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1 Error analysis

1.1 Errors in numerical computations

In practice, computations consist of finite steps and decimals; the results are
therefore approrimations.

Let a denote an exact value and a an approximated value of a. The difference
e=a—a

is called the (absolute) error in the approximation a. In other words,
a=a-+e,

i.e. the approximation is the sum of exact value and error.

Example.
a=105 a=102 ==0.3
a=160, a=182 =ec=-0.22

e a—a error
Ep=— = = (a #0)
a a exact value
Clearly
€
Er = <
a
if |e| is much smaller than |a|. The number v = a — a = —¢ is called
correction, so that
a=a+".

The upper bound of the error is a number 3 such that
la—al < B, ie. |g] <p.
Sources of error

1. Idealisations in mathematical models

2. Errors in the input data



3. Truncation errors (arise when an infinite process is replaced by a finite
one)

4. Rounding errors

In addition, also errors caused by carelessness are to be considered.

1.2 Floating point numbers

In the decimal representation of a real number infinite numbers are usually
needed. Calculators and computers, however, can only handle finite number
sequences. Therefore in computations real numbers are replaced with float-
ing point numbers, in which the number of significant digits is a constant
depending on the machine. For this purpose each real number must first be
rounded using the following rules:

A decimal number is rounded to n decimals by
- removing all decimals on the right side of the n:th decimal
- if the removed number is > % - 107", the n:th decimal is raised by 1

- if the removed number is = % - 107", the n:th decimal is raised only if
it is odd

Example. Rounding to 3 decimals:

0.4711 =~ 0.471
0.4716 ~ 0.472
0.4715 ~ 0472
0.4705 ~ 0.470

The last rule is an attempt to eliminate the systematic rounding error. Rais-
ing decimal occurs "as often" as leaving it unchanged.

The rounding error occurring in rounding a number to n decimals has an
absolute value at most % - 107",

The numbers rounded in the example above have 3 significant digits. We say
that the approximated value of a real number has n significant digits, if n is



the largest positive integer such that the absolute value of the absolute er-
ror is at most the product of the unit of the first non-zero number and 5-107".

If e.g. the exact value a = 1.1996 has an approximation a = 1.200, the
approximated value a has 4 significant digits.

Similarly, the approximation is said to have n correct decimals, if the abso-
lute error is at most % - 107",

The number of significant digits describes the relative accuracy and the num-
ber of correct decimals describes absolute accuracy.

Example.
(a) a=47.11, le] <0.5-1072 2 corr. dec.,4 sig. digits
(b) a=0.0047110, |e| <0.5-1077 7 corr. dec.,5 sig. digits
(c) a=4710-10% |¢] <0.5-10* 0 corr. dec.,4 sig. digits
(d) a=47100, le] <0.5-10* 0 corr. dec.,3 sig. digits

The number of significant digits:

a) 05-1072=10-5-10"" <« n=4
(a)
(b) 05-107=10"2-5-10" < n=>5
(¢) 05-102=10°-5-10"" & n=4

The decimal number system is a position system with base 10. Most com-
puters use a position system with another base § > 2, e.g. § =2 or § = 16.
In such position systen any real number can be written as

(£dndp_y ... dydydo.d_1d_s .. )5

where d,,d,_1,... are integers between 0 and 8 — 1. The value of such a
number is

dpB" 4+ dp 17+ doBP+ B+ A+ d BT+ d BT

For example 7 = 3.1415...=3-10°+1-1071 +4-10724+1-1073 4 ---.



Example.
(760)g = 7-8°+6-8' +0-8" = (496)4
(101.101)y =1-224+0-2" +1-2°41-27' +0-272 4 1.273
= (5.625)10

1
0.333)10=3-10""+3-102+3-103 +... = =
3

= (0.2)10 = (0.00110011. . .),

=2947r

Ol = ot =

In computer numbers are replaced with floating point numbers so that each
number takes a fixed amount of memory. If the number system has base [,
each nonzero real number can be expressed in the form

X=M:p°
where e is an integer and
M =+Dy.D1DyDs. ..
0<D; <pB—-1
Dy # 0.
In floating point system M is replaced with a finite number sequence
m = +do.dyds . . . dy,

m has a finite number (¢+1) of elements. The number (floating point number)
stored to the computer is then

r=m-pB° or x=p"

The latter is gained when e.g. Dy = Dy = Dy = ... = f—1. Here m is called
mantissa and e exponent. Since 0 < d; < f — 1 and dy # 0, every non-zero
floating point number is normalized so that 1 < |m| < 5.

The amount of storage that is reserved for the exponent e determines the
range of numbers that can be represented. The limits of e can be written

L<e<U

4



where L and U are negative and positive integers, respectively. If the result
of a computation is a floating point number with e > U, a so called overflow
occurs and the computer issues an error signal. The corresponding error with
e < L is called underflow an it does not usually terminate the process.

1.3 Numerical stability

An algorithm associated to a numerical problem is complete description of
those finitely many operations needed to replace the solution of the problem
from the initial values.

An algorithm is stable if the associated truncation and rounding errors have
only a small effect to the output. Otherwise the algorithm is called unstable.
Such numerical instability can often be avoided by choosing a better algo-
rithm.

Mathematical instability is a property of the mathematical model and cannot
be improved by choosing a different numerical algorithm; the problem is then
called ill-conditioned (hdiridaltis tai pahanlaatuinen).

Example. Find the roots of equations
(a) #* —4x+2=0 and (b) 2*—402+2=0 (1)
by using 4 significant digits in the computations.

The roots of a second degree equation ax?® + bz + ¢ = 0 can be obtained from
the formulas

m:%(—wm), xgzi(—b—M) 2)

Since z175 = ¢, alternative formulas are

c
zy as before, xy=—. (3)
arq

Applying (2) to equation (la) yields

r=2+v2=20004+1414 = {@20'586

5



Formula (3):

2.000
_ 3414 = 2 5858,
1 WY

Error in the last expression is < 107,

Applying (2) to equation (1b) yields

2= 20+ /308 = 20,00+ 19.95 = J T =399
9 = 0.05
Formula (3):
2.000
— 30, — 2 0.05006.
I 39 95, T2 3905

Error in the last expression is < 107°.

1.4 Differential calculus in error analysis

Let’s compute the value of the function f(x) = :%2 at = 0.015 but first we

round this value to 2 decimals. The error will be then

£(0.02) — £(0.015) = (0'32)2 - (().()115)2 — 1944,

A small perturbation (0.005) in the value of = causes a large error in the
output. The problem is ill-conditioned.

A measure for ill-condition could be

error in the output

error in the input

If f is a continously differentiable function, according to the mean value
theorem

flz+e) = flz) = f'(©e,

where ¢ is between x and = + €.

[f(x+e) - fo)l

€]

[f(z +¢) = f()] < |e|max | f'(£)] (1)

< max | f(§)]

6



For functions of several variables the corresponding result is as follows: De-
note f = f(xy,29,...,x,) the exact value at (zy,xs,...,2,) and let f =
f(zy +e1, 20+ €9,...,2, + &,) be the approximate value. Then

- "L Of
f—fzga—m(ijHe)sk,
where 0 < 0 <1, x = (x1,...,2,) and € = (g1, ...,&,).

o

_ n 9
= [f = 1<) les|max
k=1

where the maxima are computed on the segment joining x and = + ¢.

Example 1. Estimate the error on computing
Ty

f(I1,$2,$3) = m

at (1.0,1.0,1.0) where the coordinates are given with 2 significant digits.

The error ¢;, in the value of the coordinate x; has an absolute value < 0.05.
(1 <k<3).
@f 1 af . —2]72.’131 8f —233'3.771

Ory a3+ Ove (23+22)? Oz (23 + 23)?

af 1
< — 0.56
Oz | — 0.952 4+ 0.952

max

af | 2-1.05-1.05
< — 0.68
o s | = (0.952 1 0.952)2
) 2.1.05-1.05
/ — 0.68

max

<
93| ~ (0.952 + 0.952)2

(2) = |f—f| =|f(1+e,14+e9,14¢e3)— f(1,1,1)]
< 0.05-0.56 4+ 0.05-0.68 + 0.05 - 0.68 = 0.096.



Example 2. f=21+29+ ...+ 1,
of

— =1
(%k

@)= [ = f1 <) leil

k=1

In addition absolute errors are added.

Suppose that n = 1000 and |e;] < 0.5-107°
(2) = |f—f] <1000-0.5-107° =0.5-10"2

The actual error is probably much smaller. The upper bound 0.5 - 1072 is
attained only if all €, are either positive or negative and have absolute value
=0.5-107".

Example 3. f =1z — 29

of

8331

of

=1
al’l

Absolute error: )
|f = fI < lea] + Jez]

Relative error: _
|f — f] < le1] + leo
Ifl 7 o —

If 21 = 0.5763 £ 0.5 - 10 and z = 0.5765 & 0.5 - 10%, we get

f—fl 107!
f = 10

=1=100%.

The loss of accuracy occurring in the substraction of two almost equal num-
bers is called cancellation. Such loss of accuracy can often be avoided by
reformulation into a mathematically equivalent expression.

Example 4.
fmal e = (—xik) i

k



of | _( J me_1 _ Mk
8xk—<xk )mxk —ka

The upper bound of the absolute error:

@)= [F- 1< lex] max m—f‘
k=1

The upper bound of the relative error:

|f‘f f’ < Z‘Ekumk’ma}ifﬁ/xk o~ 3 ‘mk| _r

In multiplication and division upper bounds of relative errors are added.

Example 5. Suppose that z and y are numbers satisfying 5 < z < 10 and
1 <y < 2. Suppose that x has 3 and y has 4 correct decimals. Estimate the
absolute error in es"(*¥)

f(.I, y> _ esin(my)

~ 0 0
(2) = |f — f] < |ez| max a—i’ + |e,| max a—;‘
Here |e,| < 5-107% and |g,| < 5 - 107
0 - ) .
G_ch =y cos(a:y)esm(:”y); _gjj =z cos(xy)esm(xy)
When 5 <2 <10 and 1 <y < 2, we get
0 0
f<21€—26 and —f§10-1-61:10e7
ox Jy

and therefore
7 1 -3 1 —4 -3
|f—f|§§-10 -26—|—§-10 -10e=1.5-¢-107° < 0.005.

Example 6. In the sum

al 1
; /14 coszy,



each zy is given with 3 correct decimals and 0 < z;, < 1V k. How large can
N be if we require that the absolute error in the sum does not exceed 10727

The error in one individual term is at most

e[ max | f'(£)]
where 1 1
= —— 0<¢<1 <=.107°

The total error is obtained by multilying this with N. Thus N can be at
most so large that the inequality

1 -3 / -2
« — . <
5 107" max |£(€)] <10

N

holds. Solving N from the inequality yields
10 10

N < < =90.9,
s maxo<e<y [f/(€)] T 5 -0.2201
where
i in 1 0.8415
max |f'(z)| = max e - < i - = _ = 0.2201.
Osest 0<e<1|2(14cosx)2| 2(l4cosl)z  2(1.5403)2

The largest integer less than 90.9 is 90 and thus the answer is N = 90.

1.5 Statistical error analysis

In the case of a very large number of similar operations as in Examples 2
and 6 the value error bounds can be very pessimistic. Sometimes one could
get a more realistic error bound by using statistical analysis.

For example, if we multiply 1000 numbers each of which has 3 significant
digits, then in each individual number the relative error is at most 0.5 %o,
but he relative error of the product is < 50 %. A statistical analysis shows
however that within 68 % probability the total error is < 3.2%.
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2 Numerical integration

2.1 Trapezoidal rule and Simpson’s formula

We wish to compute (numerically)

/bf(a:)dx.

If the integrand f(x) is derivative of a known function F' so that f(z) = F'(x)
we get the analytic solution

b b
F(b) — F(a) = /F'(x)dx = /f(x)dx (1)

Geometrically, we should compute the area of the domain appearing in the
figure. Let’s divide the domain into vertical stripes using the division of
[a,b] of the points x1,y,...,2, 1. Approximating the area of each strip
separately and adding approximations we get an approximate value for the
total area and the integral fab f(z)dx. Clearly

/bf(:v)dx = 7f(a:)dw + 7f(x)dx +- /b f(z)dx. (2)

If we denote xy = a and x, = b, (2) can be written

Th+1

uﬁmm=§/ﬁwm (3)

We suppose that the subintervals [z, x11] have equal length h. We approx-
imate the area of the strip corresponding to [zx,zk11] by the area of the
trapezoid in the figure. Then we get an approximation

Th+1

oyt~ pF ) Fn)

2

Tk

11



Substituting this to (3) we get

b n—1

N f(@e) + f (i)

/f(x)dx ~ Z h 5 : (4)
o k=0

The graph of function f has been approximated with straight lines. In (4)

each function value (except f(x¢) and f(x,)) appears twice. Therefore (4)
can be written

b

[ st@e [ 80 gy o o)+t pe + 252 )

This is the so called trapezoidal rule.
If f is twice continuously differentiable in [a, b], one can show that the error
in the approximation (5) is

(b—a)

- pre),

where £ lies between a and b.

Trapezoidal rule

b
/f(:v)d:v =h {f(;co) + f(x1) + fxo) + -+ f(zpo1) + / 5 + R, (6)
where
R = —%fﬂf”(ﬁ), a=x9< &<, =Dh
For R we get an upper bound
h—
7)< P20 mas |17 @

This upper bound will be arbitrarily small if A is taken small enough, because
R — 0, when A — 0.

12



Example 1. We apply (6) to f(z) = z? on the interval [0, 1]. Choose
1 k

h=— x29=0, x,=1, x,=kh=—.
n n

Now f/(x) = 2z and f”(z) = 2, and thus

1-0/1\2 1
Re—— " [2) 9= _—
12 (n) 6n?

1 2 -x(z) 2 2 2 55721
s=|xde=h|F+ai+tay+ - +w, +|+R
3 2 2
0
_h-0+ N 2Y (e ]
N 2 n n n 2 6mn2
h h 1
= [1242%24... B D I
n2[ +224 .-+ (n )}+2 o

2n3 — 3n?
12+22+---+(n—1)2+n2:”#"+” 2
_20° +3n° +n
-6

If f” is approximately constant, then the error in (6) can be estimated by
using Richardsson’s extrapolation as follows:

First we use the trapezoidal rule with n subintervals (h = %)

b

/f(x)dx C T 4 Ry where Ry — (L= % (b — a)2f”(§1). (8)

12 n

a

13



Then we use the rule with 2n subintervals (h = 2-2):

b
b—a) (b—a\’
/f(x)dx—Tg—i-Rg where RQ:—( D )( 5 ) (&) (9)

Since f” is approximately constant on [a,b], we have f(&) =~ f(£2). Then
Ry ~ 4Ry, and (8) and (9) imply

;

b
/f(x)dx ~ T, + 4R,

b
/f(.%’)d.%’ = T2 + R2

Substraction yields the %—rule

T — T
Ry=-—2—"1 (10)
3
This is an approximation for the error term in the trapezoidal rule with 2n

subintervals.

Since f: f(z)dz = Ty + Ry, we can improve the approximation T to the
integral ff f(z)dx by using (10). We obtain

b
/f(:v)d:v:Tg—l— L ;TI. (11)

Remark. (11) is actually Simpson’s rule in a non-standard form. Usually
Simpson’s rule is derived by dividing [a, b] to an even number (2n) of subin-

tervals and writing
T2k4-2

/bf(x)dx:i / f(2)dz. (12)

Here each integral f:;i’“” f(z)dz is approximated by integrating a quadratic

polynomial having same values as f at xox, Top11 and wopyo.

14



Simpson’s rule

/f dx—g f(zo) +4U +2J + f(220)] + R, (13)

where

U= flo1)+ f(zz) + -+ f(220_1)

J = f(x2) + fxg) + -+ f(22n—2)
(b—a), 4
= — <¢E<
R=-S 00 a<e<h
We show next that (11) and (13) agree so that
To—Ty h

Ty 4+ ot = 2 [f(@0) +4U +27 + flaa)]

where T7 and T5 are as before trapezoidal rule approximations with n and
2n subintervals, respectively.

T, =2 -+ + f(z) + + fzg) + -
n f<x2n—2) I n f(f?n)}
AT, = 4h f“+f@g+fug+f@@+f@n+

+f (@an2) + f(Ton1) + M}

2
ATy — Ty = h[f(wo) + 4f (1) + 2f (x2) + 4f (z3) + 2f (z4) + - - -
+2f (72n—2) + 4f (T2n-1) + f(220)]
= h[f(zo) +4U + 2J + f(x2n)]

Remark 1. For n = 2 we have J = 0 and Simpson’s rule reads
h a-+b
Jrioet e (259) 0]

15




Remark 2. If f is a polynomial of degree < 3, then the approximation
given by Simpson’s rule yields the exact value of integral (f(z) = 0 for
such polynomial).

Example 2. Apply Simpson’s rule (h = 0.1) to the integral

/133 + sin (pV/3x))da

For which values of p the approximation given by Simpson’s rule has error
<i.10737?
=3

(z) = 2” + sin (pv/3z)

(z) = 32% + pv/3 cos (pV/3x)
f"(x) = 62 — 3p*sin (pv/3z)

() = 6 — 3v/3p” cos (pV/3z)

(x)

[FO(€)] = [9p* sin (pV3a)| < 9p*
a 1—-0/1\" 1
~ R < 29 == (=) 9p*=— 10"~
1Bl < Tggh* max |F9(@)] = g5 (10) P=g P
This upper bound is S% 1073 if
1 1
— .1 —4 4<_1 3
o0 10 P =510
= p* <100

= p? <10

= |p| < V10

The error is at most % 1073 if |p| < /10 provided that errors in computing
function values are neglected.

The error term R can be estimated by using Richardsson’s extrapolation just
as in the case of the trapezoidal rule, if f((z) is approximately constant.

16



Mh4f(4)(§1)

b
dr = - =—
/f(:L‘) X 81 + Rh R1 180

Halving each subinterval we apply Simpson’s rule with %:

180 2

/bf(x)dx St Ry Ry =9 <ﬁ>4f<4>(52).

If (&) ~ fB(&), then Ry ~ 16R, and

(

b
/f(x)dm ~ 51+ 16 R,

b

Substraction yields the 1—15—ru1e

Sy — 51
Ry = 5

(15)

In order to reach a desired accuracy one can in practice apply Simpson’s
rule with 2, 4, 8, 16, etc. subintervals and stop the computation when the
absolute value on the difference of two consecutive results divided by 15 is

less than the desired error bound. Finally the correction
Sy — 51
15
should be added to the last approximation Sy (see (14)).

2.2 Example

We shall apply the trapezoidal rule and Simpson’s rule to the integral

1 1 .
4 x
d_/____.g

/x T 3 5 0

0 0

17



Trapezoidal rule with one subinterval (length h = 1):

0* 14
Ti=1-1—+—| =0.5
1 {2—{—2}

With two subintervals (length i = 1), we get

110 N\ 1
Ty=—|—+(= =
272 [2 +'(2) 3

Here the correct error is 0.08125. The %—rule gives the error estimate

= (0.28125

1

Ty — T 0.28125 — 0.50000
Tz—/xA‘dxz—Q L

= = (0.07292
3 3

0

Formula (7) gives the error bound

b—a,, ; 1-0 /1\° )
|R| < h* max |f"(z)| = — ] max |12z°| = 0.25000

12 a<z<b 12 \2) o<zt
The error estimate given by the z-rule (0.07292) is pretty good while the
error bound given by formula (7) (0.25000) is too pessimistic. The 1—15-rule as
well as the formula .
—a
h4 (4)
—hif ()
both give an error estimate with 5 correct decimals. The second estimate is
actually exact, because f®)(£) =4-3-2-1 does not depend on &.

R=-—

2.3 Evaluation error

The total error arising from the inaccuracy of the values f(z;) of the integrand
is called the evaluation error.

Theorem. Let f(z;) and f(x;) be the exact and computed function values at
x;, respectively, and let €; be the error so that

fxi) = f(x:) + &5

Suppose that |e;| < e for each i. Then the absolute value of the evaluation
error in the trapezoidal rule and Simpson’s rule is at most

e(b—a).

18



Proof. (for the trapezoidal rule)
Denote fr, = f(zx), fr = f(zx). Evaluation error for the trapezoidal rule:

L:h(%+fl+---+fn_1+%> —h<§+f1+---+fn_1+%)
:h(fO;f0+(f1_f1)++(fn_1_fn_1>+fn;fn>
:h<%+61—|—' +5n_1+%n>

yLy§h<%+|a!+---+|an1\+%)
Sh(g+5+-~‘+€+g> (16)
1 1
Sh8<§+1+~~+1+5)

Here the expression h {% +14---4+1+ %} also results from the trapezoidal

rule applied to the integral fj ldzx. For this integral the trapezoidal rule gives
an exact value, because the second derivative appearing in the error formula
(for the constant function = 1) is zero. Therefore

b

/1dx:b—a:h(%+1+---+1+%>.

a

From (16) we thus get
L] <e(b—a).

The proof for Simpson’s rule is analogous. O

2.4 Difficulties in numerical integration

The above formulas for numerical integration can only be applied when the
next two conditions are satisfied:

1. The interval ¢ < x < b is finite

19



2. The integrand f(z) is bounded

Problem 1. In applications we often find integrals with an interval of infinite
length, e.g.
/ f(x)dx

A

[ e~ o f

By definition,

if this limit exists, then the "tail 1ntegral" f 4 f(z)dz approaches zero as
A — oo.

Problem 1 is solved by performing a numerical integration on the finite subin-
terval [a, A] and by estimating the tail integral from A to oc.

For example, if we wish to compute faoo f(x)dx with an error < e, we could
write

e A 0o
/f(m)dx:/f(:v)dm—i—/fxdx
a A
and choose A so that the tail integral f 41 f(z)dx has absolute value < £.

Then we could apply e.g. Simpson’s rule to fa f(x)dx and double the num-
ber of subintervals as many times until the error is % Then the best estimate

for faA f(x)dz should differ from [°° f(x)dz by at most e.

Similarly we could handle integrals such as

/af(x)dx or 7f(x)d:p

Example of a tail estimate.

0o A
sm LC sm .fIZ' Sln CC
x° + 1
0 0

20




We wish to choose A so that the tail integral

[ee] X 2
/ (sinz)” < 0.001
1

d

A

We replace the integrand with a majorant which is easily integrable. Since

1 1
(sin:z:)2 <1 and i
we have - -
(sin z)? 1 7o 1
dr < | —dz = / _
/ x5+ 1 R B 4rt 4A%
A A
If A=4, then
1 1 1
— = _—_ = _——<0.001,
4A4 45 1024 —
so that

/Smx dz < 0.001.
A

Remark. In tail estimates usually quite crude estimates of the integrand
suffice.

Problem 2. If the integrand is unbounded, we could try to reduce the
integral by using a change of variable to another integral with a bounded
integrand. Then the interval of integration usually becomes infinite, so that
we should use the strategy described in the solution of Problem 1.

Example.
1

1+sinz

Jz

Substitute x = i, dr = —y%dy to get

1+s1n— dy F14sint
[ -]
Y / e

21
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Here the integral

o

1 —|—sini
/—de
y2

1

is bounded for 1 < y < co. Another way to compute the integral is to divide

the integral
1

1 1
1+sinx dx sin x
———dr = [ —=d d

/ N /\/E“/ﬁ !

0 0

0

and then substitute sin z for it’s Taylor series

3 2P

sinx:w—g—i—ﬁ—---.
2.5 Example

The primitive of f(z) = e~ cannot be expressed in closed form. However

/ ey = ? — 0.88623

0

Let’s compute this numerically with four correct decimals. Write

0 A 00
/eIde = /eIQda:—i—/erdx
0 0 A
and determine A so that
2 1 11
e < - 107t =--2-107"
/ © M=y 29
A
For example, we could use the fact that 22e~*" is decreasing for 1 < x < oo
so that 1 1
e = (xQe’IQ> - < AQe’AQ—2 ifA>1.
x x
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Now we get a tail estimate

o0 o0 o

/e_deI _ / <x2€—m2> d < A2e—A° d_I
x? 22
A A A
1
= A% = = AN (A>1)
By choosing A = 4 we get
—x? —16 -7 1 —4
/e dr<4-e "’ =x~4-10 §1-10 )

4

4
We estimate f e dx by using the trapezoidal formula.
0

2.6 Choice of step length A

If the integrand varies heavily in a subinterval of the interval of integration,
it may be a good idea to write

/b f(a)de = / F(x)de + /b f(2)dz

and compute separately the integral over the interval ([a, ¢] in figure) where
f has large oscillation. Then we can substantially reduce the computations
because in computing the integral fcb f(z)dz the required step length is much
larger than in [a, c|.

2.7 Remark

Even when f; f(z)dz can be computed analytically by using a known primi-
tive function F' such that F’ = f, the computations can be so awkward that
a numerical solution is to be referred.
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3 Nonlinear equations

In this chapter we try to determine approximate values of real roots of a
nonlinear equation

fl@)=0 (1)

and estimate the error in these approximations.

3.1 Graphical analysis

A sketch of the graph of y = f(z) can give a preliminary idea of the location
of the roots of (1) on the x-axis. The intersection points of the graph with
the x-axis then give approximations of these roots.

Sometimes (1) could be replaced with fi(z) = fa(z) (if e.g. f = fi — f2).
Then the z-coordinates of the intersection points of the graphs of y = fi(z)
and y = fy(x) provide approximations for the roots.

Example 1. If f(z) = 2% — cosz, then (1) can be written 22 = cosz. The
positive root is then seen to be approximately zy = 0.8.

3.2 Taylor’s formula

Let us recall Taylor’s formula in the simplest cases.

The mean value theorem.
If f is differentiable on [a, ], then 3 £ € (a,b) such that

f(b) = f(a) = (b—a)f'(S). (2)

Graphically this means that a tangent of the graph of y = f(x) is parallel to
the line segment L joining the points (a, f(a)) and (b, f(b)). The slope of L

is
f(0) — f(a)
b—a
and therefore it agrees with the slope of the tangent at (§ Cf€ ))

Another example of Taylor’s formula is

(b—a)

2L 1), 3)

f(b) = f(a) = (b—a)f'(a) +
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where a < £ < b. If h =b— a, then (3) can be written
h2
fla+h) = fla) = hf'(a) + 5 ["(£). (4)

3.3 General error estimate

Suppose that a is an approximate value of a root T of f(z) = 0. If a is a
good approximation, then |f(a)| should in general be small.

Conversely we have the following estimate.

Theorem 1. If T and a are as above, then

|f(a)]

r—al < ———
Tl S e @]

where I is the interval with end points a and T.
Proof. Mean value theorem (2) yields
= fla) = f(@) = fla) = f(O)(@ —a)
= @ = (Ol —al = min|f'(2)[[F - al
|f(a)]

minxel ‘f’(l’) ’

= |T—al<

3.4 Fixed point iteration

Let us write f(z) = 0 in an equivalent form x = F(z) (two equations are
called equivalent if they have exactly the same roots). F' can be chosen in
different ways, for example

r=ux—f(r)=F)
r=x—cf(x) = Fy(z) (¢ # 0 constant)

v=x—g)f(z) = Fx) (0<][g(z)] <o0)
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The equation f(z) = 0 has the same roots with z = F;(z) (i =1,2,3).

In iteration methods we start with an initial value zy and define x, xo, ...
by the iteration formula

Tn1 = F () (n=0,1,2,...). (5)
Problem. When does the sequence {z,} converge to the desired root T of
x = F(x)?
We shall see that the method works under some assumptions on the slope of

F (Theorem 3).

Theorem 2. Suppose that {z,} converges to a limit o and that F' is contin-
uous. Then « is the root of the equation v = F(x).

Proof. Let n — oo in x,11 = F(x,).
Left-hand side: z,1; — «
Right-hand side: Since F' is continuous, then F(z,) — F(a).

Then
a=lim z,4 = lim F(z,) = F(a).
n—oo n—oo

The main theorem concerning the convergence of the iteration is:
Theorem 3. Suppose that the inequality

|F'(z)] <m <1
holds on an interval containing the root T and each x,,. Then

lim z, = 7.
n—oo

Proof.

r1 = F(xo) o =
F = F(7) } = 11— =F(xy) — F(T)
Mean value theorem (2)

= F(x) — F(z) = F'(§)(x0 — 7)
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Since |F'(€)| < m, we get

o = 7] = [Pao) — F(2)| = |F(€) |0 — 7| < mlo — 7.
Hence |z — Z| < m|zg — Z|. Similarly

[z = Z| = [F(z1) — F(T)| = [F'(&)|z1 — 2| < m|2y — 7.
Since |z — Z| < m|zy — T, it follows that

|2y — Z| < m|zy — Z| < m?|zo — T
Repeating the argument we find that
2, — T < mlzp_ 1 — T <mPap_s — T < - - <Mz — 7.

Here m™ — 0 as n — oo (because m < 1). Therefore the right-hand side
— 0. Hence
|z, —T| — 0

and the theorem is proved. O

Example 3. Determine the real root of the equation
P —r—1=0.

From the graph we see that the only real root ¥ ~ 1.3. We write the equation

in an equivalent form
r=212"—1=F(2).

= F'(z) = 32°
Therefore F'(x) > 1 close to # = 1.3. Thus we cannot expect that the

sequence x, = F(z,_1) converges. For example, if zq = 1.3, then z; = 1.197
and x4 = 0.71506, so that the distance from the root 7 is increasing.

Example 4. We write the equation of Example 3 in the form

1
2 -1

x=F(x)=
Then
2z
@1
so that |F'(z)| > 1 close to x = 1.3. If 2y = 1.3, then z; = 1.4493 and
x9 = 0.9087. The iteration diverges.

F'(z) = —
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Example 5. Write the above equation in the form

Wl

r=F(x)=(x+1)5.

Then )
Fl(a) = 5z +1)78
and 1
F'(1.3) = §(2.3)*% <1.
Actually

1
|F'(z)| < 3 when x > 0.

By induction one can show that x,, > 0 if xy > 0. Thus by Theorem 3
the iteration converges whenever zo > 0. If 2o = 1.3, we get ;7 = 1.3200,
xe = 1.3238.

In the proof of Theorem 3 we derived the inequality
|z, — T < m"|xyg — T (6)

This can be used to estimate the accuracy of z,, if we know an upper bound
for m and |z — Z|.

Problem. How can we decide in general whether the iteration converges for
some given initial values x?

In Theorem 3 we assumed that |F'(x)] < m < 1 on an interval I which
contains T and each z,,. How can we find such an I in practice?

Answer:

- First we find an interval a < x < b containing the root T and the initial
point xq

- I shall be the interval which has the same midpoint as a < x < b but
is three times as long as a < x < b

- m is chosen so that |F'(z)| <m on I
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- if then m < 1, then the hypotheses of Theorem 3 hold on I, inequality
(6) holds and the iteration converges

- if m > 1, start again with a different interval a < x <b.

Example 6. How many iterations should be performed by using the formula

-1
Tpil =
i 2 +2
and the initial point o = —0.5 to determine the real root of

2 4+2x4+1=0

with four correct decimals?

Since the polynomial 2 + 2z + 1 changes signs on the interval —0.5 < x <
—0.4, then |xg — Z| < 0.1 and I will be the interval —0.6 < z < —0.3.

—1 2x
Flz)= ———: F' = —
() x4+ 2’ () (22 +2)?
For each z € I we have
2-0.6 2-0.6
|F’(a:)| < = <0.3

((—0.3)2+2)2  2.092 —
We can choose m = 0.3. From (6) we get

|z, — 7] <0.3"-0.1
For n = 7 the right-hand side is < % -10~*. Thus 7 iterations will suffice.
In error estimates we should not forget the evaluation error.

Theorem 4. Let T be a root of v = F(z) and let €, be the evaluation error
in F(z,) so that

Tni1 = F(zn) + en. (7)
Suppose that |e,| < e and that
|F'(z)| <m <1 (8)
holds for each x between T and x. Then
_ €
[Zp1 — 7] < 1_m|xn+1_xn|+1_m‘ 9)

29



Proof.
Tt — T L F(2,) +en — T = F(20) + en — F(T)
= |rpp — T < |F () — F(T)| + |en]
Mean value theorem & (8)

= |F(z,) — F(@)| < m|z, — 7|

Hence
Tny1 — T| < mlz, —T| + &,
= m|xn — Tp+1 + Tpy1 — E‘ + |€n‘
<m|x, — Tpg1| + m|xp — T+ €
= (1—m)|rpy — 7 <mlx, — Tpya| +¢
Since m < 1, (9) follows. O

Example 7. We apply Theorem 4 to Example 5.
flz) =2 -z —1; sz(x):($+1)%
xg =13, x; =13200, zo=1.3238 n=1
Now f(1.3) = —0.103 < 0 and f(1.4) =0.344 > 0s0 1.3 <7 < 1.4.

1 1
‘F/<LU>|I 2 S ) <02=m
3(x+1)5  3-235

Since x; = 1.3200 lies between 1.3 and 1.4, we can apply Theorem 4 with
n = 1. If we assume that the evaluation error in xy is < % 1073, we obtain

02 11,
v — 7 < 52 (13238 — 1.3200] + o - 10

08 2
1
< Z—1-4.10*3 +0.625-10%<2-1073

Thus the error in x4 is at most 0.002.
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Example 8. Suppose that ¢ = 10712 and m = % in Theorem 4. If ¥ should
be determined with an error < 107!, we continue the iteration until

3 P 10
2 —
1_l‘xn+1_xn|+1_l§10 ’

2 2

that is, until
|Tps1 — 2, <1070 —2.107 = 0.98 - 10717

Remark. The first term on the right-hand side of (9) reflects the truncation
error and the second term reflects the evaluation error.

We usually apply Theorem 4 by choosing an interval I containing = such
that (8) holds for some m < 1 and each z € I. If x,, € I, we compute x, 1
and estimate the error |z, — T| by using (9). If z,,1 € I, we can repeat
the procedure. The iteration is stopped when the error is small enough.

The error bound for x,,,1 given by (9) is always at least equal to the evaluation
error in F(z,). The actual error in z,4; can of course be smaller.

3.5 Newton’s method
We write f(x) =0 in the form

[teration formula

To = initial value

Pt = T )
n

n=20,1,2,...

The iteration can be performed graphically by drawing a tangent to y = f(x)
at (2, f(z,)) and determine the intersection point of this tangent and z-axis.
The equation of this tangent is

y — flzn) = f'(zn) (@ — 2p)
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and the intersection point has z-coordinate satisfying

0— f(zn) = f'(2n)(x — 24),

so that )
Tn
r =Ty — )
f'(zn)
that is, v = z,41.
Example 9. f(z) =2 —z—1
Ty = 1.3
f(xy,) 32—z, —1 223 +1
Tpil = Tp — =T, — =
“ F'(an) 302 — 1 302 — 1

The computations are easier than in Example 5. If g = 1.3, we get
x1 = 13253 and w9 = 1.32472.

Example 10. Computing of square roots.

Va is a root of the equation
f(z)=2>—a=0.

Here f’(x) = 2z, and the initial point can be guessed. Then

2 —a 1 a
Tp41 = Tp — =—|zp+—).

2z, 2 T

This algorithm is very practical; each step requires just one division and
computation of one arithmetic mean.
If a =5 and o = 2, we get

1, =225, x5 =2.235, x3=2.2361.

Compare with the exact value v/5 = 2.23607.
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Example 11. Reciprocals.

% is the root of

Now f/(z) = —=% and thus

Tpi1 = Tp + 25— = 2,(2 — axy,).

If a =13 and 2y = 0.1 we get
r1 = 0.07, x5 =0.0763, x3=0.076918.
The exact value is %3 = 0.076923.

The convergence of Newton’s method can be studied by using Theorem 3.

W)
F@) ===55
PR S @)
Fla)=1 ()2 oy

If f is two times differentiable, the iteration converges therefore is
"
f'(x)?
in a neighborhood of the root T and |zy — 7| is sufficiently close to 7.

Theorem 4 can be applied to find error estimates. Then ¢ is an upperbound
for the evaluation error in

F(z,) =z, —

f(zn)”

Since z is fixed, this evaluation error is equal to the evaluation error in
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Example 12. We apply Theorem 4 to Example 9.
flx)y=2"—2—1
1.3<z<14
f(1.3) = —-0.103 < 0
f(1.4)=10.344 > 0
fl(x) =32 —1; f"(z)=6x
As in Example 7 we estimate the derivatives between x = 1.3 and = = 1.4.
f(x)f"(x) 0.344-6-1.4
[F'(2)] = | =7~ 3
f(x) 4.1

1
2

<0.2

10~?, we obtain
0211 30472 — 1.3253) + ;107
1-02"" ' 1-0.2
1 1
= _.0. —.10°
7+ 0-00058 + o 0
= 0.000145 4 0.625 - 1077
< 0.000152.

Theorem 5. Suppose that f is two times differentiable, f(T) = 0 and f'(T) #
0. If x, s sufficiently close to @, then there exists a number & between x,
and T such that

J"(€)

2f"(xn)
Proof. Let Ax =T — x,, (correction) so that T = xz,, + Az. Taylor’s formula
=

If we assume that € =

|z — 7| <

|Tnt1 — T =

e — 7’ (10)

0= 1(7) = Flo, + Aa) = flz,) + Aaf() + 2@ ()

By hypothesis, f’ is continuous and f'(z) # 0. If z,, is sufficiently close to 7,
then also f’(z,) # 0. Then (11) =

f(zn) Az? f"(€)
= A —
VT ) TR T e
_ — (f_ xn>2 f”<€>
=Ty — Tyl +T — Ty + 5 7(0)
= 2.rn
S ikt () BT

2f/(xn>
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Formula (10) shows that the convergence pf Newton’s method is quadratic:
the error in x,,; is proportional to the square of the error in z,. If the
proportionality coefficient

‘ f"(€)

2f"(zn)
is of order 1, then the number of correct decimals will be doubled in each
iteration step.

In general fixed point iteration convergence is linear; then (10) is replaced
with
T — T = [F'(E)||zn — 7|

Order of convergence is defined as the largest value of p such that

lim M =c < 0.
n—o0o |I‘n — 1‘|p

Order of linear convergence is 1 and order of quadratic convergence is 2.

Newton introduced his method in 1687 and it was later applied by Keppler
to the equation x — esinz = a.

3.6 Secant method
If f'(x,) is replaced by the difference quotient

f(xn> - f(xn—1>

Tp — Tp—1

in Newton’s method, we get the iteration formula

Tp — Tp—1 o xnf(mn—l) - xn—lf(xn>

f(xn) - f(xn—1> B f(xn—l) - f(xn)

In contrast to the previous methods the iteration formula of this secant
method is no longer of the form

(12)

Tp+1 = Tp — f($n>

Tpy1 = F(l’n)7
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and we also need two initial values zy and z;. The method can be used for
example when the derivative f'(x,) is difficult to evaluate (f(z,) could e.g.
be defined implicitly etc.).

The converge of the secant method is "superlinear", that is, faster than linear
covergenge but slower than quadratic convergence. The order of convergence
for the secant method is in fact the golden mean v = 1.618.. ..

If in (12) (2,-1, f(zn_1)) is replaced with (zo, f(20)), we obtain "classical
Regula Falsi". Then all secants pass through a single point (xo, f (xo)). Con-
vergence is slower than in (12).

In another variation of (12) successive approximations x, and z,_; always
lie on different sides of the root. If z, and x,_; are such approximations,
then

f(xn)f(mn—l) < O'

We compute 2,41 from (12) and find out whether f(z,)f(2,4+1) < 0. If this
is the case, we continue iteration. If f(z,)f(x,+1) > 0, then we replace z,
with x,_; in the next iteration step. The advantage of this method is that
at each step we get an error estimate, because the root always lies between
x, and x,_; and also between x,; and x,.

In the computation of the values of f we must, however, take into account
the evaluation error. If the evaluation error in f(x) is at most ¢, then f(x,)
is positive if the computed approximate value f(x,) satisfies f(x,) —e > 0.

3.7 Horner’s scheme

Horner’s scheme is a method to compute the value of a polynomial p(z) and
its derivative p'(z) at a given point xy. For example, the polynomial

p(x) = 22° + 52% — 4o + 3
can be written in the form

p(z) = ((2z +5)z — 4)z + 3. (13)
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The value of p at xy can be computed in three steps:

cT = 2[[’0 —f‘ 5
Cy = Ci1Tg — 4
c3 = coxg+3

(13) = plzo) =c3
General case: Suppose that
p(z) = apr™ + a1zt o A a1+ ay,.

The value p(zo) can be computed recursively:

Co — Qo
Cr = Cp—1Zg + Qg (1 S k S n) (14)
p(IO) = Cp

The computation of p(zg) then requires n additions and n multiplications.

Claim. p(z) = (v — z0)q(z) + ¢,, where q¢(z) = coz" ' + 1™ 2+ 4,1
Proof.

(z — 20)q(x) + ¢ = 2q(x) — 20q(x) + ¢4y
=cox" + " M i
—zo(coz" '+ aa" P+ ) o
= coz" + (c1 — como)x" ' + (co — 1) 2 + - - -
+ (eno1 — Cn—2%0)x + (¢ — Cp_170)
= aox" + a1zt F a4+ -+ ap1T + ay,

= p(z).

Differentiation:
P(x) =q(x) + (& = 20)¢'(z)
= p'(z0) = q(x0)
p'(x0) can therefore be computed by Horner’s rule by replacing the coefficients
ap with the numbers ¢y, cq,...,cp_1:

37



do = C
dk = dk_ll'o + ¢k (1 S k S n — 1) (15)
p/<$0) = dnfl

Example 13. p(x) = 223 + 52 — 4z + 3; 29 = 1. To compute p(zy) and
P’ (x¢) we build Horner’s scheme:

2 5 -4 3
Ch—1Tg — Xo =1 2 7 3
L — 2 7 3 6=p)
dg—170 = 9 =1 2 9
&y = 2 0 12 =p(1)

Example 14. Determine all real roots of the equation
p(z) =2° -2z —5=0.

By drawing the graph we see that there is only one real root T which lies
between x = 2 and = = 3. Newton’s method with =y = 2:

Tog = 2
p(rn) 3 — 2z, —5

P (xy,) — 3x2 —2

Tp+1 = Tp —

We use Horner’s scheme for the computation of p(2) and p'(2):

1 0 -2 =5
Ty = 2 +1-2 +2-2 +2.2
1 2 2 —1=p(2)
20 = 2 1.2 44-2
1 4 10 =702
Therefore ) .
x1—x0—p,(x0)—2—p/<)— - — =21
P (20) P (2) 10
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The next step yields the scheme

1 0 -2 =5
x=21 121 +21-21 +241-21

1 21 241 0.061 = p(2.1)
z=21 +1-21 +42-21

1 42 1123 = p/(21)

p(21) _, 0061

p2.1) 77 11.23
Each iteration step after this yields tha same result z,, = 2.094551.

Ty =2.1— = 2.094568

Remark. The example shows how Horner’s scheme could be used in in con-
nection with Newton’s method. In this example the number of computations
could be reduced, however, by writing the iteration formula in the form

xd — 2, —5 2245
312 -2 322 -2

Tpy1 = Tn —

3.8 Systems of nonlinear equations

We present an analytic derivation for Newton’s method, which can be gen-
eralized for several variables.

Let T be a root of f(z) = 0. If x, is a good approximation of Z, then
Ax =T — x, is small. Taylor’s formula (4) =

(Ax)?

0= £() = fan + Ar) = fon) + Aaf () + - 1(€).

If f”(€) is not very large, then the last term is small, so that

0=f(Z) ~ f(xn) + Az f'(zn)

o flx)
= Az —f/@n)
Hence (22)
Ty + Ar ~ x, — ff/(itL) = dn+1,



Thus z,.1 should be a better approximation of = than x,. This was the
analytic derivation of Newton’s method.

The problem for two variables is to look for approximate solutions of a system

{f(x,y) =0

g(z,y) =0 19)

The iteration method will be found as before by using Taylor’s formula.

Let (Z,y) be an exact solution of (19) and let (x,,y,) be an approximation
of (Z,y). Then Ax =7 — x, and Ay = 7 — y,, are small and T = z,, + Az,
U = yn + Ay. Taylor’s formula (Analysis)

0= f(z,9) = f(z, + Az, y, + Ay)
= f(xna yn) + Axle($n>yn) + AyDQf($myn) + Tl
of

_ of
- f(xna yn) + A{L‘%(l‘m yn) + Ay8_y<xna yn) + Tl

Similarly

0 0
0=9(Z,9) = 9(xn, yn) + Axa—z(:cn, Yn) + Aya—Z(m’m Yn) + To

The remainder 7 has the form

1 5?2
T, == Az A A
| 2( 55 f(@n + €A, yu + EAY)

2

2AzA A A
82
+ Ay2a—y2 (zn + AT, Yy +§Ay>) 0<¢<1)

If these second partial derivatives are not very large, then 77 (and similarly
T») is small, so that approximately

_ of of
0= f(xm yn) + A:Cax (:Cn, yn) + Ayay (xna yn)

dg dg
= Axr—= Ay—=
0=g(zn,yn) + T (@0, yn) + yay(xn,yn)
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We solve Az and Ay from (20) and set

Tp41 = Tp + AZE, Yn+l = Yn + Ay
This is Newton’s method for the solution of (19).

Example 15.
2 —yt=1
4yt =4
of of
dq dq
— 72 2_ 4 -2 _—9 1 _9
glzy) =" +y =4, o TGy T

This system has a solution 7 = /2.5 = 1.5811 and y = /1.5 = 1.2247. The
system (20) is now

0=a?—92—14+ Az 21, + Ay - (—2y,)
0=o2+y? -4+ Az 22, + Ay -2y,

Solution: 5oy
22 —54+4x, Az =0 = Ar="— Tn
4x,,
3 — 212
202 — 3+ 4y, - Ay =0 = Ay:—y”
4y,
Iteration formula:
LA 222 +5 1 MRS
Tnt1 = dn e Az, an 4 x,
22 +3 1 3 1
e SIS Ty, T Ty,
Starting from xy = yo = 1.4 we obtain
1 5 1
=—-14+-.-— =1.593
eI
1 3 1
=—-144-.-— =1.236
R
To = 1.5812
ys = 1.2248
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3.9 Ill-conditioned problems

Consider an equation p(x) = C, where p is a polynomial. Sometimes a small
perturbation of the coefficients of p can result in a dramatic change in the
roots of p(x) = 0.

For example, if
p(x) = (x —1)(x—2) - (x — 20) = 2% — 2102 + - - - + 20!,
then the roots of p(x) =0 are x = 1,z =2,...,x = 20.

We change the coefficient —210 of z'? by replacing it with —210 — 2723, To
find the roots of this kind of equation we need a much higher accuracy in
computations than 2723,
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4 Approximation

4.1 Introduction

There are a few reasons why approximation is to be referred.

1. Approximation of a given function by a simpler function makes some
tasks easier, e.g. evaluation of the function values, numerical integra-
tion and differentiation

2. If the values of the function are originally known only at finitely many
points (e.g. as measured quantities), then a suitably chosen continu-
ous function could approximate the given function at points where the
values are not known.

The approximating function could be e.g.

- a polynomial

; ‘o 2@
- a rational function )

- an exponential or a trigonometric function

Consider an approximation of a given function f by a rational function R.
In order to get n correct decimals for the approximation on an interval a <
r < b, we must have

max |f(z) — R(x)] < =-107".

a<z<b

N | =

We say that this number max,<,<; |f(x) — R(z)| is the distance between f
and R on [a,b] or the norm of f — R on [a,b], denoted ||f — R)|.

Often in practice the values of f are known only at finitely many points
x1,To,. .., T, (e.g. as measured quantities). Then we could use the norm

If = BRIl = max [f(z;) — R(zs)]

1<i<n

and try to determine a rational function R whose values at the points x; are
sufficiently close to f(x;).
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Problem. Given f find a rational function R such that deg R < m and

If = Rl (%)

is as small as possible.

The solution depends on the definition of || f — R||. For example, if we use the
above maximum norms, then accidental errors in individual measurements
can have a large impact to the approximation R satisfying (x). Therefore
it is often better to measure the distance between f and R by using the so
called "least squares norm”

(S

If = Rl =

> (fla) - R(:ci))Ql (1)

i=1

Remark. The expression in (1) contains the square root in order that the
axioms of the inner product space were satisfied. For example the norm (1)
satisfies the triangle inequality

1+ gl < 171+ llgll,

where || f|| = ||f — 0]]. Compare with the norm in R?: if (xq,9;) and (2, y2)
are points in R?, then

||($1,y1) - <x2ay2)” = [(xl - x2>2 + (y1 — yg)ﬂ% .

4.2 Polynomial approximation

Approximation by rational functions is in general a difficult task. In the se-
quel we mainly concentrate on approximation by polynomials. The following
fundamental result states that a continuous function can be approximated
by polynomials on an interval [a,b] with an arbitrary high precision:

Weierstrass approximation theorem. If f is continuous on [a,b] and
e > 0 then there exists a polynomial p(z) such that

max |f(r) —p(z)| <e.

a<z<b

We will next consider four ways of approximating a given function:
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Taylor polynomial

interpolation

least squares

splines

4.3 Taylor’s expansions

If f is n times differentiable in a neighborhood of «, then f has a Taylor’s
expansion

F(E)

n!

(l’ - a)n’

fl@)=fla+(z—a)) = o (x —a)* +

where ¢ is a point of the interval I whose end points are x and a. Here the
Taylor polynomial

T2 W (q
pw) =3 Ty

is a polynomial approximation to f of degree at most n — 1. The error is

(n)
S (e

pe) - flo) = ~1—
and it has on an interval a < x < b the upper bound
max | [ ()|
_ - _ < 22 NS/ _
17 = pll = ma | (@) — (o)) < =y — o
a+b

In order to minimize this upper bound we should choose o = so that «

is the midpoint of [a, b].

2

Example 1. We wish to approximate e~ between 0 < x < 10 to get three
correct decimals.
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Taylor’s expansion at a = 0:

2 a3
€ :1+$+§+§+"'
2,3
e =1—=x + 5 - 5 +
n—1
—x <_1)k k n€ ¢ n
k=0
We should choose n so that
n—1
—1)k n 10™
max |e * — (=1) 2% < max (—1)”e_x| max Ja[* =— <0510
0<z<10 — k! 0<z<10 0<z<10 n! n!

The smallest n for which the last inequality is satisfied is n = 32.

Taylor’s expansion at o = 5 is

n—1
—x — T— -5 _—(x— (_1)k€_5 ne_E n
e™® = e PF@=O — =5~ (@=5) :ZT(x—5)k—l—(—1) F(l‘—5)
k=0
The error has an upper bound
n—1
- (—=1)Fe™® k o"
T _ N ) _ <
o?%e ¢ kX; k! (v =57 < n!

Here we should have n > 19 to get 5n—7 < % -1073.

method order of polynomial
Taylor: o =10 31
Taylor: o =5 18
other methods 5
rational approximation 5

Remark. Tayrlor’s expansion does not in general yield an adequate poly-
nomial approximation with respect to the maximum norm. This is quite
natural because the Taylor polynomial depends only on local behaviour of f
in a neighborhood of a. On the other hand, in such a small neighborhood of
« the expansion can be a very good approximation to f.
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Example 2. We wish to approximate arctan z on the interval —1 <z <1
to get 6 correct decimals. Taylor’s expansion at a = 0:

— arctanz = =1 -2t 0. ..
dx 1+ 22 + T
N ‘ /d . x3+x5 x7+
arctany = | —arctanr =1 — — + — — — + - -+
dx 3 5 7

0

The theorem of Leibnitz guarantees convergence and the remainder term has
the estimate

n—1 1\k "
arctanr — E (=1) p2HL < (1) 21| < 1

1 1 —6 .
51 < 3 - 107" we should use a polynomial of

To get the desired accuracy
degree 1 999 999.

By other methods it is possible to find a polynomial of degree 15 which gives
the desired accuracy. A rational approximation of the form

aox + alx?’ + a2x5

1+ CL3.Z’2 + a4x4

R(x) =
can also give the desired accuracy, so that

max |arctanz — R(z)| < = - 1076,

1
|z|<1 2

4.4 Interpolation

Assume that function values f; = f(x;) are known for different points xg, x1,
..., T,. We want to determine a polynomial p,, of degree at most n such that

pn(xO) = f07 pn(xl) = f17 cee 7pn(xn) - fn

Such a polynomial is called interpolation polynomial and points x; are called
nodes. The numbers f; relating to the nodes can be the values of a known
function f (e.g. Inz,sinz, etc.) such that f(x;) = f;; then p,(z) is the poly-
nomial approximation of f which has the same values as f in the given points.
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The numbers f; can also be measurements or observed values. In order to
get approximate values for f at point z outside the measured points, we use
the polynomial p,(x). If x lies on the interval formed by o, ..., z,, this is
called interpolation, otherwise extrapolation. In extrapolation, however, the
approximation does not usually have good accuracy.

We will later see, that there exists such an interpolation polynomial of de-
gree at most n and it is unique. The uniqueness is follows from the fact
that the difference of two possible interpolation polynomials d,, = p, — ¢, is
a polynomial of degree at most n which has at least n + 1 roots |at nodes
X9, 1, ..., T, we have by assumption p,(x) = ¢,(x)|; therefore d, vanishes
identically and hence p,(z) = ¢, ().

We will next study different methods for finding p, (z). All of these methods
give a unique polynomial but the forms of the polynomial and the number
of required computations vary in different methods.

Special cases: Linear and quadratic interpolation

In linear interpolation we use a straight line passing through (zo, fo) and
(x1, f1) and the assiciated interpolation polynomial is

pi(z) = fo + (x — x0) f[20, 71] (1)
where B
flao.i] = =00 2)

is the first divided difference (ensimméinen jaettu erotus).

From (1) we see that p;(z¢) = fo, and by (1) and (2) we see that p;(z1) = f1.

Example 1. Estimate the finnish population in 1978 by using the following
data:

Year 1970 1982
Population (1000) 4598 4842
Solution:
4842 — 4598
1 =4 1 -1 —— = 4761 t 4
P1(1078) = 4598 + (1078 — 1979) -0 = 4761 (correct 4758)
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In quadratic interpolation the approximating polynomial ps(z) is of degree
< 2 and its graph passes through the points (xg, fo), (21, f1) and (22, f2):

po(x) = fo+ (x — o) flxo, 1] + (z — xo) (x — x1) fl20, 21, X2] (3)

where

flzr, wa] — flzo, 21 (@)

f[x07x17x2] -
To — X

is the second divided difference.

From (3) we see that pa(zo) = fo and pa(x1) = fo + (21 — xo)% = f1; in
addition po(z2) = fo.

Example 2. We know In8.0 = 2.0794, In9.0 = 2.1972 and In9.5 = 2.2513
but what is In9.2? We compute divided differences from (2) and (4):

2o = 8.0, fo = 2.0794
7 =9.0, f; = 2.1972
T9=9.5, f, = 2.2513

f[l’o, l‘l] =0.1178

Fly, 2s] = 01082 J 120 %1 %2] = ~0.0064

(3) = po(z) =2.0794 + (x — 8.0) - 0.1178 + (z — 8.0)(x — 9.0) - (—0.0064)
= 0.6762 + 0.22662 — 0.00642>

p2(9.2) = 2.2192 has four correct decimals.

Newton’s interpolation and divided differences

Formulas (1) and (3) are special cases of a more general interpolation formula.
Note that p, is obtained from p; by adding the last term of (3) to p;. We try
to accomplish a similar situation in the general case:

Pu() = pp-1(z) + gn() ()

where pn—l(%) = pn(iﬂo) = wa-wpn—l(gjn—l) = pn(il?n—l) = fn-1 and
Pn(Ty) = fn. In order to determine

gn(x) :pn(m) _pnfl(x) (5’>
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note that in view of the above conditions g, vanishes at zq,...,x,_1. Since
in addition deg g, < n (because degp, < n, degp,_1 <n —1), g, should be
of the form

9n(®) = an(z — zo)(z — 21) -+ (T — Tp1). (57)
To determine a,, we substitute z = z,, and solve (5”) with respect to a,,.
Since by (5") gn(zn) = pu(Tn) — Pu1(xn) = fo — pn_1(zy), the result is

fn _pnfl(xn> (6)

(xn — x0)(Tp — 1) -+ (T — Tp1)

Ay —

For n = 1 we have p,_1(x1) = po(z1) = fo, so that by (6)
_ J1 = po(x1) _ Ji—Jo

xT1 — Zo 1 — Zo

= f[x()v 1‘1]

3]
and (5) yields formula (1). Similarly, for n = 2 we obtain (3) because in (6)

Jo —p1(2) ) f2 = fo — (z2 — o) flwo, 71]
so that
_ fo— fo — (x2 — xo) flxo, 21]
(22 — x0)(22 — 71)

Thus (3) follows from (5) for n = 2, when we substitute g»(x) according to
(57). Similarly

= flwo, 71, 7o)

a2

f[xbl'mx?)] - f[I07I1,$2]

az = f[x()axl?x%x?)] =

T3 — 2o
and in general
f[xla"'vxk] B f[x(]?"'wrk—l]
= = 7
Qy f[x()a 7:[;k] (xk _ 130) ( )

Here f[zo, ..., x| is the k:th divided difference.

The sketch of the proof is as follows. Let p; , be the interpolation polynomial
for the nodes z1, ..., z, and let py,,—1 be the interpolation polynomial for the
nodes xg,...,x,_1. Then

(z — x0)p1n(z) — (¥ — xn)po,n—l(x).

pn(x) - Tp — Lo
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For n = k we obtain from formula (5)

pr(x) = pr_1(x) + (x — xo)(x — 1) -+ - (¥ — xp_1) fo, - - -, Tk (8)

For k =1,...,n we first obtain (1) and (3) (for k = 1 and k = 2), and finally
for k = n we obtain Newton’s interpolation polynomaial

po(x) = fo + (x — x0) flwo, 21] + (x — w0 ) (x — 1) 20, 1, T2]
+- ot (x—x0) - (x — xp1) flTo, - - -, X0

(9)

In practice one often uses the following divided difference scheme.

Example 3. Approximate In9.2 by using the given function values.

xj  fi=f) | flrg, mia] fleg zin i) flrg, 254
8.0 2.079442
0.117783
9.0 2.197225 —0.006433
0.108134 0.000411
9.5 2.251292 —0.005200
0.097735
11.0 2.397895

For example

0.097735 — 0.108134

—0.005200 =
11-9

Now formula (9) yields

ps(z) = 2.079442 4 0.117783(x — 8.0) — 0.006433(z — 8.0)(z — 9.0)
+0.000411(2 — 8.0)(z — 9.0)(x — 9.5)

For x = 9.2 we get
£(9.2) =1n9.2 =~ 2.079442 + 0.141340 — 0.001544 — 0.000030 = 2.219208

The exact value In 9.2 = 2.219203. The accuracy is increasing with £ because

p1(9.2) = 2.220782; p2(9.2) = 2.219238; p3(9.2) = 2.219208.
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Newton’s forward difference formula

In (9) the nodes are arbitrary. In many applications the distance between
consecutive nodes is however a constant h, so that

1 =x9+h, x3=z9+2h, ... , T, =30+ nh (10)
Then (7) and (9) can be written by using forward differences as follows.
The first forward difference of f at z; is defined as

Afj = fim— I
the second forward difference of f at z; is
Aij = Afj1 — Afy
etc.; in general the k:th forward difference at z; is
Akfj = Akilfj_i_l - Akilf]‘ (k’ - 17 2, .o ) (11)

If (10) holds, we can prove the following relation between divided differences
and forward differences:

1
f[Io,...,ZL‘k] = WAka (12)
Proof is by induction. For k = 1 we have
_h—=fh 1 1
flzo, x1] = T — g I3 Lfi = fo] = mAfo
If (12) holds for k, then
N
f[xlu s 7xk+1] = WA fl)
1
flzo, ... 2] = WAkfo
For k + 1 we obtain from (7)
f[$0,~--7xk+1] _ f[l'la"ka-‘rl] _f[x()a"'a'xk]
Tr+1 — Zo
1 1 1
— AFf— —AF
Thi1 — To | KIAE fom gt fo
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Here in view of (10) zg+1 — 29 = (k + 1)h, so that

o1 L
IS T DR Rk

Hence (12) holds even for k + 1. QED.

1 1
)= G (A¥fo)

f[l‘o, .. Akfl — Akfo

Next we put in (9) © = x¢ + rh where r is a real number. Then © — z¢ = rh,
x —x1 = (r—1)h (since x; — xg = h) etc. By using (12) we then obtain
Newton’s forward formula:

1 1
pal) = fo+rhopr Afo +rh(r = Dhopz A% fo + -
1 n
+rh(r — 1)h...(r—n+1)hn!hnA fo

= o+ (1) Afo+ (2) A fot oot (n) A" fo

where the generalized binomial coefficients are defined

(o) -1 () ="t o (3)

pn(m)zzn:(:)ASfo (x:xo—i—rh, T:-CE—hxo)

i r(r—1)---(r—m+1)
n!

:fO+TAfO+uA2fO+...+

5 A" fo

(14)
Suppose that f is n + 1 times differentiable. If f is approximated by p, at
x, then one can show that the error in the approximation

1

£(0) = pali) = J(0) = — g o = )+ = )70
B hn-i—l (nt1) (15)
——(n+1)!r(r—1)~-~(r—n)f (t)

where ¢ is in each interval containing x and each z;.

The idea of the proof relies on Rolle’s theorem. Define an auxiliary function
Qn(x) = f([E) - pn(x) - ’}/([L’ - 1’0) T (27 - xn)
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so that Q,(Z) = 0. Then
@), has n + 1 zeros

Q" has n zeros

Q"™ has 1 zero

Therefore

(n+1)
Q) = fr () =+ 1) =0 = = J;%Tl(;')

Example 4. Compute cosh 0.56 by using (14) and the following table.

j x; fj=coshx; | Af; A?f; A3f;
0 0.5 1.127626
0.057839
1 0.6 1.185465 0.011865
0.069704 0.000697
2 0.7 1.255169 0.012562
0.082266
3 0.8 1.337435

Formula (14) gives

.6(—0.4
cosh 0.56 ~ 1.127626 + 0.6 - 0.057839 + M

0.6(—0.4)(—1.4
+ ( 6)( ) -0.000697

= 1.127626 + 0.034703 — 0.001424 + 0.000039
= 1.160944

-0.011865

Error estimate: Since % cosht = cosht, from (15) we obtain

14
£3(0.56) = —% £0.6(—0.4)(—1.4)(—2.4) cosh t — A cosh.

where A = 0.00000336 and 0.5 < ¢t < 0.8. Since cosht is increasing on the
interval [0.5,0.8] it follows that

Acosh0.5 < e5(0.56) < Acosh0.8
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Therefore
p3(0.56) — Acosh 0.8 < f(x) = cosh0.56 < p3(0.56) — Acosh0.5
Computing the values of the upper and lower bounds we obtain
1.160939 < cosh 0.56 < 1.160941
The exact value (6 decimals) is cosh 0.56 = 1.160941.

Lagrange’s interpolating polynomial
Consider the general interpolation problem where the nodes x; need not be
equally spaced. Define polynomials ly(z),l;(z),. .., l,(x) such that

lo(x) = (z —x1)(x —x2) -+ - (T — )

(z) = (2 —20) -+ (¢ = 2p1) (2 — Tppr) -+ (& — )

() = (x = 2o)(z — 1) -+ (¥ = n)

Lagrange’s interpolating polynomial is

L) =3 10 (19)
k=0

— lk((L‘

Each term in the sum is a polynomial of degree < n taking at xj the value fj
and vanishing at all other nodes. Therefore L, (xy) = fi for each k, so that
L,, is the interpolating polynomial associated with the given data (xy, f).

Example 7. Find 1n 9.2 by applying the Lagrange interpolating polynomial
and the values of the following table:

x 9.0 9.5 10.0 11.0
Inz 219722 2.25129 2.30259 2.39790

~ lo(x) l(z) l(z)
~ lo(xo) ll(xl)fl " lo(5)

(19) = Ls(x)

Jo+

fo+

where

lo(z) = (x —9.5)(z — 10)(z — 11)
li(x) = (z—9)(z — 10)(z — 11) etc.
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Therefore

—0.43200 0.28800
9.2 ~ 2920 5 19792 .2.9512
n9-2~ — o000 21072t g37a00 2201
0.10800 0.04800
g - 280259 4 s - 2.30790

= 2.21920 (5 correct decimals)

The use of Lagrange polynomials in numerical work is not recommended,
because the computations are laborious and previous work is wasted in the
transition to a polynomial of higher degree. However, Lagrange polynomials
have considerable theoretical interest.

4.5 Least squares

Example 1. Given 5 points (z;,y;) in the plane listed below.

| ox |y
1 1 |1.0
211517
3120122
4125125
51 3 |25

We look for a quadratic polynomial py(z) = a + bz + cx? such that

5

Z p2 wz

=1

is as small as possible. In other words, we wish to find constants a,b and ¢
such that

2
F(a,b,c) = (yi —a — bx; — cx7)

Mm

=1

is as small as possible. Necessary condition for a minimum

or oF OF
da  Ob  Oc
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leads to the so called normal equations

;

5
—22 (y; —a —bx; — cxi) =0
i=1

5
—22 xi(y;i —a — br; — cx?) =0
i=1

5
—22 23 (y; —a —br; —cx?) =0
i=1

Matrix form:

212%21'12 a ZyZ
PO DD D bl =1 > vy
Yoap Y a) Y o > Ty

All indices range from 1 to 5. The coefficient matrix is symmetric and one
can show that the system has a unique solution which minimizes F'(a, b, ¢).

The coefficient matrix and the vector on the right-hand side can be computed
by using the table:

T Yi a3
1 1.0 1
1.5 1.7 2.25
20 | 22 4
25 | 25 | 625
3 2.5 9

We first compute the sums

5 5 5
dai=10, > 3 =99, Y a7 =225
=1 =1 =1

Then we compute inner products of the columns:

5 5

5 5
STat=55 Y al=142125 Y wmy, =217, Y oty =575
=1 =1

i=1 i=1
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Since Z?:l 1 =5, the normal equations are

> 10 22.5 a 9.9
10 225 95 b | = 21.7
22.5 55 142.125 c 51.75

The system is solved e.g. by Gauss elimination method. The result is
a = —1.1400, b= 2.5886, c¢= —0.45T71.

Example 2. The same problem as in Example 1 but we write py(z) in the
form
po(r) =ad +V(x—2) +(z—2)>°

Then we obtain the system

> 1 0 > (z —2)° a > Vi
0 > (zi —2)? 0 ol =1 X @—2u
> (zi—2)? 0 > (z—2)* c > (2 —2)%y

Some of these coefficients vanish by symmetry. From the second equation we

get b’ while the first and the third equations form a 2 x 2 system for o’ and

c.

The Examples 1 and 2 deal with least squares approzimation. The function
y = f(x) is approximated by a polynomial py(z) such that the sum of the
squares of the errors —(f(x) — pa2(x)) at x1,xs, ..., x5 is as small as possible.

Instead of F(a,b,c) we could have tried to minimize

5
F1<Cl,b,C) = Z|yz - a_bl'i —C.l’?
i=1

or the "maximum norm"

Fy(a,b,c) = max ly; — a — br; — cx?l.

Such approximation problems are far more difficult than least squares ap-
proximation and will not be considered.
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Remark. There is no such a polynomial of degree 2 which attains the values
y; at z; for all ¢ in Example 1 . Hence we are not looking for an interpolation
polynomial but rather an approximation by polynomials.

If we wish to approximate a given function f with a polynomial of degree n,
n # 2, the method is analogous to those in Examples 1 and 2. The method
yields n 4+ 1 normal equations since a polynomial of degree n has n + 1 co-
efficients. In the case n = 1 the method is called linear least squares, as the
graph of the approximating polynomial is a straight line.

If the function f is known on the whole interval [a, b] and we wish to perform
a least squares approximation of f with a polynomial of degree n, we can try
to minimize the integral

b

F(co,c1y...,0q) = / (f(x) — ickxk>2dx.

a

Here the "error" is measured with an integral instead of a sum.

Solving the normal equations numerically can be difficult since small per-
turbations in coefficients can greatly change the solutions of the equations.
Therefore it is usually preferred to use other methods for finding an approx-
imation if n is large.

One such method is to replace the polynomial Y} cxz* with a linear com-

bination
n

p(r) =Y arly(z),

k=0
where the polynomials Ly (z) of degree k have been chosen so that the coeffi-
cient matrix in the normal equations in diagonalized. Such polynomials are
called orthogonal polynomials relating to the given approximation task.

We will illustrate the above method with an example. For simplicity, we use
the "integral norm"

1

17 =2l = ( [ () =) aa)’,

-1
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but similarly we could use the "sum norm"

I 2l = (30 (e ple)?)

i=1

Example 3. We wish to approximate sin mx by a cubic polynomial on the
interval —1 < z < 1 so that the integral

1 3 2
/(sinma— E ckxk) dx
k=0

-1

is as small as possible. We write

where
3, 1 5
Lo(z) =1, Li(x) =z, Ls(x)= 3T 5 and Lz(x) = 3%~ 5

In order to minimize

1 3 2
F(ag, a1, as,a3) = / (sinmc— ZakLk(x)) dx
Y k=0

we set
9k ( 777)
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Then we obtain the following normal equations:

( 1

2/L0(sin7m— ap Ly (z )dm
sinTr — akLk )dx

dx

dx

sinmx — akLk

2 [ Ly (sm T — akLk
: /Lg(
-1

(1) can also be written as

(

\

1 1

ao/Lgdm—f—al/Lolex+a2/LoL2dx+a3 LoLsdx = /LO sin rxdz

—1 —1 —
1 1

ao/LlLodx—i—al/L%dm—Fag/Lngdx%—a LiLsdx = /L1 sin mxdx

1 1

/ L
-1 -1 _
/ L

aO/L2L0dx+a1/L2L1dx+ag/L dz + a LoLsdx = /L2 sin mxdx

-1 -1 -1 -1 -1
1 1 1 1 1

aO/LgLodx+a1/Lngdx+a2/L3L2dx+a3/L§dx = /Lg sin rxdz
-1

-1 -1 -1 -1

(2)

The coefficient matrix of (2) is a diagonal matrix because

1
/LiLjdx =0, wheni#j

-1
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and

The solution is then

1

1
ar = (k+ 5) /Lk(x) sin rxdx (0<k<3)

-1

For example,

™

1 1
1 3 3
ag = §/sin7rxd:r; =0; a = §/xsinm:dx = — etc.
—1 -1

Remark. The polynomial Ly(x) are Legendre polynomials. They can be
defined by the formula

2k+1 k
Ly (z) = E 1 xLy(x) — T 1Lk_1(a:); Lo(z) =1, Li(z)==x
4.6 Splines

Increasing the degree of an interpolation polynomial does not always increase
accuracy of the interpolation. For example, consider function

1

1) = 1o

on the interval [—1,1]. The nodes of the interpolation polynomials of func-
tion f can be chosen such that the maximum error in the interpolation tends
to infinity as the degree of polynomial increases. This kind of instability can
be avoided by using splines.

Splines are piecewise defined polynomials, i.e. continuous functions whose
restriction to interval of two consecutive knots is a polynomial. In addition,
it is required that the function is sufficiently many times differentiable at
knots. Interpolating with such functions is usually numerically stable.
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The simplest example of approximation with piecewise defined polynomials
is to use straight lines on each subinterval (e.g. trapezoidal rule). However,
the graph of such function is not smooth since its first derivative is discontin-
uous at knots between the end points of the interval. By requiring continuous
derivatives, we end up using splines.

In practise, the most important splines are cubic splines which are defined as
follows. Let f be the given function we wish to approximate on the interval
a < x < b. Suppose that the interval is divided into subintervals whose end
points are so called knots

a=x9<x; <--<x,=D>. (1)

The cubic spline relating to knots (1) is a continuously differentiable function
on the interval ¢ < x < b whose restriction to each subinterval with two
consecutive knots as end points is a polynomial of degree at most 3. The
cubic spline interpolating function f is gained by requiring that

g(wo) = f(wo) = fo, glar) = f(w1) = fr,- o 9(wn) = flan) = fu. (2)

Next we will show that a cubic spline satisfying these conditions always exists.
It is not unique, however, as the derivatives at the end points of the interval
a < x < b can be defined arbitrarily:

Theorem 1. Let f be a function defined on the interval a < x < b. Suppose
that the knots (1) of the interval are given and let ko and k, be arbitrary real
numbers. Then there exits a unique cubic spline g relating to knots (1) such

that (2) holds and
g/(-CEO) = kD; g/(xn) = kn (3)

Proof. 1t is easy to see that on each subinterval I; = [z}, z;41] there exists a
unique polynomial p;(x) of degree < 3 such that

pi(r;) = f(z5), pi(xje) = f(z541) (4)

and p’; has prescribed values at the end points:

Py(r) =kj,  pi(ain) = ki (5)
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1
Tj+1—T5

The expression of p; has the following form where ¢; =

pi(x) = f(x;)c (& — 241)?[1 + 2¢5(x — ;)]
+ f(j)cG (@ — 2;)*[1 = 2¢i(x — 2541)] (6)

+ kici(x — x5) (2 — 2540)° + kja (@ — 25)* (0 — 2j49)

Uniqueness will be left as an exercise.

The restriction of the cubic spline g(z) to I; will be of the form (6). Since
g(x) should be twice continuously differentiable even at each node xz;, we
must have

pia(zy) =pj(z;) (1<j<n-1) (7)
By differentiating we get
pj(x) = 2f(x;)c5[1 + dej(z — 2j11) + 2¢5(x — )]

+ 2 (2j11) G 1 — dej(x — x) — 2¢5(x — xj44)] (8)
+ (4 + 2kj)cf (@ — i) + (dhj + 2k;)cf (@ — )

From (7) we then obtain

6.f(xj—1)c;_ — 6f(x;)c5 1 + (4k; + 2k;j_1)cj
= —6f($j)03 + 6f($(3j+1)€? — (4]{7] + 2kj+1)cj (Z S j S n — 1)

(9)

If we denote Af;_1 = f(z;) — f(zj—1) and Af; = f(xj11) — f(z;) asin § 4.4,
(9) can be written

cjmkjo1 +2(cim + )k + ek = (G Afim + GAS)  (10)

These equations (10) form a system of n—1 linear equations in n—1 unknowns
ki,..., ko1 (1 <j<n—1). The coefficient matrix of this system is non-
singular (without proof). Therefore (10) has a unique solution ki, ..., k,_;.
Substitutions of this solution in (6) yields polynomials po, p1, ..., pn—1 defin-
ing the unique interpolating cubic spline g(x) satisfying (3) and (7). O

The proof of Theorem 1 provides an algorithm for the determination of the
spline. For simplicity we consider the case where the distance of consecutive
nodes is a constant h, so that

ryr=x9+h, xT2o=2x9+2h, ..., x, =nh
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Thenc¢; = —— = %, so that multiplying (10) by h and denoting f(z;) = f;

Tjp1—T;
we obtain

3 .
kj71 + 4kj + kj+1 = E(fjJrl - fjfl) (2 < J <n-— 1) (11>

Here ko and k, are given , e.g. ko = f'(a), k, = f'(b). In the first step
of the algorithm we solve ki, ..., k,_1 from the linear system (11). In the
next step we determine the coefficients of the spline g(z). On each interval
z; < x < xj41 = x; + h the spline g(x) has a Taylor expansion

pi(x) = ajo + aj(x — ;) + ajo(x — x;)* + ajs(z — x;)°, (12)
where
ajo = pj(z;) = fj
aj = p;(x;) =k; by (5) (13)
1 3
Ajo2 = 519}/(373‘) = ﬁ(fjﬂ fi) — ( i1+ 2k;)

(cf. the right-hand side of (9)). In order to determine a;3 we observe that
according to (8)

Pyase1) = g (5 = fys) + 3 ki + k)

while by (12)
p;/(l'j+1> = 2aj2 + 6Clj3h
Equating the right-hand sides we obtain an equation from which a;3 can be

solved:
1

3 1
aj3 = 3n {h2 (f5 — fir1) + E(ka + 2kj41) — aﬂ}
Substitution of the expression of a;o from (13) finally yields

Qj3 = h? (fi = fiv1) + ! (kyﬂ + k;). (14)

Example 1. We interpolate f(x) = 2% on the interval —1 < z < 1 by the

cubic spline g(x) corresponding to the partition zog = —1, 27 = 0, 2o = 1 and

satistying ¢'(=1) = f'(=1), ¢'(1) = f'(1).
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Since n = 2, the system (11) consists of a single equation

3
ko + 4k + ko = E<f2 — fo)-

Here kg = f/(—=1) = —4, ks = f'(1) = 4, h = = f(1) = 1 and
fo= f(—1) =1, so that the solution is k; = 0. From( ) d (14) we obtain
for j =0

apo = fo =1

agr = ko = —4

Qo2 — 3(f1 — fo) — (k’l + Qko) 3(0 — 1) (0 — 8) =5
ao3 = 2(fo — f1) + (k1 + ko) =2(1 = 0) + (0 — 4) = -2

Therefore
po() =1—4(x+1)+5(x+1)* =2z +1)* = —2* — 22°.
Similarly, for j = 1 we obtain

aip=f1=0

a1 =k =0

s =3(1—0)— (4+2-0)=—1
a3 =20—1)+4+0=2

Here
po(z) = —2? + 22°.

The spline g(x) thus satisfies

(2) = —22—-222 when —1<2<0
IE) = — 22422 when 0<z<1

Example 2. We interpolate

fo=10)=1, fi=[(2)=9, fa=[f(4) =41, f3=[(6)=41

by the cubic spline satisfying ko = 0, ks = —12.
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Since n = 3 and h = 2, the system (11) is

w

ko + 4k + ko = =(fa — fo) = 60

[\

3
ki + 4ks + k3 = §(f3 — fi) =48
With kg = 0, k3 = —12 the solution is k; = 12, ky = 12.

From (13) and (14) we obtain the coefficients of the spline for j = 0:

agy = fo =1

aOlszIO

02 = (i~ fo) - S+ 2k) = 20— 1)~ L2 4.0) =0

—_

ap3 = %(fo —fi) + i(/ﬁ + ko) = ;(1 —9)+-(12+0)=1

W

For 0 < 2 < 2 we then have

g(z) = po(x) = 1 +a”.
Similarly, for j = 1 we obtain
g(x) =pi(z) =9+ 12(x — 2) + 6(x — 2)* — 2(z — 2)*
= 25 — 36z + 182° — 22° (2<z<4)
Finally, for j =2
g(x) = pa(z) = 41 + 12(z — 4) — 6(z — 4)*
= —103 + 60z — 62° (4 <z <6)

Splines have the following property:

Theorem 2. Let f be two times continuously differentiable on a < x < b
and let g be the interpolating cubic spline satisfying (2) and

g'(a)=f'(a) and g¢'(b)= f'(b) (15)
Then

/bf”(x)deZ/bg"(x)2dq: (16)

and equality holds if and only if f(x) = g(x) for a <z <b.

67



Proof. By partial integration

b n_1 Ti+l
/ 9" (@) [f"(x) — ¢"(2)] dz = Z pi(z) [f"(x) — ¢"(2)] dx
-y pi () [f'(z) = g'(x)] — / pi (@) [f'(z) — ¢'(z)] dx

Here the last term vanishes, because p’’

() is a constant and

Tj+1 Tjt1

/ [f(x) — ¢'(x)] do = / [f(z) —g(x)] =0.

. T4
Zj J

Also the sum of the first terms is zero because

n—1 %j+1

>/ #@ @) - g
= po(@1) [f'(21) — g(21)] = po(z0)[f'(z0) — g'(20)]
+ p (22) [f'(w2) — g(z2)] — Py (x)[f (21) — ¢'(x1)] +--- =0

This yields

/b [f"(x) = g" ()] da = /b (@) dr =2 /b f"(@)g" (w)d + /b 9" (x)’dx

b

_ / () 2dz — / ¢ (2)da

a

Left-side > 0 = right side > 0 = (16). O

4.7 Possible applications of polynomial approximation
1° Approximation of functions in a computer

For example the function sin x.
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2° Numerical integration

An approximate value for f: f(z)dz can be found by replacing f(z) by a
polynomial approximation p(z) such that the error

[ (@) = pla))ds

a

is small enough. If we use an interpolating polynomial associated to the
points z = a + kb;—“ (0 < k < n), we obtain Newton-Cote’s quadrative
formula of order n. For n = 2 we obtain Simpson’s rule.

Sometimes a truncated Taylor’s formula may be used. For example,

1
2

sin x
dz
T

0

can be computed by using the approximation

sin & 2 ot
~1l——+—
T 3! 51

with an accuracy 41075,

3° Numerical differentiation

If p(x) is a polynomial approximation to f(z), then p’(x) could be used to
approximate the derivative f'(z) of f(x).

An approximation on an entire interval a < x < b can be obtained by using
e.g. an interpolation cubic spline or a least squares approximation. By using
interpolation polynomials the error | f'(z) —p/(z)| can approach infinity when
the degree of p(z) approaches infinity.

A local approximation to f’(x) can be found by differentiation of a suitable
interpolating polynomial. A linear interpolating polynomial using the points
(x —h, f(x — h)) and (z + h, f(z + h)) yields the approximation

fle+h)— flz—h)
2h

f'(x) ~
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The corresponding error can be computed using Taylor’s formula. Subtract-
ing the equations

Fla 1) = £(o) + @) + o) + )
flo 1) = (&) = () + 5 7"(2) — = (&)
yields )
f’(x) _ f(:)? + h)2_hf(x — h) . %f”/<€>> (1>
because
f (51);_f (§2> _ f”’(ﬁ)

for some £ (provided that f”’(x) is continuous).

An approximation to f”(z) can be found by using a quadratic interpolation
polynomial determined by the points

(x—h, flx=h)), (z f(z)) and (z+h, f(z+h)).
The formula corresponding to (1) is then

flet+h) =2f(x) + fle—h) I
h2 12

f'(@) =

The remainder terms in (1) and (2) approach 0 when h — 0. Therefore
we can find in principle approximations to f'(x) and f”(z) with an arbitrary
accuracy by using function values f(x) and f(x 4 h) for a sufficiently small h.

If f(x +h) and f(z — h) can be computed with an evaluation error +e
and |f"”(z)] < M on the interval [x — h,x + h], then the total error in the

approximation
fle+h)— flz—h)
2h
is by (1) at most
ete B Moy h2M
o 6 TR 6

70



The last term is due to the truncation error —%2 f"(€) and approaches 0 as

h — 0. However, the first term 7 increases as h — 0. To minimize the error

bound A should be chosen so that

is as small as possible. If we let 7"(h) = 0 we obtain

3e 3
h_(@ |

One can also set both error terms equal:

h 6 - \M
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5 Differential equations

5.1 Introduction

We present a few methods for the solution of an initial value problem of an
ordinary differential equation of order one

{ y = flz,y)

y(a) =n

(1)
A solution y(z) should be differentiable on some given interval a < z < b
and assume the value n at = a. Here y/(z) = f(x, y(z)).

Theorem 1. (Picard’s theorem) Suppose that f is continuous and that

of (x,y)
‘ dy ' =k

for each x € [a,b] and each y. Then the initial value problem (1) has a unique
solution.

Example 1. Show that the initial value problem

,  a’siny
142
y(0) =1

has a unique solution on the interval 0 < x < co.

The function f(x,y) is everywhere differentiable and hence continuous.
2
(’9_f T Ccosy LA
oy 1422 |~ 1+22—

Thus the condition of Theorem 1 is satisfied.

2

Sometimes the exact solution can be found analytically. However, even then
the computations can be so elaborate that a numerical solution is to be
preferred.
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Example 2. The initial value problem

2y
!
Y —x+1_x4

y(0) =1

has the solution

1 x 1
1 2 1 — 3
y(x) — (1 t‘i) 6aurctamx /u (1 +Z) e—arctanudu+ 1
0

5.2 Single-step methods

The simplest single-step method is Fuler’s method. Consider the initial value
problem
/
y' = f(z,y)
(1)
y(

a) =1

on the interval ¢ < z < b. We subdivide this interval into N subintervals of
length h = b’Ta and end points

T =a+kh (0<k<N)

Let y, be an approximate value to the solution y(x) at © = x. The error
at xp is then y, — y(zg). In Euler’s method we compute approximations
Y1, Y2, - - -, YN recursively by using the formula

Yn+1 = Yn + hf(xna yn) (2>

Then 2y = a and yo = y(a) = 7, so that

y1=y+ hf(a,n)
Yo =1+ hf(z1,y1)
Yz = y2 + hf(72,92) (3)

yn = yn—1+ hf(xn-1,yn-1)
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Example 3. Apply Euler’s method to the initial value problem in Example

2.
2
f(ﬂ%y):%*‘l_—yxp o =0; y=y0)=1

Using step length h = 0.1 we obtain

y(0) =yo =1
y(0.l)~y; =14+01-2=12

2-1.2
2) Yy =1.2 101+ +———) =14
y(0.2) = y» +0 (O t1o 1O4> 5

2-1.45
03)~ys=145+01(02+————— ) =1.76
y(0.3) = ys + ( +1—16~1O—4>
y(0.4) =y, = 2.118

y(0.5) ~ y5 = 2.593

Analytical derivation of Euler’s method: The value 3, = 7 is obtained from
the initial condition y(a) = 7. Suppose that the solution y(x) is twice con-
tinuously differentiable. From Taylor’s formula we get

2

y(zo + h) = y(wo) + hy' (o) + 71/’(5)-

If we omit the remainder term we obtain an approximate value to y(xo+h) =
i) /
y1 = y(zo) + hy'(w0) = n + hf(x0,90) = n + fla,n).

This is the first formula in (3). The error in y; is
h2 7

Y1 —y(r1) = —E?J (€)

Since " is continuous, this error — 0 as h — 0.

The second formula in (3) is derived in an analogous way, and in general

form
2

Y@+ h) = ylan) + by (20) + 54" (En)

we obtain
Yn+1 = Yn + h’f(xnv yn)
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by deleting the remainder term %y”(fn) and replacing ¢/(z,) = f(a:n, y(ﬁn))
with the approximation f(z,,y,). The error arising from this replacement
can be estimated by using the mean value theorem if the condition

Jy -

of Theorem 1 is satisfied:

| f (20, y(2n)) = F@n, )| < K |y(zn) — ynl

If in addition |y"(x)| < M for each x € [a,b], one can prove that the global

truncation error
hM KGn-a) _ |

n) — In S

[Y(2n) =yl < = 7

The error at the end point x = b is therefore at most
hM K(b—a
o (707 =)

if we forget the evaluation error.

FEuler’s method

Problem:
y = f(x,y)
y(a) =n
Algorithm:
Yn+1 = Yn + hf(xna yn)
Yo =1 (4)
b—a
= h, h=
x a-+n N

Error estimate:
hM ef(zn=a) _q

2 K

Geometric derivation of FEuler’s method: If the conditions of Theorem 1 are
fulfilled, then each point (x,y) in the plane is contained in a solution curve.
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In Euler’s method we draw a tangent to a solution curve at (xy,yx), then
Yr+1 is the y-coordinate of the intersection point of this tangent and the line
T = Tyt

Yer1 = Uk + hf (20, Yn)

Remark. Instead of Euler’s method it is customary to use more accurate
methods where the upper bound of the global truncation error is proportional
h? where p > 1. As a result of better accuracy one can then use a larger step
length h, so that the number N of necessary steps is reduced.

Heun’s method

Let
yy(;)-l = Yn + hf($n7 yn)
be the approximate value at z,,, given by Euler’s method and let

kl = hf(ﬂl‘n, yn)

be the corresponding increase of the function value. We obtain another
approximation for k; by ap%jgoximating the solution curve by a secant through

(2, yn) with slope f (2, yn):

by = hf (a1, Ui ) = Bf (20 + hoyo + k)
Heun’s method:

1
Yntl = Yn + §<k1 + k2)

The global truncation error in Heun’s method is O(h?), i.e. the error < M-h?.

Classical Runge-Kutta method:

1
Yn+1 = Yn + 6(]{71 —+ 2]{32 + 2]€3 -+ /{34)

One can show that the global truncation error is O(h?).
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Example. Compute one step using the classical Runge-Kutta method for
the initial value problem
y =y
{ y(0) =1

with step length h = 0.4.

Now f(z,y) = xy, so we get

]{71 = hl’oyo =0
k2:h(x0+g)(yo+%) :h-g-lzo.()é%
h ko h
ks = h(wo +5) (o + 5) = h - 5 (1 +0.04) = 0.0832

ks = h(xo + h) (yo + ks) = 0.173312

1
y(04) =y =1+ (0+2-0.08 +2-0.0832 + 0.173312) = 1083285

Truncation error ~ 2 - 1076.

In a multistep method the computation of y,,; requires the knowledge of
more than one previous approximation, €.g. Yn, Yn—1,Yn—1, - - - s Yn—p-

Example. Midpoint method
Ynt1 = Yn-1 + 21 f (20, Yn) (5)

Derivation: We integrate the equation y'(z) = f(z,y(z)) over [z,_1, Zpi1]
and approximate the integral

Tn+1

/ f(tyt))dt

Tn—1

with the product
f(xnv y(gjn)) (xn-&-l - xn—l) = th(iﬂn, y(xn))

xn+1 xn+1
[ vwit= ] y® =) - yiaa)

Replacing the exact values y(z;) with the approximation y;, we obtain (5).
Global truncation error is O(h?).
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Remark. Multistep methods require a separate starting procedure because
in the beginning we only know one initial condition yy = 1. For example, in
using (5) we need yo and y; for the computation of y,, because

Yo = Yo + 2hf(z1,11).

Such a starting procedure could be some single-step method.

5.3 Implicit methods
We integrate the equation

y(z) = f(z,y(@))

over [T, Tpni1)-

Left-hand side:

Tn+1
y,(t)dt = y(mn-ﬁ—l) - y(xn)

Right-hand side becomes

7lf(a:,y(a:))dx

Applying the trapezoidal rule we obtain

Tn+1
h

[ Hla@)ds = 5 @) + £ (o, p(wn)]

Tn

Replacing on both sides the exact values y(z,,) and y(z,+1) with the approx-
imate values y,, and vy, we obtain:

The trapezoidal method

h
Yn+1 = Yn + 9 [f(xm Yn) + f(Tni1, yn+1>] (1)

Global truncation error is O(h?).
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The trapezoidal method is an example of implicit methods: y,.1 does not
depend explicitly on a previous y, as in the explicit methods discussed so far,
but y,1 is obtained as a solution of the equation (1) which may be nonlinear.

Example. Consider again the problem 3y = zy, y(0) = 1. Due to the
linearity of the differential equation the equation (1) is linear with respect to

Yn+1:

h
Yn+1 = YUn + 5 [l‘nyn + xn—l—lyn-i-l}

Using the step length h = 0.2 we obtain

1 = Yo + 0.1[20yn + Tps1Ynr] = 1+ 0.1(0 + 0.2y
&y~ 1.0204

For n =1 we get

yo = y1 + 0.1[21y1 + Zays] = 1.0204 + 0.1[0.2 - 1.0204 + 0.4 - o)
1.0408

= y(0.4) = yp = 100 1.0842

Truncation error ~ 9 - 10~4.

Example. Consider the problem

y =e
y(0) =1
The differential equation is now nonlinear. For n = 0 the formula (1) is

y1=1yo+ g[e‘yo +e ] =1+ g [e™! + e,
If e.g. h = 0.2, then y; should be solved from the equation
Yy =1+01[e ! +e ¥
Define an auxiliary function g(y) such that

gy1)) =91 —0.1-e ¥ —(1+0.1e7!) =0.
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The solution can be found e.g. by Newton’s method. The starting value
could be the approximation given by Euler’s method

y{? = yo + he ¥ ~ 1.0736.
By Newton’s method we obtain

y = 1.071053
y'? = 1.071053

Hence y; = 1.071053, and we can continue with the next step n = 1.
In the trapezoidal method y,,; is solved from an equation g(y) = 0, where

o) == 51 (nsss0) = 3o+ 5 )|

If the solution is found by Newton’s method as in the previous example, in
each iteration step we must compute the derivative

iy, hof
gy =1 Qay(%ﬂ,y)-

An alternative approach to solve g(y) = 0 is the fixed point iteration

0
y ) = Yo + B f (0, )

h
gt =y 3 @y yn) + f@nen, v (k=0,1,2,..)

(2)

The starting value has been computed with Euler’s method which serves
as a predictor. This predicted approximation is corrected using the trape-
zoidal method. The algorithm is an example of a predictor-corrector method.

According to §3.4 a sufficient condition for the convergence of the iteration
in (2) is the inequality

hof
‘ 20y
in a sufficiently large neighborhood of (2,1, %n+1). Thus the step length h
should be small enough.

<1 (3)
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Example. Consider the solution of the initial value problem

y =e
y(0) =1

using the predictor-corrector method (2). The iteration will converge towards
the solution of (1), if

— Xl =Sev <l

20y| ~ 2°
in a sufficiently large neighborhood of (41, ynt1). Since e”¥ > 0 for each y,
then all terms in (2) will be nonnegative. Since in addition y(0) = yo = 1,
we see by induction that ygfll) > 1 for each k and n. Therefore (3) will hold
ifeg. h=0.1.

‘hc‘)f h

If ‘%’ is large, we must use a very small step length to guarantee the con-

vergence of iteration (2). Then Newton’s method could be a better choice.
To mention a few methods, Adams-Bashfort is an explicit predictor method

while Adams-Moulton is an implicit corrector method. For example, the
following predictor-corrector method has a global truncation error O(h?):

h

Yn+d = Yn+3 T ﬁ(55fn+3 - 59fn+2 + 37fn+1 - 9fn)
h

Yn+d = Yn+3 T ﬁ(gfn+4 +19fn43 = Sfnve + fug1)

5.4 Boundary value problems

Consider a boundary value problem associated with a second order differential
equation

y' = f(z,y,9)
y(a) = a
y(b) =p

where f is a given function. We look for a solution of the given equation
defined on the interval [a, b] which has the prescribed values at the end points
a and b. The condition y(a) = o and y(b) = [ are called boundary conditions.
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Example. A stationary solution of the one-dimensional heat equation

< (1) o

with boundary conditions y(a) = «, y(b) = [ describes the temperature of
a thin rod with variable heat conduction properties. Assume that the rod
is insulated along its length and that the end points are kept at different
temperatures. If the heat conduction coefficient is constant, then the solu-
tion of the boundary value problem is a first degree polynomial. If k(x) is
nonconstant, the problem should be solved numerically.

Shooting method

We consider the boundary value problem

y' = f(z,y,9)
y(a) = a (1)
y(b) =8
together with the initial value problem
y' = f(z,y,9)
y(a) = a (2)
y'(a) =~

We assume that both problems have a unique solution. In the shooting
method we try to find v so that the solution of the initial value problem (2)
satisfies the boundary condition y(b) = #. Then the boundary value problem
(1) is reduced to the initial value problem (2). When ~ has been found, (2)
can be represented as a system

y =v

UI = f(xa y,U)
y(a) =« ®)
v(a) =~

This can be solved e.g. using a Runge-Kutta method. 7 will be found by
improving a suitable initial guess by iteration.
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Example. The boundary value problem
y' =y, y(0)=0, y(5)=1

has an analytical solution y(x) = sinx. If the solution is approximated by a

linear interpolation polynomial satisfying the given boundary conditions, we

obtain an initial guess for v: the slope of the graph of the polynomial
10 2

= = —=0.637.
Yo %—0 o

The initial value problem (2) is now

and the system (3) is

Yy =
v =—y
y(0)=0

0(0) = 0.637

Matlab’s ode23tx gives y(5) = 0.637. Shooting to the direction of v, we
therefore hit below the goal (y(5) = 1). We change to a steeper shooting
direction and choose y'(0) = 7, = 1.2. Solving (3) as above we obtain

y(5) =12

Instead of trial and error we can look for the right value of v by iteration.
Let y(x,~) be the solution of the initial value problem (2) as a function of
and denote

g(v) = y(b,7).

Then obviously y(x, ) is a solution of (1) exactly when g(v) = 5. To deter-
mine v we therefore have to solve the equation

g(v) —B=0. (4)

Since g does not have an explicit formula, the values of g must be computed
numerically. Also we don’t know how to differentiate g, so that we could try
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to solve (4) by the secant method:

o 9(m) = B
T = S ) )
7” - PYnfl

Example. In the previous example we computed
9(7) =0.637 and g(n) =12,

where 9 = 0.637 and 7; = 1.2. The secant method gives (n = 1)

1.2 l2-1 12-02=1
Rt e T T
1.2 — 0.637

Then g(y2) = y(5,1) = 1.0000; hence we hit directly to the goal and the
solution of (4) is 7, = 1.

One can show that if f depends linearly on y and 3’ as in the previous
example, ¢g(v) is a polynomial of 7 of degree one. Therefore the secant
method immediately gives the correct solution. If the differential equation is
nonlinear, we usually have to perform several iterations to solve (4).

Example. We solve the boundary value problem

y' =14+yy, y(0) =1, y(0.6)=2

by the shooting method using Matlab’s ode23tx in the initial value problems.

By linear interpolation we obtain the initial guess

2—1

= = 1.67
0.6 -0

which yields g(vy) = 2.8788. Choosing a new shooting direction (v; = 0.8)
we obtain g(y;) = 1.3544. The secant method gives v = 0.8429; then
g(72) = 1.9965. Further v3 = 0.8465 and g(y3) = 2.0000 is quite close to the
correct boundary value.
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