) = Wy a(t) = wee M, teR,
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for wo, A € C, Re A # 0. Here Re A # 0 ensures that {|w(t)| : t € R} = (0,00). [If it
were that Re A =0, Im A # 0, we would obtain a circle D(0, |wg|) and in the case A =0
we would obtain a point wy € C.|

We may assume that A = e for some o € (—7/2,7/2). [We could also assume
wy € T, for example.| Now, we call the curve

W(t) = Wyyalt) = woe’emt, teR,

where wg € C\ {0}, o € (—7/2,7/2) an «a-spiral. Since €'* = cosa + isina and
a € (—7/2,7/2), we have a = Re (¢'*) € (0,1) and b = Im (e'*) € (—1,1). Hence

w(t) = woe " (cos bt — isin bt).

Therefore lim;_,. 6= = 0 and "the curve goes counter clockwise as t — oo if and only if
b <0, that is, a € (—7/2,0). [To see this, recall that

log z = log |z| + i arg z,
which implies
arg z = Im log 2,

so that ) —
(arg e‘“’t)/ = Im Q = Im (L> =—-b>0

o—ibt o—ibt

if and only if b < 0.]
Denote the whole spiral by

W(wo, @) = {wy,a(t) : t € R},
the "positive part” by
W (wo, @) = {wyyo(t) : t €[0,00)}
and the "negative part” by

W™ (wo, @) = {wy,a(t) : t € (—00,0]}.

A domain D, 0 € D C C, is a-spiral-like if W+ (wq,a) C D for all wy € D\ {0}. [Thus D
is a-spiral-like if for each point wg # 0 in D the arc of the a-spiral from wy to the origin
lies entirely in D.]
A function f € U(D) = {f € H(D) univalent } with f(0) = 0 is a-spiral-like if f(D)
is a-spiral-like. Let
D, = {D a « — spiral-like domain }

and
Fo ={f a a — spiral-like function }

p= |J Do, F= | ZF

ae(—7/2,m/2) a€(—7/2,m/2)

and set

Now each D € D is simply connected. Moreover, Fy is the class of starlike functions.
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Theorem 19.1 Let f € H(D), f(0) = 0, f(0) # 0, f(2) # 0 for 0 < |z] < 1 and
a € (—n/2,m/2). Now f € F, if and only if

i Zf'(Z)}

Re e *———=15 >0, zeD. 19.1
S -0

Note that by Theorem 19.1, (19.1) implies that f is univalent.

Lemma 19.2 Let ¢ € H(D), Rey(z) >0, z€ D, ¢ € D. Now the solution of

dz

pri —zp(z), =2(0) =, (19.2)

satisfies
|Z(t1)| > ‘Z(tg)‘, 0<t; <ty <00

and lim; . |2(t)] = 0.

Proof. Since
log z = log |z| + i arg z,

we have

which implies

that is,
(log 2(t))" = —p(=(t)),
which gives
(log|=(t)])" = —Re p(2(t)) <0
so log|z| as well as |z| decreases as t increases. The solution z(t) is therefore defined for
all t € [0,00) and |2(t)| < |¢], for t € [0,00). Now h(w) = Re ¢(w) is harmonic. Since
Re p(w) >0, w € D, Re p(w) > §, w € D for some § > 0. We deduce that

Re ¢(z(t)) > 6, te]0,00).
Hence
(log |z(t)])" < =6, t € ]0,00),

that is,
log |2(t)] < —dt + Cy,

which gives
1z(t)] < o0 — |C|e_5t — 0,

as t — oo. O
Proof of Theorem 19.1. Suppose that f satisfies (19.1). Let
A(z) :
plz) = - ) e,
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so that Re ¢(z) > 0 for all z € D.
Let ¢ € D be arbitrary, z a solution of (19.2) and define w(t) = f(2(¢t)). Now

w(0) = £(¢) by (19.2) and

Hence

giving

Hence, since \ = e,
WH(f(C), @) C f(D)

and f € F,.

We claim that f is univalent. Let f(a) = f(b) for some a,b € D. Now ws(4),a(0) =
Wiw),a(0) and thus wye)«(t) = wie)a(t) for all t € [0,00). Since f'(0) # 0, function f is
univalent in some disc D(0,¢). By the lemma,

1z(t;a)], |2(t b)) < e

for all t > t, for some (. It follows that z(¢; a) = z(t; b) for all £ > t,, and so by uniqueness
that z(t;a) = z(t;b) for t € [0,00). In particular z(0;a) = 2(0;b), which means that
a = b. This proves the univalence of f in D. Conversely, let f € F, (univalent) for some
a € (—n/2,7/2). Now for each ( € D,

W(¢ a) C f(D),
that is,
w(t) = f(¢)e™ € f(D), te0,00),
where again A = €. We can define
2(t) = 2(t,¢) = [H(f(Qe ™), te]0,00). (19.3)

Clearly z(0) = (. For a fixed t € [0,00), g(¢) = 2(¢;¢) is analytic and |g(¢)] < 1 and
9(0) = 0. Thus |g(¢)| < |¢] by the Schwarz lemma.
On the other hand, (19.3) implies

fz(t: )zt Q) = =Ae M f(C)

so the proof of (19.1) reduces to showing

Re (L2 o
(3767 )

which is equivalent to

0 < Re ()\ZJ;EZ)) = Re (—e”%)7
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which is equivalent to

 (589) - ()=

limlRe (M — 1> <0,

t—0 ¢ ¢

but since |z(¢; ()| < ||, this is clear. Thus f satisfies (19.1).
Geometric interpretation of (19.1). The radial angle of w = w(t) is

w(55). w0

Image of C'(0,7) = {2 €C : |z| =1} is {w(t) = f(re") : t €[0,27)}. Hence for C(0,r)

the radial angle is .
A(z) = arg (Z;JZE)Z)) . z=w(t).

Thus (19.1) is equivalent to A(z) € (o, a + 7). On the other hand, W*({,«), ¢ € C, is
a curve with constant radial angle . Thus an univalent f satisfies (19.1) if and only if
level curves C) intersect all a-spiral-s at angles between 0 and 7. Thus Theorem 19.1 is
geometrically obvious.

This is equivalent to

20 Typically Real functions (Kian)

A function f(z) = z+ Y 2, a,2" in the class S is said to be a typically real univalent
function if all the coefficients a,, belong to R, we will denote this class by Sg.

Lemma 20.1 For f(z) =Y " a,z" € S, the following statements are equivalent:
1. f € Sg.
2. f(2) = f(3).
3. f(z) € Rif and only if z € R.

Proof. Lets suppose f € Sg, then

Now let us assume f(z) = f(Z), if z € R then f(z) = f(Z) = f( ), hence f(z) € R. On
the other hand if f(z) € R we have f(z) = f(z) = f(Z), and since f is univalent we get
z = Z, hence z € R.

:3
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Finally if we suppose f(z) € R if and only if z € R, and define g(z) = f(Z), we have
that ¢ is analytic and g(z) = f(x) for all x € (—1,1), so by Wierstrass identity we obtain

Z%z" = Za,ﬁ” =g(z) = f(z) = Zanz",
n=1 n=1 n=1
and hence a,, € R for all n. O

Using the characterization of the functions in the class Sg, we can see that the image
set of these functions is symmetric with respect to the real line, more particularly these
functions will send the upper semi disk Dt = {z € D : Im z > 0} in to the upper half
plane C* = {z € C: Im z > 0}.

We will consider the functions f analytic on D, such that f(0) = 0, f’(0) = 1 and
satisfying f(z) € R if and only if z € R, as to be the class of typically real functions, and
denote them by T'. These functions still satisfy the property f(D*) C C*, which can be
expressed in the following way

Im z-Im f(z) >0 forall z€ D\R. (20.1)

Theorem 20.2 Given f(z) = z+) -, a,z" analytic, the following statements are equiv-
alent:

1. feT.
2. o(z) = %f(z) € P and a,, € R for all n (we denote this class of functions as Pg).

3. There exists an unique p probability measure on [—1,1] such that

)= [ QR

1 =222+ 22

Proof. Lets suppose first that f € T, looking at the proof of the characterization for

typically real univalent functions we know that a,, € R for all n. Let us denote h(z) = l_jz,
which has a simple pole at 0, and boundary values h(e?) = —2isind. For 0 < p < 1 we

define ¢,(2) = h(z)f(pz) which is analytic in ID since it has a removable singularity at 0.
Re ¢,(e”) = Re h(e”®)Re f(pe”) — Im h(e®®) Im f(pe®)
= 2sinfIm f(pe®®) = ZIm peIm f(pe) >0,
p
due to (20.1).Since ¢, is analytic, Re ,(e") > 0 and ¢,(0) = p > 0 we can conclude
Re ¢,(z) > 0 for z € D, and by taking limit we have lim, ,; ¢,(2) = ¢(z), which preserves

the property Re ¢(z) > 0 and ¢(0) = 1, hence ¢ € P.
For 0 < p < 1 we define f,(z) = 202 which is analytic in D except for simple

h(z)
poles at z = +1. Since ¢ € P we know that f,(z) € R when z € R and f)(2) =
lim,_, ;‘(’Yfzj) = ¢(0) = 1, so f, is univalent in a neighbourhood of 0, and by the same

arguments as in 20.1 we have f,(D*) C C*. Lets suppose f is univalent in D(0,€), we
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consider g,(z) = m = h(z)1(pz) which is analytic in D except for a simple pole at 0,
and with boundary values

Im g,(e”) = Re h(e®)Im ¢(pe®) + Tm g(e) Re 1(pe™) = —2sin O Re ¥(pe'?), (20.2)

so Im g,(e”) < 0 for § € (0,7), so for each s < e we denote D} = {z € D : s < |z|, Im 2z >
0}, we know that Im g,(z) < 0 for all z € D = {z € D : s < |z|, Im z > 0} for all
s < ¢, since f,(D*) C C*. Hence taking limit when s — 0 we obtain Im g,(z) < 0 for
z € DT, which implies Im f,(z) > 0 for z € D", and by taking limit when p — 1, we
conclude that f € T.

Now we shall suppose that f € T and prove the existence and uniqueness of said
measure, for this we shall use the previously proven equivalence, and the 16.3, allows the
following identity

1) =5 (1) +T®) = 535 002+ 26
([ E s [T 5 0) e

2m > 1 >
= du(t) = ——dv(t
/0 1 —2cos(t)z + 22 p(t) /11—2tz+22 V1),

where v is defined on the segment [—1, 1], such that v(A) = p({e” : cos(d) € A}). This
proves the existence of said measure, and the uniqueness of v follows from the uniqueness
of p given by 16.3.

Reciprocally suppose that f satisfies said representation , in that case

Im f(2) = Im < /_ 11 mdﬂ(@ _ /_ 11 Im (#HZQ) du(z),  (20.4)

. z _ 1—|Z|2
together with Im 122422 [1=22242°]2

Im 2z , we obtain

! 1— 2|2

11— 2xz 4+ 222 (Im 2)'du(z) 2 0,

Im f(z)Imz:/

hence f € T by 20.1. O
Now due to Theorem 20.2, we can prove that Sg & T, since f(z) = z+2° = Z5(1 —
21) € T, because p(z) = 1 —2* € Pg. But f ¢ S, since f'(z) = 1+ 322 has zeros at

2=+,
V3
Yet by Theorem 20.2 we also have that 7' is convex, since Py is also convex, and this
property is preserved. This contrast with the fact that Sg is not convex since k, k; € Sg,
but we know that g(z) = 2 (k(2) + k-(2)) = L (k(2) — k(—=2)) & S.

— 3 2
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Theorem 20.3 Let f €T and f(z) =z+ >, a,2" for all z € D. Then
|an+2 - an| S 2

for all n € N.

Proof. Using 20.2, we have that

1— 22 > e > n > "
90(’2): P f(z)zl_'_;anz 1_216%2 +1:14_20(an+2_an)2Jrla
and the result follows directly from theorem 16.4. O

This last result is stronger than Bieberbach’s conjecture, hence all f € T, satisfy
Bieberbach’s Conjecture.

To finish this section we will prove the Kébe’s 1/4-theorem, for functions in the class
T. In order to prove this we will use two auxiliary results, one of which we will take for
granted.

Theorem 20.4 Given f € T, and z = re', the following assertions hold

1 If Re (2+ 1) 2 2 then | ()] 2 2

3. If =2 < Re (24 1) <2 then |f(z)| > EHOED)]sin|

[1—2?

The proof of this theorem can be found in [8].

Lemma 20.5 Let C) denote the arc |z +i| = /2 on which Im z > 0. For z = re?? € C,
we have |Re (24 1) ] < 2.

Proof. First we denote s = % (7" + %) If 2 € Cy, then 2rsinf = 1 — r?, since

2=|z+i*=1%cos’0 + (1 +rsind)®> =1+ 17>+ 2rsinf

2

hence cos?f = 1 —sin?0 =1 — <1;:2 =2 — 52
Now =z satisfies |[Re (z+21)|=|cosf| (r+ 1) < 2if and only if |cosf| < L. which is
true for z € C}, since 2 — s? < S% ) O

Theorem 20.6 Let f € T then
D<O’Z> c f(D).
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Proof. First suppose that f is continuous in . Let z € C}, with z # £1. Using the
Lemma and the distortion theorem, we obtain that

2](1 — |2*)sinf 1

F@ 2 B = g

since 2rsinf = 1 — r? and
11— 222 = (1 —r%cos(20))* + (r?sin(20))? = 1 +r* — 2r? cos(26) = 2(1 — %)% (20.5)
and for real z, we have |f(z)| > 77 “2)2, hence |f(£1)] > 1.
Now by the same argument on the curve Co = {z : |z — i| = \/_}, where we can use the
simmetry f(z) = f(2) for all f € T, we get that in the curve C' = C1UCs, |f(z)| > 1, for

all z € C, hence D (0,1) C f (D) due to Roche’s theorem since f(0) = 0.
For general f, apply the previous result to fr(z) = %f(Rz), and take limit R — 1~. O

21 Carathéodory convergence theorem

We begin with an auxiliary result which is of independent interest.

Theorem 21.1 (Vitali’s theorem) Let f, be analytic and locally bounded in a domain
D for all n € N, and suppose that {f,(2)} converges at each point of a set which has a
clusterpoint in D. Then f, converges uniformly on each compact subset of D.

Proof. Because the functions f,, are locally bounded, they form a normal family. Extract
a subsequence {g, } which converges uniformly on each compact subset of D to an analytic
function g in D. If {f,} does not converge uniformly on compact subsets to g, then there
exists € > 0, a compact set K C D, a subsequence {f,, }, and a sequence of points z, € K
such that

|fnk(zk)_g(zk)‘ > €, keN. (21'1)

Extract a further subsequence of { f,,, } which converges uniformly on compact sets to a
function h. Then h = g because the two analytic functions agree on the set of points
where {f,} converges, which has a clusterpoint in D.

So a subsequence of {f,, } converges uniformly on compact sets, in particular in K,
to g. This contradicts 21.1 and completes the proof. a

Carathéodory gave a complete geometric characterization of the convergence of uni-
valent functions in terms of the convergence of their image domains.

Let {Q,} be a sequence of simply connected domains in C with 0 € €2, and Q,, # C
for n € N. The kernel of {Q2,} is the set Q defined as follows

(i) if 0 ¢ Int (),cy ©2n, then Q = {0} ;

(i) if 0 € Int (),cn n, then Q is the set of all points w € C such that there exists a
simply connected domain H containing 0 and w such that H C €2, for all sufficiently
large n. In other words, each compact subset of € lies in all but finite number of
domains 2,,.
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We say that €, converges to its kernel Q if each subsequence {€2,, } of {€2,,} has the
same kernel €. In such a case, we write 2, —  as n — oc.

If Q, C Q4 for all n, then Q = J _ 2, and Q,, — Q, as n — oo. [This would be
enough for our purposes here.|

neN

Example 21.1 Let T be a (closed) Jordan curve enclosing 0 and let Q) be its inner domain
(bounded and connected component of C\T'). For a given wy € I', let T be a Jordan arc
emanating from wy to oo such that it does not intersect Q0 \ {wo}.

Let {w,} C T be a sequence of distinct points such that w, traverses clockwise on T’
and w,, — wy, n — oo. Consider v, = ' U {"part of T from wq to w,”’} and Q, = C\ v,.
Then U, — Q. [We introduced T here so that we have a slit domain”.]

Theorem 21.2 Let {Q,}, .y be a sequence of simply connected domains such that 0 €
Q, CC for alln € N, and let 2 be the kernel of {Q,}. Let f, : D — Q, be univalent and
onto such that f,(0) =0 and f/(0) > 0. Then f, converges uniformly on compact subsets
of D to f € H(D) if and only if Q, — QL # C, as n — oo. In the case of convergence there
are two possibilities. If Q = {0}, then f = 0. If Q # {0}, then Q is simply connected,
f:D — Qs conformal, and f;* — f~1 uniformly on compact subsets of 0, as n — oo.

Proof. Assume first that f, — f uniformly on compact subsets of D. Then f € H(D) is
either constant function 0 or univalent in D.

Case I: f = 0. We must show that Q = {0}. Otherwise some disc D(0, p) is contained
in Q, for all n € N. The inverse functions f, ! are then defined in D(0,p) and have
the properties f,;*(0) = 0 and |f,,'(w)| < 1 there. By considering g,(z) = f,'(pz)
we may deduce by means of the Schwarz lemma that |g/,(0)] < 1 or |f,(0)] > p > 0.
This contradicts the assumption that f, — 0 uniformly on compact subsets. The same
argument shows that every subsequence of {2, } has kernel {0}, so Q,, — Q = {0}.
Case II: f £ 0. Then f is univalent and maps D conformally onto some domain A C C,
with f(0) =0 and f/(0) > 0. We must show that A = Q and Q,, — .

We first show that A C 2. To do this, let £ C A be compact and surround E by a
rectifiable Jordan curve ['in A\ E.

Let § = dist(E,T') > 0 and let v = f~!(T'). We will now prove that £ C €, for
all n sufficiently large. Fix wy € F and observe that |f(z) —wg| > § for all z € 4. By
the uniform convergence |f,(z) — f(2)| < 0 for all z € v and n sufficiently large, say
n > N. Hence, by Rouché’s theorem f,(z) — wo = (f(2) — wo) + (fu(2) — f(2)) has
the same number of zeros inside v as does f — wy; namely, one zero. |[This is due to
Fal2) = ()] < 6 < [£(2) = wol.

This shows that wy € €, for all n > N, where N depends on F but not on wgy. In
other words, I¥ C €, for all n > N. In view of the definition of the kernel €2, this shows
that A C Q.

It follows from the reasoning above that the inverse functions ¢, = f, ' are defined
for all n > N on E and are uniformly bounded there: |¢,(w)| < 1. Now choose an
expanding sequence of compact sets F,, C A and apply a diagonal argument to extract a
subsequence {¢,, } which converges uniformly on each compact subset of A to ¢ € H(D)
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with ¢(0) = 0 and ¢'(0) > 0 (this is inherited from f;(0) > 0). In fact,

0<

1

SO ¢ is univalent in A.

The next step is to show that ¢ = f~!. Fix 2z € D and let wy = f(zp). Choose
e > 0 sufficiently small so that C' = {z : |z — 29| = ¢} lies in D, let I' = f(c), and let
§ = dist(wp,I") > 0.

Then |f(z) —wo| > § on C while |f,, (2) — f(2)] < on C for all k sufficiently large,
say k > ko, it follows from Rouché’s theorem that f,, (zx) = wy for some z; inside C.
Thus |z — 20| < € and ¢, (wy) = 2. Therefore

’¢(’LU0) - ZO‘ < ‘¢<w0) - ¢nk(w0)| + ‘Zk’ - Zo‘ < 2e.

for k sufficiently large, because ¢,, — ¢ uniformly on compact subsets of A. Letting
e — 07 we deduce ¢(wy) = zp. Because zy € D was arbitrary, this proves ¢ = f~1.

The preceding argument applies to every subsequence of {¢,} and shows that some
further subsequence converges to f~! uniformly on compact subsets. It follows that
¢n — [~ uniformly on each subset of A (assume not and find a contradiction).

In fact, the same argument shows that ¢, converges uniformly on compact subsets of
Q) to a univalent function v which satisfies [1)(w)| < 1 there. However, f~! already maps
A conformally onto D, so A = €.

It remains to show that €2, — 2. But the entire argument above can be carried over
for any subsequence {2, } to conclude that f maps D onto the kernel of {2, }, which
must therefore coincide with the kernel of {Q2,,}. Hence €2, — Q, and Case 11 is done.

Conversely, suppose 2, — 2 C C.

Case I: QO = {0}.

Case I: Q = {0}. Then we claim that f/(0) — 0. If not, there exists ¢ > 0 and a
subsequence { f,, } such that f} (0) > e. By the Kébe 1/4-theorem, each €2, must contain
D(0,1/4), contradicting the assumption that each subsequence of {€2,} has kernel {0}.
Thus f/(0) — 0, n — co. On the other hand, Theorem 5.3 implies

||

fu()] < £ (0)] m— 5, 2z €D. (21.2)
(1—1z])
It follows that f, — 0 uniformly on compact subsets of D.

Case I: Q # 0, Q # C. Then we claim that {f/(0)} is a bounded sequence. Indeed, if
1. (0) — oo for some subsequence, the Kébe 1/4-theorem would imply that {€,, } has
kernel C. This contradiction shows that {f/(0)} is bounded. It follows by (21.2) that f,
are uniformly bounded on each compact subset of D and therefore constitute a normal
family. By Vitali’s theorem, in order to conclude that f, converges uniformly on compact
subsets of D, it suffices to show that it converges pointwise. Because {f,} is a normal
family, two subsequences with different limits at 2o € D would have further subsequences
fn, and f,,, converging uniformly on compact sets to different functions f and f with

f(z0) # f(20). In view of what we have proved, the corresponding sequences {2, } and
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{Q,, } would then have different kernels, the images of D under f and ]7, respectively.
But this contradicts the hypothesis €2, — €2. Thus we have shown that f,, — f uniformly
on compact subsets of ID. O

22 Bounded variation and absolute continuity

Let f:]a,b] > Rand a =29 < x; < ... <z, = b a partition of [a,b]. Define

p= Z(f(w]) - f(xj—l))+7 rT = max {Tv O} )

j=1
and .
n=> (fla;) = flwj1))", v~ =|r|—rt,
j=1

and

t=n+p= Z|f(%‘) — f(xj-1)]

so that f(b)— f(a) = p—n. Let P =supp, N = supn and T = sup ¢, where the supremum
is taken over all partitions of [a,b]. We clearly have PN <T < P+ N. P, N and T are
the positive, negative and total variation of f over [a,b]. We write T° = T°(f) and so on
to denote the dependance on a,b and f. If T' < oo, f is of bounded variation over [a,b] in
which case we write f € BV = BV(a,b).

Lemma 22.1 If f € BV (a,b), then T°(f) = P°(f) + N2(f) and f(b) — f(a) = P°(f) —
Nz (f)-

Proof. For any partition of [a,b], p =n+ f(b) — f(a), and it follows that P = N + f(b) —
f(a). Also

t=p+n=p+p—(f(b) - f(a)),

and thus
T=2P—(f(b)— f(a))=P+ N.

O

Theorem 22.2 Let f : [a,b] - R. Now f € BV(a,b) if and only if f is the difference of
two nondecreasing real-valued functions on [a,b].

Corollary 22.3 If f € BV (a,b), then f'(x) exists for almost all x € [a,b].

Let f € [a,b] — R. If for given € > 0 there exists 6 > 0 such that
Do) = fla)l <e
j=1
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for every finite collection
{(xj7x;):a§$j<$;§b, ':1,...,n}

of pairwise disjoint intervals with

n
Z |2 — ;] <,
j=1

then f is absolutely continuous on [a,b].
Lemma 22.4 If f is absolutely continuous on [a,b], then f € BV (a,b).

Proof. Let d be one corresponding to € = 1 in the definition of the absolute continuity.
Each partition of [a, b] can be split, by inserting fresh partition points if necessary, into K
sets of intervals, each of total length less than ¢, where K is the largest integer less than
1+ (b—a)/d. Hence for any partition we have ¢t < K, and so T' < K. O

Corollary 22.5 If f is absolutely continuous on |a,b], then f is differentiable almost
everywhere on [a,b].

Proof. 'This follows by Lemma 22.4 and Corollary 22.3. O

23  Arzela-Ascoli theorem

Let X be a metric space (or a topological space) and (Y,d) a metric space. F C
{f : X = Y} is equicontinuous at = € X if for given € > 0 there exists an open set
O, containing z such that d(f(z), f(y)) < e for all y € O, and f € F. F is equicontinu-
ous on X if it is equicontinuous at each point x € X.

Lemma 23.1 Let {f,} be a sequence of mappings of a countable set D into a metric
space Y such that for each x € D the closure of the set {f.(x) : n € N} is compact. Then
there ezists a subsequence {fy, } that converges for each x € D.

Proof. Let D = {x}}. Pick up a subsequence {fni} of {f,} such that {f"i (a:l)} con-
verges. Pick up a subsequence { f”i} of { f”i} such that { 2 (332)} converges. Continuing

in this fashion we obtain a subsequence {f"';i} convergent at x1,...,x;. The diagonal se-

quence {fnllc}k _is a subsequence of {fni} and thus {fnz (@)} converges for all j. We
=) 7

deduce that {fn’,g} converges for each z € D. O

Lemma 23.2 Let X be a topological space and Y a complete metric space. Let

{fn : X = Y} be equicontinuous. If the sequence {f.(x)} converges at each point X of
a dense subset D of X, then {f.} converges at each point of X to a continuous function
f: X—=Y.
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Proof. By the equicontinuity, for a given x € X and € > 0 there exists an open set
O = O, . containing x such that d(f,(z), fn(y)) < ¢/3 for all y € D. Since D is dense,
there must be a point y € DN O, and since {f,(y)} converges by the hypothesis, it must
be a Cauchy sequence, and we may choose N = N(g) € N such that

d(fa(y), fm(y)) <

, m,n>N.

Wl ™

Then
d(ful@), fn(@)) < d(fn(@), fu(y) + d(fa(y), f(y) + d( [ (y), fm(2)) < %'3 =¢, (23.1)

for n,m > N. Thus {f.(z)} is a Cauchy sequence in Y and converges because Y is
complete.

Let f(z) = lim, o0 fin(z) for all z € X. To see that f is continuous at z, let € > 0 be
given. By the equicontinuity, there exists an open set O = O(e, z) containing x such that
d(fu(x), fu(y)) < e for all n and y € O. Hence, for all y € O we have

A(f (@), 1) = T d(fal), fuly) <<,

and thus f is continuous at x. O

Lemma 23.3 Let K be a compact topological space and (Y,d) a metric space. Let
{fn : K = Y} be equicontinuous sequence of functions that converges at each point of
K to a function f. Then {f,} converges to f uniformly on K.

Proof. Let € > 0. By the equicontinuity, each x € K is contained in an open set O, such
that d(f.(z), fn(y)) < e/3 for all y € O, and n € N. Hence d(f(z), f(y)) < ¢/3 for all
y € O,.

By the compactness of K there exists a finite collection {O,,...,O,,} of these sets
which covers K. Choose N sufficiently large so that for all n > N we have

d(fu(zj), f(z5)) <€/3

for all z;, j = 1,..., k. Then for any y € K there exists j € {1,...,k} such that y € O,,.
Hence

d(fu(v), f () < d(fu(y), fulz;)) + d(fules), [(25)) +d(f(z5), f(y)) <e, (23.2)

for n > N. Thus f, — f uniformly on K. O

Theorem 23.4 (Arzela-Ascoli) Let X be a separable metric space and (Y, d) a complete
metric space. Let F be an equicontinuous family of functions f : X — Y. Let {f.} be a
sequence in F such that for each x € X the closure of the set {f,(x) : n € N} is compact.
Then there exists a subsequence {f,, } that converges pointwise to a continuous function
f, and the convergence is uniform on compact subsets of X.
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Proof. Since X is separable, there exists a countable set D C X such that D = X. By
the hypothesis the closure of the set Z, = {f.(x) : n € N} is compact for each x € D (in
fact for all z € X). By Lemma 23.1 there exists a subsequence {f,, } that converges at
each x € D. But Z = |J,.x Z, is compact in Y and hence (Z,d) is complete. As {f,,}
is equicontinuous (as a subsequence) family of functions from X to Z, we may apply
Lemma 23.2 and deduce that {f,, } converges at each x € X and the limit function is
continuous. Now, if K C X is compact, then Lemma 23.3 shows that f,,, — f uniformly

on K. O

Corollary 23.5 Let F be an equicontinuous family of real-valued functions on a separable
metric space X. Then each sequence {f,} in F which is bounded at each point (in a dense
subset) has a subsequence {f,,} that converges pointwise to a continuous function, the
convergence is being uniform on compact subsets of X.

24 First steps in Lowner theory

Lowner’s idea was to introduce a parameter in the Taylor coefficients of a univalent
function without using the univalence and with some additional properties in order to be
able to differentiate with respect to the parameter and take advantage of such derivation.
He worked with Riemann maps of slit domains (C minus a Jordan arc ending at co). For
some applications this is not a real restriction because such family of functions is dense in
S in the topology of uniform convergence on compact subsets. Years later, Kufarev and
Pommerenke generalized Lowner’s idea to general univalent functions. Here we will work
with this new point of view. The next definition is due to Pommerenke.
A (radial) Lowner chain is a family {f;} of analytic functions in D such that

(1) each f; is univalent for all 0 <t < oc;

(2) {f:(D)} is an increasing family of simply connected domains, that is, f5(DD) C f;(D)
forall 0 < s <t < oo;

(3) f:(0) =0 and f/(0) = €' for all .
By (2) and (3) we can define ¢,; = f, ' o f,. Clearly, s 1s univalent and
@ +(0) = (f7 ) (fo(0) f(0) = (F71)(0)e® = (f7 1) (f:(0))e® = .

The biparameter family {¢s.} is the evolution family associated with the Lowner chain

{/i}-

Since e~'f; € §, Theorems 5.2 and 5.3 yield

t 2] t E
— < <e— D 24.1
CWapale == 2e P .
e 1— 2| 1+ 2]
. 11—z , ; L+ |z
—— < <e—— D. 24.2
e (1+|Z’)3 _|ft(2)‘_€ (1_|Z|)37 KAS ( )

Moreover, theorem 4.1 yields €' D(0,1/4) C f;(D) and hence {J,, f:(D) = C.
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Lemma 24.1 Let {f;} be a Lowner chain with evolution family {ps+}. Then

82|

|fi(2) = fs(2)] < m(

et —e’), zeD,

and

2|z| o
[0ru(2) — Psu(2)| < m(l —e’"), zeD,

forall0 <s<t<wu<oo.

Proof. Since ¢5; : D — D is analytic and ¢;,(0) = 0 for all s < ¢, the Schwarz lemma
implies |ps:(2)| < || for all s < t. Therefore the function

1+est1— 271, +(2)
. | ‘D 24.3
st =1 omTy palz) T -

has a positive real part. By Theorem 16.4(3)

1+ |z|
t < cD
|p<z787 ’— 1—|Z|7 Z M
and hence
z— @s4(2) L+ |z|1—est cD
z
24 @si(2)] T 1= |z| 1+ et ’
and
L+ ]z]1—est
— ()] <2 )

Since |f/(2)| < 2€e'(1 —|z])™3, 2z €D, by (24.2), we deduce
[fe(2) = fs(2)] = [fe(2) = filpse(2))]

/ fi(€)de
@S,t(z)

< 2= puale)
- (A= 7))
L+]z]1—et 2 (24.4)
L—|z| 14+ et (1 —|z])?
o Afz[(1 A+ 2]) f —e?
T T
8121 4(et—es), 0<s<t<oo.

< 1
IED)
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Similarly
’@t,u('z) - SOS,U(Z)’ = |90t,u - SOt,U(QOS,t(Z))‘

/ @1 (§)dE
S"S,t(z)

1
<lz— @s,t(2)|1_—|z|g (24.5)

< 2iz|(1+|z]) 1 —et 1
T 1—z] 14est1— |z

2|2| et
CE

IN

because 1
/
|905,t(z)’ S 1— |Z|27 S ]D7

by the Schwarz-Pick lemma. a

To show that every f € S can be embedded in a Lowner chain, we need the following
lemma. Note that the guess f; := fe! doesn’t work in general.

Lemma 24.2 Every sequence of Lowner chains { f'}, cy has a subsequence that converges
to a Lowner chain {f;} locally uniformly in D for each fized t > 0.

Proof. Write f/*(z) = fu(z,t) so that f, : D x [0,00) — C for all n € N. Lemma 24.1
implies

8r -

[fu(z,t) — ful(z,8)] < (" —¢°), neN,2€ D0,7),0<s<t< o0

Moreover, (24.2) gives

Fulet) = Fulest) = ] /5 %mw,mw’

1
<|:—¢] / (L= )z + 56, 1)|ds (24.6)
0
< et(llj:)3|z —¢]l, neNt>0,z2¢Ee€D(0,r).

It follows that

|fn(z7t) - fn(& S)| < |fn(Z’t) - fn(2,8)| + |fn(zvs) - fn(§75)|
8r 1+7 (24.7)

<G ) e gl =4

forn € N, 0 < s <t <ooand 2¢& € D(0,r) and hence {f,}, .y is an equicontinuous
family on the compact set Ky = {(2,t) : [2| <1—1,0<t <k} forall k € N\ {1}.
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Since {fn}, ey is also uniformly bounded in K} by (24.1), we may apply Arzela-Ascoli
theorem. It implies that for £ € N fixed, there exists a subsequence {fnp }peN which
converges pointwise in D x [0, 00), and furthermore the convergence is uniform on compact
subsets. In particular, the convergence is uniform on compact subsets of ) for each fixed
t > 0. Since the limit function f,(z) = f(z,t) satisfies f(0,¢) = 0 and f'(0,t) = €, it
follows that f # 0, and hence f is univalent in ID for each ¢ > 0.

To finish the proof we must show that fs(D) C fi(D) for 0 < s <t < co. Note if that

fop(2,8) = fu, (5i(2),1), peN.

By Montel’s theorem (or argumenting as above), there exists a subsequence of {n,} that
we denote again by {n,}, such that go?ﬁ’; converges to some (g, uniformly on compact
subsets of D. The limit o5, is univalent in D, fixes the origin, and ¢, ;— = e¢*~*. Moreover,
fropst = fs and |ps(2)| < |z| by the Schwarz lemma, so fi(D) C f;(D). O

Theorem 24.3 For any f € S, there exists a Lowner chain {fi} such that f = fy.

Proof. First assume that f is analytic in D. Then the image of T under f is a closed
Jordan curve C. Let G _and H denote the inner and the outer domains of C' in the
extended complex plane C, respectively. Let g be a conformal map of C'\ D onto H such
that g(o0) = oc.

For ¢ > 0 consider the closed Jordan curve C, = {g(etew) 0<0< 27r} and its inner
domain G(t). Then G(0) = G = f(D) and the family {G(t)},., satisfies

0€G(s) CG(t)CC, 0<s<t<oo,
and
G(t,) — G(ty), t,— to€[0,00), (%)

and G(t,) — C, t, = oo.
Let g: map D onto G(t) such that ¢;(0) = 0 and B(t) = ¢;(0) > 0. The function
grtogs: D —D,t > s, fixes the origin and hence the Schwarz lemma implies

_ B(s)
=0 B
By the uniqueness of the Riemann map ¢;, we have go = f. The Carathéodory kernel
theorem together with (x) shows that the function § is continuous on [0, 00) and S(t) — oo

as t — oo.
Set ft = gB-1(et)- Then

F1(0) = g1y (0) = B(BTH(") = €'

d

E(gt_l OQs)(Z) <L

and

fi(0) = gg-1(e1)(0) = 0
for all t. Moreover, f{(D) C fi(D) for all 0 < s < ¢ < oo by the construction. Also
fo=9s-11) = 9o = f because f = gy and thus g;(0) = 5(0) = 1.
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For the general case, let f be an arbitrary function in S. For eachn € N, let r,, = 1 —%
and let f,(z) = r;1f(r,2). Then each f, € S and is univalent in a neighbourhood of D.
By the proof above, there is a Lowner chain {f'} with fJ = f,..

By Lemma 24.2 there exists a subsequence {f;'} that converges to a Lowner chain
{f:} locally uniformly in . Since, in particular, fj* — fy locally uniformly in D and

05 (2) = fan(z) = )l f(rn,2) = f(2), as ny — oo, for each fixed z € D, we deduce
Jo=1. .
Theorem 24.4 Let {f;} be a Lowner chain. Then there exists a function p : Dx[0,00) —
C such that
(1) z+ p(z,t) is analytic for all t > 0;
(2) t+— p(z,t) is measurable for all z € D;
(3) p(0,t) =1 for all t > 0;

(4) Rep(z,t) >0 for all z €D and t € (0,00);

and, for almost all t,

9fu2) _
5 = 2f(p(= 1), z€D. (24.8)

The exceptional set of measure zero is independent of z.

Proof. By Lemma 24.1, for 0 < s <t< K €N

[fe(2) = fo(2)] € o g€ =€) < 8 iy, (%)
t (1—1[z])* (1—1]z])*
since e! — e® = ft e?dr < (t — s)ef, and hence, for a fixed 2 € D and arbitrary finite

collection (t,,t!,) of pairwise disjoint intervals in [0, K], we have

Z }ft’ — fem (2 )| ~ Z(tm’ — tm),

m

sot — f;(z) is absolutely continuous on each [0, K], K € N, for each z € D. Corollary 22.5
implies that for each K € N, 8f - Z) exists for almost all ¢ € [0, K]. Since a countable union
of sets of zero measure is of measure zero, we deduce that there exists £, C [0,00) of

measure zero such that %}EZ) exists for all ¢t € [0,00) \ E,. It follows that we can find

E C [0,00) of measure zero such that w exists for all ¢t € [0,00) \ E and all k € N.

Fix s € [0,00)\ E and let {t, } be a sequence of nonnegative numbers such that t,, — s,
n — oo, and t,, # t for all n € N. By (%), for a given compact set K C D, there exists
M = M(K,{t,}) such that

fu.(2) = [s(2)

<M, zeK.
t, — S
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The set
{z eD : lim M exists}

n—00 tn — S

contains the points 1/k for all k € N, and thus it has a cluster point in D. By Theorem 21.1
(Vitali’s theorem), there exists h € H(D) such that

fu(2) = fo(2) _

lim =h(z), z¢eD
n— 00 t, — S
Since {t,} was arbitrary,
TN Rl CO T S
t—s t—s

By using that f; = fi o ps; we can write

ft(zi : £S<Z) _ e:s__s 1 z;_f::(lz) f;(z_) ;S{(sg)p(z’ s,1), zeD, (24.9)

where p is defined by (22.3) and has non-negative real part.

Lemma 24.1 shows that f; — fs as t — s, locally uniformly in D and therefore also
fi — f!, as t — s, uniformly on compact subsets of D. Since ¢, ;(2) = (f; ' o f)(2) — 2
as t — s, it follows that

fi(z) = f5(2) _ fe(2) = filwss(2))
2 — 0sal?) 2 = 0ual?)
o HO= (1= Npua(2) (2 = paal2)))dA
2= Ps, t(z)

/ft (O + (1= Npoa(2)dA — FI(2), t— s,

(24.10)

Take s ¢ F so that %ﬁz) exists. By letting ¢ — s in (24.9) and using (24.10), we obtain

0fs(2)
ot

= 2f,(2)p(z, )

for some p analytic in D with respect to z which again has non-negative real part and
p(0,s) = 1. Such a function is measurable in s because p(z, s) is the limit of p(z, s,t) and
this function is continuous in s for all t. O

A function p : D x [0, 00) — C satisfying conditions (1)-(4) of Theorem 24.4 is called
a Herglotz function, and Equation (24.8) is known as Léwner PDE.

25 The third coefficient

Theorem 25.1 Let f(z) = z+ >~ ,a,2" be a function in S. Then |as| < 3.
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Proof. The function
9(2) =Af(A2) = 2 + hapz® + NP ..., zeD,

belongs to S for all A € T. For a suitable choice of A the third coefficient of ¢ is nonneg-
ative. Therefore we may assume that a3 > 0. By Theorem 24.3 there exists a Lowner
chain {f;} such that fo = f. Let p: D x [0,00) — C be a Herglotz function related to
{ft} in the sense of Theorem 24.4. Denote

fi(2) = €'z 4+ ax(t)z* + az(t)2® + . ..

and
p(z,t) =1+ ci(t)z + ca(t)2* + . ..
for all z € D. Then (24.8) gives

'z + ah(t)2? + ay(t)2” + ..
=2[l+c1(t)z +co(t)2? + .. ][e" + 2aq(t)z + 3az(t)2* + .. ]

(25.1)

and hence
ab(t) = 2ay(t) + c1(t)e

and
ay(t) = 3az(t) + c1(t)az(t) + cat)e'.

By solving the first equation, we deduce

as(t) = —e* </too e "¢ (z)dx + O) :

Since e~'f; € S, we have

le ay(t)] = €'

/ e “ci(x)dx + C" <2
¢
by Theorem 3.1. This implies C' = 0. Similarly,
az(t) = —e (/ (e co(z) + 2 ag(x)ci(2)) dz + C’) .
0

Repeating the argument, applying this time Theorem 3.2, we have again C' = 0 (this can
be seen also by using the fact that {e~'f;} is a normal family and hence their Taylor
coefficients must be bounded). In particular,

0 = a5(0) = — /0 " e (n)da
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and

as = a3(0) = — /000 (e co(x) + 26 ¥ as(2)ci ()
) _621

_ /O e ey () de — 2 /O e [ / N e—scl(s)ds] dz

= [T -2 [ (-eraw) [ e (25.2)
_ /O e ey (a)de /0 N ( / N e_scl(s)ds)de

__ /0 " 2 y(2)da + ( /0 N e_xcl(x)d:v>2.

Finally, we deduce by Theorem 16.4(1),(2) [(Re ¢1)? <2+ Re ¢

_ /O " 2 y(2)da + ( /0 N e%l(x)dx>2]

< /Ooo 272 — (Re o1(2))2)dz + (/Ooo ¢~ Re cl(x)dx)Q
_ /0 ety — /O e 2(Re o (x)) 2z + ( /0 " 2 Re cl(x)e‘”/zdx)2

)dx

a3 = Re a3 = Re

(25.3)
o5 > —2x 2 OO —x 2 - —x
<1- e “*(Re ¢1(x))dx e *(Re ¢1(x))"dx - e “dx
0 0 0
=1-— / (e — ™) (Re ¢1())*dx
0
* 1
§1+4/ (6_$—€_2x>d$:1+4(1—§):3.
0
We are done. O

26 Lowner theory and univalence criteria

In 1965 Pommerenke proved that the converse of Theorem 24.4 is true.
Theorem 26.1 Let p: D x [0,00) — C be a Herglotz function. Then, for any z € D and
s € [0,00), the initial value problem
dw
dt
has a unique absolutely continuous solution w, which is also Lipschitz continuous of t €
[0, 00) locally uniformly with respect to z.

[VKCD,HM(K,])) . |w(t1)—w(t2)| SMltl_t2|7 ZEK]

= —wp(w,t) a.eté€[s,00), w(s)=z, (26.1)

Write @s+(2) = w(t). Then sy is univalent in D for all 0 < s <t < oo and
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(1) Ps,s = id;

(2) Pst = Put © Psuy 0<s<u<t<oo;
(3) ws,t(o) and gp;,t((]) — 5t

Proof. Let wy(z,t) =0 and

t
Wpi1(2,t) = zexp (—/ p(wn(Z,T),T)dT) ., neNU{0}, tels,00), ze€D.

Then w,(0,t) = 0 and since the real part of p is positive,

t
|wnt1(2,t)| = |2| exp (—/ Re p(wn(z,T),T)dT) <|z|, ze€D,

so the equality part of the Schwarz lemma gives |w,(z,t)| < |z| for all z € D\ {0}. Take
¢ from the line segment [w,_1(z, ), w,(z,7)]. Then Theorem 16.4(4) yields

2 __ 2
(L=1gh? = (A =l=)*

P (2,7)| <

because |¢| < max {|w,_1(z,7)|, |wn(2,7)|} < |z|. On the other hand,

b
/ e *dz

when Rea > 0 and Re b > 0. Hence

le™ — et = <|a—10b|] sup |e7*| =]a —b| sup exp(—Re z) < |a — bl

2€|a,b] z€[a,b]

’wn—&-l(zv t) - wn(za t)’

exp (_ /:p(wn(z,T),T)dT) — exp <— /:p(wn1<2,7')77')d7')‘

/Stp(wn(z,T),T)dT — /:p(wnl(z,T)T)dT

= |7]

<

<

S

<)

92 t
< m/s |wn (2, 7) — wy—1(z, 7)| dr.

Pz, 7),7) — plins (2 7). )| dr

wn (2,7)
| wen

Wn—1(2,7)

dr
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Applying the inequality we just established n — 1 more times, we deduce

|wn+1(z t) — wn(z,t)]

t1
|z| 22/ / |wn—1(2,7) — wy_o(z, 7)|drdt;

2" 1 _—
W/ / / lwy(z,7) — 0|dTdt,—1 - - dt;

(L= ]yt

IN I/\

(t—s)" zeD, neNU{0}.

It follows that for m > n we have

[ Wi (2, 1) — wy(z,1)|
< Nwim(2,t) — w1 (2, )] + ... + [wpg1 (2, 8) — w2, )]

3

2 =)
< ——(t—s
2 T
< GEESCEE 2| <7, s<t<T,
= (L=r)%)
m—1 i
M 2T
= —, M=
J! (1—r)?

n

<.
Il

and so by the Stirling formula j! ~ j7e™7/27J yields

m—1 :

M
m 7t - Wn 7t < e . :
fum(ert) = unle 01 § 2 55

m—

=

m—1 j
Me\’ 1
< xe <——>0, n— oo
NZD

We deduce that lim,, ., w,(2,t) exists uniformly in D(0,7) x [0,T] for every r € (0,1)
and T € (0,00). [Another way to see that the limit exists is to consider

n

wy =Y (w(z,t) = w1 (2,1))

Jj=1

and to use the estimate
2" n
|'LUj+1<Z, t) w](z t)| W(t — S) ]
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Denoting the limit by ¢, (w, depends on s also) we have found an analytic function in
z and continuous in ¢ which satisfies

si(2) = zexp (— /:p(gos,f(z), T)dT) (26.2)

by Lebesgue’s dominated convergence theorem. Now ¢, +(0) = 0,

ss(2) = zexp(—0) =z, z €D,

oot = (= [ plonst0)ar) = e (— [[at) e

by case (3) of the definition of p. It remains to show that ¢s¢ = @u1 0 @s, for all
0<s<u<t<oo. Itis clear that w(t) = ¢s(z) satisfies (24.8):

6@31(2) = 2exp()(—1)p(@s4(2), 1) = —@sa(2)D(9s(2),t) = —wp(w, 1)

and

and w(s) = s (2) = 2. Moreover, (26) implies that w is locally absolutely continuous
function of ¢ € [s,00). (CHECK). In addition, ¢, is a Lipschitz continuous function of ¢
locally uniformly with respect to z. Indeed, by Theorem 16.4(3)

() ()
< |z / plpsr(2),7)| dr

(t2 —t1)

05,1 (2) = s (2)] = 2]

for |z] <rand s <t; <ty < 0.
We next show that the solution is unique. To this end, let v be another solution such
that u(s) = z. Now (26.2) yields

exp <_ /tsp(u(T),T)dT) — exp (— /tsp(w(T), T)dT) ‘

[ vtutr it = [ ptatr). e
<r [ Iotu(r).) = plat). 7 dr

Ju(t) = w(t)] = |z|

<r

< (&, 7)dg| dr

/|u mdr, t>s, |z|<r.
1—7°
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Consider a subinterval [s,t;] C [s,00], and let M > 0 be such that |u(t) —w(t)| < M on
[s,t1]. Then, for t € [s, 1], we have

2rM

By applying this together with the previous estimate, we deduce

]u(t)—w(t)\gM((z—r)Q)n(t—s)", telst], neN

n! 1—7r

Note that the factor n! comes from the integrations. The Stirling formula yields u(t) =
w(t) for all ¢ € [s,t1], and thus the solution is unique.

The indentity @s: = @yt © @5, follows from the uniqueness of solutions: both sides
satisfy (26.1) and have the same value when ¢ = u.

It remains to show that each ¢,; is an univalent function when 0 < s <t < oco. Let
to > s and z1, 29 € D such that

Ps,to (1) = Ps,to (22).
Let v;(t) = ¢s+(7;) and denote
v(t) = vi(t) — va(t) = @se(21) = sa(22).

Then v(ty) = 0. Since Re p(z,t) > 0 and p(0,t) = 1, the Herglotz integral formula
(Corollary 16.3, Im f(0) = 0) gives the estimate

1+ ‘ZQ' 1"— ’21’
1= [z 1= [z]

|z1p(21, 1) — 29p(22,1)| < |21 — 22

for 21,20 € D and t > 0. Namely

27 it 2 it
zl/ - +Zldu(t) - 22/ - +Z2du(t)‘
0 0

et — z; et — 29
2 it it
e+ 2z €+ 29
S/ S T dp(t)
0 1 2
1+|22|1+‘Zl|
— 2m) — (0
=1_ |22|1— |Zl|’21 ZQ‘(:“’( 7T) /j,( ))

|Zl —Z2|

1= e 1=z
since p(2m) — 1(0) = p(0,¢t) = 1 and

LLota _bc—irb ~ (a—b)(c+a)(c+D)

c—a c—b c—a)c—b) a,b,ce C, (c—a)(c—10)#0.

Consequently,

1+ |Zl| 1 + |Z2|
— |z2| 1 — |22

'%vm\ — o (t)p(os (8),6) — va(D)pleat), 1)] < v, s<t<io

119



Choose K > 0 such that |v(t)| < K for s <t <t,. Then

9 o1 1 1 1
o(t)] = / Lotydr| < K/ R 1 RS el 1 el ) PP
¢ Ot ¢ L]zl —|z] 1 —[z] 1 — |z
Hence
to a
t)| = —o(t)d
ool =| [ gyottr
014 |21 14 |2
< [N
¢ L= |z[1—|z]
1 + |21| 1+ |22|)2/t0

<K tg — t)dr

<o (rZiroi) [ e

<K (1 + a1+ !Z2|)2 (to —t)Z'

1—|252|1—|ZQ| 2

By continuing in this fashion, we deduce

1 1 " (to—t)"

w@|§( tla +Vﬂ) Bo=t" <t<t,

1—|zo| 1 — |29] n!

and thus v = 0 on [s, o] (the factorial does the job!). Hence
v(s) = v1(s) —va(s) = @ss(21) = @ss(22) =21 =22 =0
giving 21 = 23 as claimed. The proof is complete. O
Corollary 26.2 Let p and ps¢ = w(t) be as in Theorem 26.1. Then
fo(2) = lim €'p,(2) (26.3)

exists uniformly on compact subsets of D, {f;} is a Lowner chain satisfying fs = fi 0 @st,
t>s, and

%ft(z) =z2fi(2)p(z,t) a.e t>0, zeD.

Proof. By the proof of Theorem 26.1,
t
si(2) = zexp (—/ (s (2), T)dT) :
The function ey, belongs to S, so Theorem (5.3) gives

”Zl s—t
me , Z€ D.

Fix r € (0,1) and let z € D(0,7). Then |ps(2)| < r (by the proof of Theorem 26.1) and

905,7'(2)
/0 P(E.7)de

|905,t<z)| S

- 2 oun 2] Th ]_6<.4(2'v) 2
= (=P = T

|1 - p((ps,‘r(z)v T)’ =
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by Theorem 16.4(iv). Let ¢, > s. Then

e psi(z) — et/_s@s,t’(d‘

_ | t—s . etlis QOS’t/(Z>
a |6 (ps’t(’z)‘ ! et~ ps4(2)
| t—s ( >‘ 1 < €Xp (fst/ (1 _p(¢377<z)7T>> dT)
= 1€ Vs Z —
(

2 exp <fst
- |€t—sgpsyt(z)‘ 1 —exp (/t (1 —p(ps-(2),7)) dT) ‘

/t (1~ plgar(2),7)) dr| - 1]

r Qesfmin{t,t’}
< — t—t|———— ] -1 D(0
< o oo (1 - 455 ) -] €07

and hence {e'"*¢,},., is Cauchy locally uniformly in z. Therefore the limit

- p(@s,‘r(z)v T)) d7—>

~—

Y

fs(z) = tlim etcpsﬁt(z)

is well defined and exists locally uniformly in z. Moreover, if ¢ > s, Theorem 26.1(2)
yields
fs(2) = lim e, - (2) = lim €7 (o1 0 9s4)(2) = filpsi(2))-

T—00 T—00

Also £,(0) = lim, €', ,(0) = 0 and [p(0,¢) = 1]
fiz) = lim €’ (exp <— /stp(ws,T(Z), T)dT) + (- )) :

f40) = lim e - e = ¢°.
t—o0

SO

Then, by Hurwitz’s theorem f; is univalent in D for each ¢ > 0 and thus, by putting
everything together, {f;} is a Lowner chain.
We skip the proof of the fact that the PDE is satisfied for a moment. O

We next prove a characterization of Lowner chains, which is one of the main results
of the theory.

Theorem 26.3 The function f : D x [0,00) — C with f(0,t) = f;(0) =0 and f/(0) = €,
t >0, is a Lowner chain if and only if the following conditions hold:

(i) There exists r € (0,1) and M > 0 such that f; is analytic in D(0,7) for each t > 0,
locally absolutely continuous in t > 0 locally uniformly with respect to z € D(0,r)

and
|fi(2)] < Me', ze D(0,r),t>0. (26.4)
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(ii) There exists a Herglotz function p : D x [0,00) — C such that for all z € D(0,r)

% (z,t) = zf{(z)p(z,t) a.e. t >0. (26.5)

(iii) For each t > 0, f; is the analytic continuation of fi|poy) to D, and further, this
analytic continuation exists under the assumptions (i) and (ii).

Proof. First assume that {f;} is a Lowner chain. Since e 'f; € S for each ¢t > 0,
Theorem 5.3 implies that for each r € (0,1) there exists M = M(r) > 0 such that
|f:(2)] < Meé' for all z € D(0,7) and ¢t > 0. Since the absolute continuity follows by
Lemma 22.1, (i) is proved. Part (ii) follows by Theorem 24.4.

We now prove the converse statement. Let r € (0,1), M > 0, f;(z) and p(z,t) satisfy
(i) and (ii). We show that f; is locally Lipschitz continuous in ¢ locally uniformly with
respect to z € D(0,r). To do this, let p € (0,r) and T > 0. By using Cauchy integral
formula and (26.4), we find L = L(p,T’) such that

Ifi(z)| <L, z€D(0,p), tel0,T]. (26.6)
O

This together with (26.5) and Theorem 16.4(iii) yields

9f(2,1)
%

1+p -

Further, since
29f(z,t
ftz(z)_ftl(z):/ f(at )dt7 OStIStQSTa
t1

we deduce

fii(2) = fu()| < N(ta—t1), 2€D(0,r), 0<t; <ty <T. (26.7)

Since p € (0,7) and T" > 0 were arbitrary, f; is Lipschitz in ¢ locally uniformly with
respect to z € D(0,7).
Theorem 26.1 shows that the initial value problem

ow
ot
has a unique locally absolutely continuous solution w, w(t) = ¢s+(2). Moreover, for all
s and t, @, is univalent and |ps+(2)| < |z] in D. For z € D(0,7), s > 0 and t > s, let
g(z,8,t) = fi(wsi(2)). Since ps¢(z) = w(t) is Lipschitz continuous in ¢ € [s,00) locally
uniformly with respect to z € D by the proof of Theorem 26.1, we easily deduce that

g(z,s,t) is locally Lipschitz continuous in ¢ for ¢ € [s,00) locally uniformly with respect
to z € D(0,r) as well. Indeed, (26.6) implies

= —wp(w,t), a.e. t€][s,00), w(s) =z,

3
£i(2) — Fi6)] < / F)lldr| < Liz — ¢
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forallt € [0,7], T >0, z € D(0,p), £ € D(0,p) and p € (0,7). Hence, if s > 0 and
T > s, the above inequality and (26.6) give

19(2,8,11) = g(2, 5, t2)| = [fu, (s (2)) = fro(P50,(2))]
< S (@51 (2) = fro (s () + [ fro (95,1 (2)) = fra (052 (2))]
SN2 —t)+L |905,t1(z) - 905,t2<2)|
< N(ts —t1) + R(ta — t1)

for all z € D(0,p) and s < t; < tp < T. It follows that for all z € D(0,r) 2g(z,s,t)
exists for almost all ¢ > s and moreover,

o 0
D st = o)

= 2 (F(pur(2),0)

— ol + (335 (a2

(26.5

25) fi(psi(2)) <%¢s,t(2) + @s,t(2>p<90s,t(2),t)) =0 ae. t>s.

Because ¢(z,s,t) is locally absolutely continuous in ¢ and ¢ss(2) = 2z, we deduce that
g(z,s,t) is constant as a function of ¢ and hence

filpsi(2)) = fs(2) = f(s,2), z€ D(0,r), 0<s<t<o0.

We next extend the function f;(z) = f(z,t) univalently to the whole disc D. By (26.4),
we have

e f(zt) =2 < |eT f(z )| +1< M +1, z€D(0,r), t=0,

and since f/(0) = ¢, e7'f(2,t) — 2z = as(t)2® + .. ., and thus Schwarz lemma yields

2

le™" f(z,t) — 2| < (M + 1)|i—|2, ze D(0,r), t>0.
[Clearly
ras flrz,t) —rz <M+1, zeD.
rz
Therefore .
_ N
ro flrz,t) =z <M+1, zeD.
rz
Put z = w/r.|

Also since €' *p,; € S, Theorem 5.3 gives

2] 2es_t, zeD, 0<s<t< .

|ps,(2)] < W
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Hence, the identity
flpst(2),t) = f(z,8), z€D(0,r), 0<s<t<oo,
implies

|£5(2) = e'psi(2)] = €le™ f(@sa(2). 1) = @su(2)]
‘st,t(z)P
7"2
2> e
(1 —[z))* 2
(M + 1)e*~t
ST

<e'(M+1)

25—2t
<e'(M+1)

z € D(0,r).

From this we deduce
e'osi(z) = fo(2), t— oo, (26.8)

uniformly on D(0, 7).

On the other hand, if gs(z) = g(z, s) is the function defined by

9s(2) = }g& etgp&t(z),

then this limit exists locally uniformly on D for each s > 0, and g : D x [0,00) — C is
a Lowner chain by Corollary 26.2. Moreover, g(z,s) = f(z,s) for z € D(0,r) and s > 0
by (26.8). By using (iii) and the identity theorem of analytic functions, we deduce g = f
in D x [0, 00).

The reasoning in the next result completes the proof of Corollary 26.2.

Theorem 26.4 Let {f;} be a Lowner chain and s, the evaluation family associated with
{fi}. Then there exists a Herglotz function p such that

afg? 2 =zfi(2)p(z,t) a.e. t>0, zeD. (26.9)

Moreover, for each s > 0 and z € D, ¢, 1s the unique locally absolutely continuous
solution of the initial value problem

%—Z) = —wp(z,t), ae t>s, w(s)=z, (26.10)
and the limit
lim e'p.o(2) = £.(2) (26.11)
—00

exists locally uniformly on D.

Proof. The existence of p such that (26.9) holds follows from the proof of Theorem 26.3.
Let u = u(z,s,t) be the locally absolutely continuous solution of the initial value
problem

ou
E - _Up(u,t)a a.e. t Z S, U(Z, S, S) =z,

124



for each s > 0 fixed and z € D. Then |u(z,s,t)| < |z| for all z € D and wu is univalent
for t > s in D by the proof of Theorem 26.1. Since f(z,t) is locally absolutely continuous
in t, it is differentiable a.e. on [0,00), and with a similar reasoning as in the proof of
Theorem 26.3 we deduce that f(u(z,s,t),t) is also locally absolutely continuous in ¢ and
hence differentiable a.e. on [s,00). Therefore (26.9) yields

% (u(z,s,t),t) = fl(u ) +uft( )p(u,t) =0, ae. t>s.
Hence f(u(z,s,t),t) = f(u(z,t,s),s) = f(z,s) and thus
flosi(2),t) = f(u(z,s,t),t), zeD, t>s.

[Continuos functions which agree a.e. are indentical.| Since f; is univalent in D, we must
have u(z,s,t) = @s4(z) for all z € D and 0 < s <t < co. Consequently, p,+(2) satisfies
the initial value problem. Moreover, from Corollary 26.2, equation (26.11) follows. O

Corollary 26.5 (Becker 1972) Let f € H(D) with f'(0) #0. If

/"(z)

“F (1-1z*) <1, zeD, (26.12)

then f is univalent in D.

Proof. We may assume that f(0) =0 and f'(0) = 1. By (26.12) we deduce f'(z) # 0 for
all z € D. Let

fi(z) = fle7"2) + (" —e Hzf'(e'2), ze€D, t>0.
Then f € H(D), f:(0) = f(0) =0,
f(0) = f1(0)e™ + (" —e™)[f(0) + 0] = ¢

for all t > 0, and fi(z) is absolutely continuous on [0,00) for each z € . Clearly, for
each r € (0, 1) there exists M = M (r) > 0 such that |f,(z)| < Me' for all z € D(0,r) and
t > 0.

|One may also see that

e 'fi(z) =2+ 0(e), t— o0,
locally uniformly in z, and hence
. —t _
fim () =

locally uniformly in 2. Consequently, {e™"f;},5, is a normal family, and for each r € (0, 1)
there exists M = M (r) > 0 such that |f;(z)| < Me' for all z € D(0,7) and ¢ > 0.] Hence
(i) in Theorem 26.3 is satisfied for each r € (0,1). To see (ii) note first that

ofi(z) ¢ o B
of f(e” )( e z)+ezf (e7'2) +ezf"(e 2)(—e "2)
(

+et2f(ez) —e Ttz f (e 2)(—et2)
=e'zf'(e7'z) — (1 —e )" f"(e7"2)
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and

2fj(z) =zf(e2)e " + 2(e — ) [f'(e72) + 2f" (e 2)e "]
_ etzf’(e_tz) + (1 _ e—Qt)ZQf//(e—tZ)
=e'zf'(e™'2) [1 = E(2,1)],

where

E(st) = —(1 — -2yt (€2

f(e™tz)
By using the hypothesis (26.12) and the inequality 1 — e 2 < 1 — |e *2|? for z € D, we
deduce

Bz )] = (1 — e-2) |20 (€72

flle™tz)
" —t
—t o f(e7'z)
<(1—‘6 Z|) e ZW <1,
and hence f/(z) # 0 for all z € D and ¢ > 0. Define
3f5(z)
t)=—2% eD, t>0
p<z7 ) Z t/(Z>7 Z )
Then
8f5(z)
t)(1— E(z,t) = —2%
0 = Ble.t)) =
ty fle=ty) — (] — e—2t) 22 f// (ot
:ezf(e z2) = (L—e)22f"(e Z>><(1—E(z,t))
etzf'(e7tz)(1 — E(z,t))
B etzf’(e_tz) _ (1 _ G_Zt)ZQf”(e_tZ)
B etzf'(e7tz)
L (1 o 67%)22]7”(6%2)
B etzf'(e7tz)
1! —t
o IPYNS | (e7'z) N
—1—(1—6 )6 ZW—l—FE(Z,t),
that is,
1+ E(z,t)
ty=—""""~2 D, t>0
p(z7 ) 1 _ E(Z,t)’ E ) — )
and also p(0,t) = 1 for all ¢. It follows that p is Herglotz. Theorem 26.3 shows that {f;}
is a Lowner chain, in particular fo = f is univalent. a
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27 Baernstein’s theorem on integral means of univalent
functions (Taneli)

One important problem in the theory of univalent functions is to find the sharp upper
bounds for the integral means

1 2 } 1/p
Mo = (5 [ el @) L o<r<t,

for 0 < p < oco. In the case p = 1 the problem is closely related to the Bieberbach
conjecture. The main step in Littlewood’s proof that |a,| < en (Corollary 6.3) is to
obtain the estimate Mi(r, f) < r/(1—r) for all f € S. Once this estimate is improved to

r

Ml(T, f) S Ml(’l“, k’) = m,

where k is the Kébe function, the proof gives |a,| < §n. In 1973 Albert Baernstein showed
that M,(r, f) < M,(r,k) for all 0 < p < oo and f € S. In fact, he established a more
general inequality for the integral means defined in terms of an arbitrary convex function.
In the proof he used a remarkable fact that a certain maximal function, now known as
Baernstein star-function, is subharmonic.

Recall that a function ¢ continuous on R is said to be convez if ¢ |$(z + y)| < 3(o(z)+
¢(y)) for all z,y € R. It is said to be strictly conver if strict inequality holds unless = = y.

Theorem 27.1 (Baernstein’s theorem, 1973) Let ¢ : R — R be conver and nonde-
creasing. Then for each f € S,

2

/%gf) (log|f (rew)‘) df < / ¢(10g |k (fr’ew)|) g, 0<r<l,
0 0

where k is the Kdobe function. If ¢ is strictly convex, then equality holds for some r only
if f is a rotation of k.

The choice ¢(z) = eP” gives the result mentioned above:
Corollary 27.2 For0<p<oo and f € 5,
My(r, f) < My(r, k)
with equality only if f is a rotation of k.

As already mentioned, the proof of Baernstein’s theorem involves a certain maximal
function, which we now proceed to define. Let u be a real-valued function defined on
the annulus r1 < [2| < ry such that u, € L'(0,2w), where u,(f) = u (re”), for each
r € (r1,72). The Baernstein star-function of u is

u*(re’) = sup / u (Teit) dt, 0<6<m,
|E|=20 J E

where |E| denotes the Lebesgue measure of the set £ C [—, 7]. Baernstein showed that
the star-function has the following remarkable property.
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Lemma 27.3 If u is continuous and subharmonic in the annulus r1 < |z| < 1o, then u*
18 continuous in the semiannulus {7“610 < <1y, 0<0< 7T} and subharmonic in the
nterior.

To prove Lemma 27.3 we need the following more elementary properties of the star-
function, some of which will also be needed in the actual proof of Baernstein’s theorem.
These are purely "real-variable” results which make no reference to complex function
theory.

We start with a simple representation formula for convex functions. For any real-
valued function g, we will use the notations g™ (x) = [g(z)]T = max{g(z),0}.

Lemma 27.4 Let f : R — R be a conver function with ¢(s) = 0 on some interval
(—00,s0). Then

o) = [ s — f* du()

o0

for some nonnegative measure dyu.

Proof. A convex function satisfies a Lipschitz condition on each compact subinterval, and
so is absolutely continuous there. Thus

o) = [ dwa=— [ swas-o.

Integration by parts now gives
os) =~ 0O -1+ [ s-nds= [ ls-1 as

because [s — t]T = 0 for t > s. Since d¢’(t) > 0 because ¢ is convex, this is the desired
representation. O

Let g be a real-valued function on (—m, 7). The distribution function of g is

A(t) = - g(z) > t}].

It is clear that A is nonincreasing and right-continuous, that is, A(t) = limj,_,o+ A(t +h) =
A(t+). By the definition of the Lebesgue integral,

/_:g(:c) iz — — /_thk(t).

Two functions defined on the same set are said to be equimeasurable if they have the same
distribution function. Thus two equimeasurable functions have equal integrals.

One particular functions equimeasurable with g is of special importance. If A is contin-
uous and strictly decreasing, the symmetric decreasing rearrangement of g is the function
G defined for 0 < z < 7 as the inverse of %)\, then extended to [—m, 0) as an even function:
G(—z) = G(z). In the general case, we must resort to the more technical definition

G(z) =min{t: A(t) <2z}, O0<z<m.
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G(0) is taken to be the essential supremum and G(7) the essential infimum of g, and
again G(—z) = G(z). It is not difficult to see that g and G are equimeasurable: If A and
A are the distribution functions of g and G, respectively, then

Alt) ={z: G(z) > t}] =2|{z > 0 :min{s : A(s) < 2z} > t}|

= 9{z > 0:A(t) > 22}] = 2 ‘ [o, ?)’ — A\(t).

Now consider the star-function

g*(f) = sup / gx)de, 0<6<m.
|E|=20 J E

It is useful to note that "sup” may be replaced by "max”, that is, the supremum is always
attained, as the following lemma shows.

Lemma 27.5 For each 6 € [0, 7| there exists a set E C [—m, 7| of measure |E| = 20 for
which g*(0) = [, g(z) dz.

Proof. For 8 = 0 and for # = 7, the assertion is obviously true. For 0 < 6 < 7, choose
t such that A(t) < 20 < A(t—). Let A ={z: g(z) >t} and B = {x : g(x) > t}. Then
|A| = A(t) and |B| = A(t—). Choose a measurable set F with A C £ C B and |E| = 26.
Then for any set F' of measure |F| = 26,

/Fg(:c) dx = /F(g(x) —t)dx + 20t < /7T [g(z) —t]* dx + 20t

—T

:/E(g(x)—t)d$+29t:/9(x)d$v

E

because g(x) —t < 0 for all z ¢ E and g(x) —t > 0 for all z € E by the choice of the set
E. This proves the lemma. O

The star-function ¢g* and the symmetric decreasing rearrangement G are closely re-

lated, as the following lemma shows.

Lemma 27.6 For each 6 € [0, 7],

Proof. For 8 = 0, both sides vanish. For § = 7, both sides equal to f_ﬂﬂ g(z)dx. For
0 < 0 < 7, let E be the set of Lemma 27.5, and let ¢ be determined by A(t) < 20 < A(t—).
Then since [g(z) — ¢]T and [G(x) — t]* are equimeasurable,

g (0) = /Eg(x) dr = /7r [g(x) — t]" dx + 20t = /7r [G(z) —t]" dx + 26t.

— —7
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But it follows from the definition of G and the choice of ¢t that

{x:G(x)>t}:< A >

C(_L 2 )_{;c G(z) > t}.
Thus ; ;
/W[G(a:)—t]+dx+20t:/ (Glz) — 1) da:+29t:/_9G(x)dx

-7 —0

O

The next lemma reveals the role of the star-function in the proof of Baernstein’s
theorem.

Lemma 27.7 For g,h € L'(—m,7), the following three statements are equivalent.

(a) For each function ¢ convex and nondecreasing of R,

/ oo < [ o(h(x)) da

/W lg(z) — " da < / (h(z) — £]* da.

—T —Tr

(b) For eacht € R,

(c) ¢g*(0) < h*(0) for all 8 € [0, 7].

Proof. (a) = (b). This is trivial since ¢(s) = [s — t]* is convex and nondecreasing.

(b) = (a). Since ¢ may be approximated by a monotonic sequence of lower truncations
(max{¢p(x),a}, a € R), there is no loss of generality in assuming that ¢(s) = « for all
s < sg, where a and sy are constants. Furthermore, since ¢(s) = (¢(s) — a) + a, we may

assume o = 0. Then ¢ has the integral representation of Lemma 27.4 and hence

/_:aﬁ( d:c—/_ﬂ/_ ©) — 1" du(t) dx—/ /_7r 2)— d* de duu(t)
//_7r ©) — 1]+ do dp(t) /¢

(b) = (c). Since (b) clearly implies that [ g(z)dx < [* h(x)dz, it is enough to
consider the case 0 < 6 < m. Let v be the distribution function of h, and choose ¢ to
that v(t) <20 < v(t—). Then as in the proof of Lemma 27.5, there is a set E of measure
|E| = 260 such that h(z) >t for all x € F and h(x) < 0 for all ¢ E. Hence if F' is any

set of measure |f| = 20,

/Fg(x) dx = /F(g(x) —t)dx + 20t < /7r [g(z) —t]* dx + 20t

—T

< /7T [h(x) — )" dw + 20t = / (h(z) —t)dx + 20t

—T

_ / h(z) dz < h*(6).
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Since F'is arbitrary, it follows that ¢*(0) < h*(6).
(c) = (b). Let A be the distribution function of g. Given ¢t € R, choose 8 € [0, 7]
so that A\(¢) < 20 < A(t—), and let E be a set of measure 20 such that g(x) >t on E

and g(z) <t elsewhere. Appealing to Lemma 27.5, choose a set F' with |F| = 260 so that
h*(0) = [, h(x)dz. Then

/7r lg(z) —t]* dx = /(g(x) —t)dx < g*(h) — 26t

—T E
s

< h*(0) — 20t = /(h(x) —t)dr < / [h(z) —t]* dx,

F -7
which completes the proof. O

We now turn to the proof of Lemma 27.3, the main tool in the proof of Baernstein’s
theorem.

Proof of Lemma 27.53. First we consider the assertion that u* is continuous in the given
semiannulus. Choose and arbitrary pair of points z = re? and 2/ = e with r,7/ €
(r1,72) and 0,6 € [0,7]. By Lemma 27.5 there is a set £ C [—m, 7| of measure |E| = 20

for which
u* (rew) = / U (reit) dt.
E

Let E' C [—m, 7] be an arbitrary set of measure |E’| = 260', chosen so that E' C E if ¢/ < 6
and E C E'if § < @'. Then
u*(z) —u'(2) < / u (re’) dt —/ u (r'e) dt
E '/

= / u (re') dt —/ u (re') dt—i—/ (u(re) —u (r'e")) dt

E E' E!
< / |u (reit)| dt—l—/ |u (re") —u (r'eit)‘ dt,

F -7

where F' = (E'\ E') U (E' \ E) has measure |F| = 2|0 — ¢'|. Interchanging the roles of z
and 2’ and recalling that u is continuous, we see that |u*(z) — u*(2')| < ¢ if |z — 2/| < 0.
Thus u* is continuous.

The subharmonicity of u* lies deeper. It is convenient to view the function u (re') as
defined (for fixed r) on the unit circle T rather than on the interval [—m, 7]. Let n be a
positive integer, and let

u, (rew) = sup/ U (reit) dt, 0<60<m,
E

E

where the supremum is taken over all sets £ C T of measure |E| = 20 which are the union
of at most n disjoint closed arcs. Clearly

u,, (rew) <y (rew) <u* (reie) , n=12....

We will now check that (rew) — u” (Tew) as n — oo.
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Let £ > 0 and let A C T be an open set such that A D T\ F =: E¢ and
2r—0)=|T\E| < |A| <2(m —0) +e¢.

Let A; C T, j € N, be disjoint open arcs such that A = U;; A;. Take n € N so large
that [A™] > |A|—¢, where A" = Uj—, Aj, and denote BM =T\ A™ = N1 AY. Then

|[E\B™| =|ENA™| < |ENA|=|A\(T\E)| <e,

and thus
u,, (reie) > / U (7“6“) dt = / U (reit) dt — / U (7‘6“) dt > u* (rew) — Me,
B E E\B()

where M = maxe|_r - u (re) < oo by the continuity of u. Hence uj, (re”) — u* (re')
as n — oo.

It now suffices to show that each function w), n = 1,2,..., is subharmonic. The
preceeding argument may be adapted to show that w is continuous, so we only have to
show that u; also has the local sub-mean-value property.

The proof will require some additional notation. For 0 < p < r, let

P pet = (), o) < .

Note that (=) = r(¢) and a(—¢) = —a(y)). For r; <1 <719, 0 < 0 < 7 and arbitrary
real ¢, define

0

v(r,0,p) :/ u (Tei(tﬂo)) dt.
-0

We will need the identity

/ " u(r(),0+ a (), @) dib = / o). 0. ¢ 4 o)y, 0<f<m  (27.1)

—T

valid for p so small that r, < r(¢)) < re and 0 < 8 + () < 7. To prove (27.1), write

[ @i+ a@rea = [ o)+ nw) .

where
—0+a(y) ,
n = [ (e ) d
—0—a(¥)
and
O+a(ih) ‘
Jo(¢) = / u (r(w)eZ(H”)) dt.
—0+a (1)

But f:r J1(¢) dyp = 0 since Ji(—1) = —J1(¥). On the other hand, the transformation
u=t—ay) gives

(W) = / u (r()e N dy = o(r(), 6,0 + a (1)),

—0

132



which completes the proof of (27.1).
If I(p,0) denotes the closed arc of the unit circle described counterclockwise from
e'?=0) to ¢¥19)  we may write

v(r,0,¢) = /I( G)U (re’) dt.
¢,

We are now ready to show that w; has the local sub-mean-value property. Fix re
with 7 <7 <7y and 0 < 6 < 7. The supremum in the definition of v is attained simply
because a continuous function on a compact subset of the torus T?" has a maximum there.
Thus there exists a set

10

m

:CJ I(p;,0, ZGJ—G m <mn,

composed of disjoint arcs [ (90], g;), for Wthh

u, (Tew) = / u (re') dt.
E

For 0 < p < r and —7 < ¢ <, define the set

=

E() = (g1, 00+ a(@) U I(p; + a(y),b;).

2

J

Let p be chosen small enough to keep the arcs in £(1)) disjoint for all ¢». Then E(1)) has
measure |E(¢)| = 20 + 2a(1)), so by the definition of u},

0 () < [ ()t

BE(y)

=v(r(¥), 6 + a(¥), @1 +Zv ), 05, 05 + ().

Since 7()e0FeW) = rei? 1 peil@+¥) integration with respect to ¢ and (27.1) now give

/ ﬂ U, (reie + pe“”) dp = / ’ u, (r(qp) i(0+a(y)) ) i

—T

2/ v(r(¥), 01 + a(®), 1 d¢+2/ )05, + a(y)) d

- Z / 5,05+ a()) do

But since u is assumed to be subharmonic,

/_ v(r (W), 05, 5 + o)) dv = // )elltes el dqup d

/ / re' ) 4 pe™) dip dt

> 7T/ u( (t+‘pf)) dt.
-0

J
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Thus for sufficiently small p,

1 " * 10 t—‘r]
5 _Wun(re + pe'’ dw>2/ #i)) dt

= / u (re) dt = u}, (Tew) .
E

This shows that each function u;, has the local sub-mean-value property at each point
of the open semiannulus. Hence u; is subharmonic for each n, which implies that u* is
subharmonic in the semiannulus. This completes the proof.

O

We are now finally ready to give the proof of Baernstein’s result.

Proof of Theorem 27.1. In view of Lemma 27.7 ((b) = (a)), the inequality of Baernstein’s
theorem will be established if we can show that

T 6
/log+|f(p )‘dGS/ longwdﬁ, 0<r<l, (27.2)

—T

for each p > 0 and for all f € S.

The first step in the proof is to apply Jensen’s theorem to obtain another expression
for the left-hand side of (27.2). Let f be an arbitrary analytic function, @ € C and let
n(f,a,r) be the number of points (counted according to multiplicity) in |z| < r at which
f(2) = a. Assume f(0) # «, and let

N(f,a,r):/ondt.

t

Then Jensen’s theorem takes the form

% 10g|f(rei9)—oz‘ dd = N(f,a,r)+log|f(0) — a.
If @ =€ and f(0) = 0, this reduces to
%/_ngv (rew) — ei“’} do = N(f,ei‘P,r) :

Now integrate with respect to ¢ and use the simple identity

1 [T :
%/_ﬂlog‘ﬁ—eﬂ df = log™ | 3] (%)

/ (f, T dgp——/ / log|f re' ei“”| df dy
_ 2 0\ i
_/_ﬂQW/_WlogU(re ) e“”| dy df

= /7r log™ ‘f (rei9)| de.

to obtain
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If f is replaced by f/p, this becomes

/7r log™ Md@ = /7r N (f, pei“",r) dep. (27.3)

—T —T

But by the definition of N, if f € S and « # 0 is in the range D of f, then

0 ( . ) |: fr (e} :| J (

Now let u(§) = —log |f~(£)| be the Green’s function of D with singularity at 0. Extend
it to a continuous function in the punctured plane by setting u(¢) = 0 for £ ¢ D. Then
the formula (27.4) takes the form

N(f.&r) =[u(@) +logr]", 0<r<1,

for arbitrary &, and equation (27.3) becomes

/7r log™ M df = /7T [u (pe?) + log 7“]+ dep. (27.5)

—T —T

Next let v(£) = —log [k~1(€)] for € in the range of the Kobe function k, and let v(£) = 0
elsewhere (i.e. for £ € (—o0,1/4]). In view of (27.5), the inequality (27.2) can be recast
in the form

™

/[u(pei@)+logr]+d90§/ [v(pew)leogrrdgo, 0<r<l1, 0<p<oo.

—T —T

But by Lemma 27.7 ((¢) = (b)) this is implied by the inequality
ut (pe’?) < vt (pe’?), 0<p<oo, 0<p<m. (27.6)

The proof of (27.6) will make use of Lemma 27.3. The function u is continuous in
0 < |¢] < co. In the domain D \ {0} it is positive and harmonic, and « = 0 outside D.
In particular, u has the local sub-mean-value property at each point & ¢ D. This shows
that w is subharmonic in 0 < || < oo. Hence it follows from Lemma 27.3 that u* is
subharmonic in the open upper half-plane.

The next step is to observe that v* is harmonic in the upper half-plane. First notice
that v (pe'?) = v (pe~*) since k (Z) = k(z). Also, v (pe#) is a decreasing function of ¢ in
the interval (0, 7). To see this, let z = k~1(£) and & = pe’#, and compute

5o (%) = 5 (=g = (pe))
2 (pe'?)ipe'tz (pe'?) + z (pe'?) 2’ (pe'?) ipe'?
2|z (pei#)|?

(5 (9) - (450
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Since £ = k(z) = 2(1 — 2z) 72, one can see that z(¢) = W&T VI and thus
, (2——%%)-25—2(1”5—@)

1+26—T+4E 2§
2021+ 4E  &/I1+4E

Since /1 + 4§ = 12, we obtain

0 o\ 2(§) B 1—=2
a7 =1m (z(&)WM&g) B

for Im z > 0. It is now evident that

P

v* (pe'¥?) = /_ v (pew’) dy, 0<yp<m. (27.7)

©

This formula allows the direct calculation of the Laplacian

1 O*v* +82v*
p* \O(logp)? = 0p? )~

Since v (pe™) is harmonic for —m < ¢ < T,

0%v* ¢ 0%

R RPN T
d(log p)? (pe) /—90 d(log p)? (pe™) du /&02 (pe™) dvo

-
o, o, *v*
(G o) = S o)) == ().

Thus the Laplacian vanishes and v* is harmonic in the upper half plane.
It is also clear from (27.7) that v* is continuous int the closed upper half-plane, except
at the origin. By Lemma 27.3 the same is true for «*. Near the origin, u has the form

u(§) = —log ¢ + i (£), (27.8)

where u; is harmonic and u;(0) =0 (u;(§) = Re log f+(g)= ¢ € D\ {0}). Thus

u’ (pei‘p) +2plogp = sup / (u (peit) + log p) dt = sup / Uy (pe”) dt — 0
|[E|l=2¢ JE |[E|l=2¢ JE

as p — 0, uniformly in ¢, ¢ € [0, 7]. Since the same is true for v*, it follows that
u’* (pei“’) — " (pei“") —0

as p — 0, uniformly for ¢ € [0,7]. As £ — oo, it is geometrically obvious that u(§) — 0,
thus u* (pe?) — 0 as p — oo, uniformly in ¢.

Since u* — v* is subharmonic in the upper half-plane and continuous in its closure,
the maximum principle reduces the proof of (27.6) to showing that u*(§) < v*(§) on the
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real axis. On the positive real axis this is trivial since by definition u*(§) = 0 = v*(&) for
¢ > 0. Next let d be the distance from 0 to the complement of D. By Kébe 1/4-theorem
d > 1/4. In the disc || < d u has the form (27.8), where u; is harmonic in || < d and
u1(0) = 0. Thus

u* (pe'™) = / u (pe?) dp = —2rlogp, 0<p<d. (27.9)

—Tr

In fact, since w is subharmonic in 0 < |£]| < oo, it is clear that u; is subharmonic in the
whole plane. Applying this remark to

v(§) = —log [¢] + vi(§)

we see that

v* (pei”) = —2mlogp +/ U1 (pei“’) dy (27.10)

> 2mlogp+v1(0) = —2mlogp, 0<p< oo.

In particular u*(§) < v*(§) for —d < € < 0.
The inequality is more difficult to establish on the interval —oo < ¢ < —d. For this
purpose, we fix ¢ > 0 and consider the function

Q&) = u"(§) — v (§) —ep, &= pe”,

which is subharmonic in the upper half-plane and continuous in its closure, except at
¢ =0. Since u*(§) —v*(§) > 0 as & — 0 and as £ — oo, it is clear that

limsup@Q(§) <0 and limsupQ(§) < 0.

£§—0 £—o0

Let M be the maximum of ¢ in the closed upper half-plane. Then M > 0, and the
maximum is attained somewhere on the real axis.

Suppose now that M > 0. Then, since u*(§) < v*(§) on the interval —d < £ < o0,
there is some point £, = —py for which —oco < &y < —d and Q (§y) = M. Let G(p) denote
the symmetric decreasing rearrangement of u (poe’®). In view of Lemma 27.6,

ou (poe?) = 9 2/% G0)do) =2G(¢), 0< <.
dp dp \" Jo LT

But because py > d, there is some point on the circle |{| = pg which lies outside D, so

G(m) = inf u(poe’?) = 0.

0<p<m
Applying the same argument to v* we conclude that

0 0 ,
£ (%) = % (poe'™) = — < 0.
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But this is impossible since () has a relative maximum at &,. This contradiction shows
that M = 0, that is,

u (&) <v*(€) +ep < v (&) +em, Im () >0.

Letting € — 0, we obtain (27.6). This completes the proof of the inequality in Baernstein’s
theorem.

It now remains only to investigate the case of equality. Under the assumption that ¢
is strictly convex, we will show that if f is not a rotation of k, then strict inequality holds.

Continuing with the same notation, we first note that if f is not a rotation of k, then
u* (&) < v*(&) throughout the upper half-plane. To see this, observe that v(£) fails to be
harmonic in any annulus 1/4 < |£| < p, since it is nonnegative there and equal to zero at
interior points of the annulus on the segment —p < & < —1/4. Thus v,(§) = log || +v(§)
cannot be harmonic in the disc || < p if p > 1/4. If h is the function harmonic in [£] < p
and equal to v on [§] = p, it follows that vy (£) < () in || < p. In particular,

0=uv1(0) < h(0) = % /_7r v1 (pe'?) do, p> %1
Comparing this with (27.9) and (27.10) and bearing in mind that d > 1/4 if f is not a
rotation of k, we conclude that u*(§) < v*(§) for —d < £ < —1/4. Hence u* — v* is a
nonpositive subharmonic function in the upper half-plane, not identically zero. But by the
maximum principle, this implies u*(§) < v*(§) everywhere in the half-plane Im (§) > 0.
We now claim that

/” [ (pe'®) — 1]* dip < / [0 (pe'?) — 1] di

if 0 < \,(t) < 27, where
Ap(t) = Hgo cu (pe'?) > t}| .

Indeed, since u* (pe'?) < v* (pe'?) for 0 < p < oo and 0 < ¢ < 2, this conclusion follows
easily from the proof of Lemma 27.7 ((¢) = (b)). On the other hand, it is geometrically
clear that unless f(z) = z there will correspond to each ¢ > 0 an open interval I C (0, 00)
such that 0 < \,(¢) < 27 for all p € I. Indeed, if this were not true, then for each p > 0
we would have either u (pe?) > ¢ for all ¢ € (0,27) or u (pe?) <t for all p € (0,27), and
therefore u (pe’?) would be constant in ¢ for each p > 0. Since f € S, this would imply
f(2) = z. Thus, if f(z) # z, there corresponds to each r € (0,1) an open interval I, such
that

™

/ [u (pe“") + log 7"]+ dp < / [U (pew) + log rr dep, pel;

—r -7

or equivalently, in view of (27.5),
T 0 T 0
/ log™ )] g - / log™ M 49, pel,. (27.11)

But this inequality (27.11) obviously remains true even for f(z) = z with I, = (r,r+¢) for
sufficiently small € > 0, since the left-hand side will be equal to zero while the right-hand
side is strictly positive.
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Now let ¢ be an arbitrary nondecreasing strictly convex function. Fix r € (0,1), let
I, be the interval for which (27.11) holds, and let J,. be the interval log I,. Let sy be a
point to the left of J,. at which ¢ is differentiable. Decompose ¢ in the form

¢(s) = d1(s) + da(s),

) = P(s), s < So,
“1(s) {¢(so)+¢’(so)(s—so), 5> Sg.

Then ¢; and ¢, are nondecreasing convex functions on (—oo,00), and ¢y is strictly in-
creasing on (sg, 00). By Lemma 27.4, ¢, has the form

where

bo(s) = / Cls— 0 du(t), du(t) > 0. (27.12)

—00

Since ¢y is strictly increasing on (sg, 00), u(J.) > 0. Rewriting (27.11) in the form

/7T [log ’f (reie)} — tr do < /7r [log |k (rei9)| — tr ae, teJ,

—Tr —Tr

using the representation (27.12) and interchanging the order of integration, we obtain

[entoslreen o= [ [ sl o) - o
= [ Toelr (re)| ~ )" dpautey
</:/_: [log |k (re®)| —t]" dO dul(t)

= /1 2 (log |k (re”)]) de.

But by Baernstein’s theorem (the inequality part),

/ o1 (log | f (re”)|) db < / o1 (log |k (re”)|) do.
Adding these two inequalities, we conclude that strict inequality holds in Baernstein’s

theorem for the function ¢. This completes the proof. O

Appendix: Proof of the identity (x). First note that by the change of variable ¢ =
0 + arg B and 27m-periodicity

T T—arg 3 2
/ log‘ﬁ — ei“’| dy :/ ’ log‘eiargﬂ (|ﬁ| — ew)‘ do :/ logHﬁ\ —ew| de,
0

-7 —nm—arg 3

so we may assume ( > 0 (the case 5 = 0 is trivial) and consider the integral from 0 to 2.
Denote f(z) =log (8 — €**). Then f is analytic whenever 3 — e** # —x for x > 0, that is,

z#arg(f+x) —ilog|B8+ x| =n2r —iy, ne€Z, y>logp.
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From now on the proof is divided into two parts.
If B > 1, then f is analytic in a domain containing the closed upper half-plane

{Im z > 0}. Thus
/f(z) dz =0,
r

where I is as in Figure 27. Since ¢”* = e®e™Y, z = x + iy, is 27 periodic with respect to
x, we see that

f(2)dz=—= [ f(2)d-=.
I I3

Because e*t%) = ¢i%e=P — () as p — 00, we see that

o

f(z)dz = 1 1
I
r 2m 4+ r 2m
ip < ip -
as p — 0o. Hence I I
. - k J I—i ’
/0 i(s —log #)| ¢y Cr |,
o 3 c—ilogp
and consequently 11 4 — 108/ or —e—ilogf| |°
9 4
2w )
/ log |3 — €” I L
0
I I
] 2w £ ] 27 — =2
[Case 5 > 1.] [Case 5 < 1]

Figure 1: Integration paths.

If 5 <1, then f is analytic in C\ {n27 — iy : n € Z,y > log 5} which does not contain
the half-plane {Im z > 0}. Thus, for a path I' as in Figure 27, we have

/rf(Z) dz=0.

As in the case 8 > 1, we see that
f(z)dz+ | f(2)dz=0
12 I4

and
f(z)dz — —2mlog B
I3
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as p — oo. For the segments /; and I5, we have

r0

—log B
f(z)dz+ | f(z)dz= / log (. / idy
I I5 0

—log B
=1 / (log
0
— log,B - . 8— e—i:t.:log B
U (a foe ™ |=p(1-e)

—log 8
= —2/ a
0

as € — 0 (see Figure 2). Finally, becaus

v

Figure 2: Points 8 — €% for z € I, and z € I5.

—if(z +ilogB) + B(z +ilog B)* + ...

B e = lim
N z+1log g

z+1log g 2 —ilog 8

I
=

im
z——ilog B

so that [log (8 — )| < |log(z + ilog )| as = — —ilog 3, we have that

. f(z)dz| < gsrzré%}g‘log (B—¢€")] =0

as € — 0. Similarly

— 0

f(z)dz
Ch

as € = 0. Therefore

2T b 9: o
/Olog(ﬁ ) d /If(z)dz 0
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