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1.1 Recall differentiation
1. Differentiate = = 1asR THUe DeRwWarTive

(a) d]‘L +3 = '2)(-{—0\?)( {
b) La3+z = gx + | \@

(c) bm(2:1:)— 1C°§(Z)(\

(d) ghe ,Z

(e) 4z 009(41" S\"’ (“X\
O £0@= \ o

2. Often, it is smart to modify the expression of the function before differentiation. Differentiate

@(a)i, T = fgl/? %ea’x = aeo‘x

dx da

(b) 14-«1“ — d czIn(4)

dz

(C) 1 In(2z) = dx 111(2) + In(z) _
(d) dz 10g2( ) (l’t‘ 111(2) 111(.1') d X (/y\‘(%\ —
(C) dd_x:r — il zIn(x) K

(fg) = f'g + fg¢'{Differentiate

3. A product is differentiated by the rule
(a) f;x‘sm(?a‘)
(b) 4 cos(4z)e?
(c) Lzin(z) -z
(d) sin(z)e ™

4. A quotient is differentiated by the rule (f/g) = (gf' — f¢')/g*. Differentiate

. { sin(x)
(@) &=

d ) o dosi
(b) & tan(z) = £ 22
(C) isin(;r)

dz e=

2. Often, it is smart to modify the expression of the function before differentiation. Differentiate

, d _d 2
(d) dz VL= dx'rl/ i(;: 0 Constant Rule
(l T o__ d rln(4} dx
(b) d ! i:r.”' =na"! Power Rule
(¢) 4 111(2:1:-) ln ) + In(x) dx
d . .
(d) d‘" 10g2(.1") ‘]‘ 1“(2 ln(:r] asm(x) = cos(x) Trigonometric Rules
L0 AN d .
(e) fya” = et exc.\m -+ cos(r) = — sin(a)
d

—b" = b"In(b) Exponential Rule

d 4w W N
H ]a\ (A + X AX ""\( ) dr n(x) = T Logarithmic Rule
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3. A product is differentiated by the rule (fg)' = f'g + fg¢’. Differentiate

(a) %wSSin(?:ﬂ) - (34‘4’ XS\ S\;\/(Q)() 4+ XS% S IN (Z.)() =, +
(b) & cos(4z)e?*

dx
(c) %wln(w) -

(d) sin(xz)e™*

New Section 1 Page 7



Calculating together

b 4
perjantai 12. tammikuuta 2024 12.14 - mx
dx
1. Differentiate d o -l
(a) (;—’frz-%? = 2)(‘ +0 =2x m 25‘_’2 0 "?X =0
b) La*+z o Tx24| 2 =1
(c) %sm(l.r) = 2Cl S /2,() @ - 0
@) e =303 A <l x =i

(e) d‘: cos(4x) - - q:'”{qx ]
f) 5= L nQr) - _[_ ) &(%) = S 'N/ ’() f’fn :Cag)(

2. Often, it is smartﬁ) modify the expression (K\ = 2 X g,l (X) = 2

A,rf:—l;;g::?u g(mh,{) - ,2(3(3())

)
( ) dx
(¢) 4 In(2z) = (;‘I lu( ) + In(z) { I \ .
(d) T log,y(x) = l: ln(2) In(z) .S | h’(?—") - ‘Q ( (X“ ( '
() fa* = Les@ - C S(V() -]

2. Often, it is smart to modify the expression
s
L /z= ,—v@ =1 X = ~

(h) l4r_ erIn(4) - e"l"{q) 'LV\("{) Cq) L‘

d
az©
() & I"(QI) M+ In(z) =

e
(d) “log( )— Lﬁﬂln(;r)\ x = J); OR
© form g N L N
w(® %I»(x) S [ Tk
6@ x

qu(x\ [Ln[)(\

~

3. A product is differentiated by the rule (fg)' = f'g + [¢'. Differentiate
AL S S

(a) di.r sin(2r) = g v 3 J
M X Sivf2x) + x L3 i (2X)
(c) —_x_.rln(;r -

(d

= CoS(2x)-2

sin(x)e ™

DE‘UVA7IVF

PvCT
oF A PRaBU C/..{/H/v RULE

3. A produet is differentiated by the rule (fg)" = f'g + fg'. Differentiate

(a) Ladsin(22)

Ix
;I cos(4x)ed® = -—“{Sl”[qX) 4+ CO\( {q(),z e

(b)
(c) —_x_.rln(a: -
(d) sin(xz)e ™

New Section 1 Page 8



3. A product is differentiated by the rule (fg)' = f'g + [¢'. Differentiate
(a) fadsin(2r)

A cos(4z)ed

(c; };rlnx—x = |'("'\(‘<)+)\é'1¥“ -~ = ll'\()()
)

sin(a)e™ h —_
=\

3. A product is differentiated by the rule (fg)' = f'g + [¢'. Differentiate

(a) fadsin(2r)

A cos(4x)ed®

) dx
(c) %rln(;}:) —r
)

-X
sin(;n)a.‘,ﬁé: oS (s()'e-)( +S {fv/)()v (‘l) e y
- %X = G5 e =Ssivy e

i 2
s~ 7 |
4. A quotient is differentiated by the rule (f/g)" = (gf' — fg')/g*. Diflerentiate <

sw(X) — Sinx) x

de =«

(b) 4 tan(z) = 4L sin() x>

dir cosx)

(H-] d sin(x) — = x

{C) d sin(z)

s

7\ ™ x* T
———— AUST THESe  To PICS A——
ARE N XD e FoR Quiz | 7

5. A composed function can be differentiated by the rule - f(g(x))) = f'(g(x))g'(x). Differentiate

e
(a) sin(z?)

(b) sin(1/x) NT S (m Pir mf
© ¢ A g DIFrFicoe T,

l:d) esin(x)

6. An inverse function can be differentiated by the rule

d . _ 1
&' @)= ey

Differentiate arcsin(z).

(v DeFSE o PeraTINg +9
/i) c 100
’L < N

' 3 )

1

3—9
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7. Integration is the inverse operation to differentiation. Because 34;13 = 32%, we have [ 32°dx = a3 + C, where
C is a constant. Integrate

(a) [cos(z)dx
(b) [ —sin(z)dz
(c) [sin(z)dx
8. A monomial can be integraded by the rule f a"dx = ﬁm"“ + C. Integrate
(a) [z*dex
(b) [z'2dx
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LN

dx

g xam PLe, 742_( (,v\(smf)(\\ ‘<W(’() COS(X)
f(; Sin(2x) = 2L cos (2% . 3*
A ««/()
A 3\ - g x%
—ﬁ S\N(\( 3 Co } P

Ly A Rly(x) = % (360) 4'6<) %‘(X/\ ‘Ahiﬂ

2 lnfsn ) - g0 97 ” glv\swm
- \ ) ' ‘C“ 3!()()_‘(/0(()})

5{7(\‘5700

.\ Co§(X)

g\/‘(x\
ANOTHR q | (y] < &l/K)
) = —— 4= 2~
wat | WD = g £00







-y ' - ww

JuST X
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HSE KIV) oF ScPRABLE
CQVAT ONS ARE <ALLED ¢

12. Find the order of the fillowing differential equations
(a) ¥ +y=4y> — l
b) ()P =y +2y —
Z@‘l‘ 'y =32 —> ORDPER 3
y H 1 3f2 2
dy

€ =t —> |
b @y ygs —» 2

(i—y) sirdy=a —2 | 2—

13. Show that the functions y are solutions to the corresponding differential equations. Hint. It is enough to
calculate the derivative and to substitute it to the equation.

(a) Show that y = 2%/3 is a particular solution for ' = 22. Solution We have y = x?/3. By differentiating,
we obtain ' = 32%/3 = 2. We see that the equation y = x2 is satisfied.

(b) Show that y = 2¢~* + 2 — 1 is a particular solution for y' = 2 — .

(¢) Show that y = ¢3* — ¢ /2 is a particular solution for i’ = 3y + ¢*.

(

d) Show that y = is a particular solution for y’ = .

1—x
(e))Show that y = e /2 is a particular solution for y’' = ry.
) Show that y = 4 + In(x) is a particular solution for zy’ = 1.

(g) Show that y = 3 — 2 + 2 In(x) is a particular solution for y’ = In(x).

(h) Show that y = e + %,(“ # is a particular solution for y’ = cos(x) + y.
(i) Show that y = we= (%) is a particular solution for ' = ysin(x).
Solution is not available yet. Need 1 hour to write it down nicely. )(‘L
[ T
X_ X xt - X0 t=Xx
e = e z S \ = e * 0( 2 _ - - %
% :
N K —
1’/-)(

— = %
OK \J':x«), (s SATSFIED
wE W N TIVVE SO

<
CVLA T _
OV\I LeTs G Avamnd AW - voV HKI'—\
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O | u’r% L ¢l TE

14.

15.

16.

wE O N TV VE ALSO
TymabbA W (R oy uke)

The general solution of y' = 422 is y = J’l + ', where ' is any constant. Which particular solution passes
through the point (—3, —30) (that is, satisfies # = —3, y = —30)?  Solution We have y(z) =y = —13 +C.
Set » = —3 and y(—3) = —30 to obtain

1 .
—30 = §{—3)J +C,
that is
—30=-36+C.
We have ' = 6. The desired solution is y(x) =y = %;1‘3 + 6.

The general solution of the differential equation 3’ = (2xy)? is y(r) = —
passes through the point (1, —0.5)7 Hint. We have | = y(—0.5) =

s Which particular solution

m Solve (.

Find the general solution for the following ODE'’s.

(a) ¥ = 3z +¢” Solution By integrating on both sides, we obtain y = [ 32 + e*dr. The integral of the
right hand side is [3r + ¢"dr = 322/2 + ¢* + C. The general solution of the equation is therefore
y=322/2 4" + C.

(b) ¥ =In(x) + tan(z)

(c) y' = sin(x)ecos=)

@y =4
(e) y' =2tVt2 + 16
(f) ¥ = y Hint. Dividing by y we obtain ":T = 1 which can be integrated on both sides. Solution We

obtained 1’[(:)} = 1. By integrating we obtain In(y(z) = » 4+ C'. By taking the exponential on both sides,

we obtain eM(@) = pr+C — (Cpr Because the exponential and logarithm are inverse functions, they
cancel out, and we obtain y(x) = ¢“¢”. Here ¢ is just a constant, write ¢“ = A. We obtain y(x) = Ae”.

(g) ¥ = £ Hint. Dividing by y, we obtain £ = 1 which can be integrated on both sides.
i - 5 DY L Yy - =}
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First o d rlinear ho mogeneous equations
rjantai 26. fammikuuta 2024 85 \/ LI/V F‘A p %(

A,(X/'a/ -+ L\[)(a/: 0] “4[)() <\ (3

b (X)

mV:O j%%/

= 0 R

) wAYS To SoLlF ,\g _ _V,({)\)/“ e

THET EQUA Tig v
@ \&6 CeParsf Le :3._ >~ /)o()()

¢
[dax = -§ ok
¢ _ ~§f‘*”°‘x +C“e(\

v, =
_Pp 0 R 2
MV‘&N ¥ he I




19. Solve the homogeneous equations

(a) ¥"+7Ty — 0 Solution Rearranged 4" /'y T yields with integration Infy) Tr+C giving y(x) — Ae™™
where C and A are constlant.

(b) ¥ +cos(x)y — 0 Solution Rearranged 3’ /y cos(x) vields ylx) — Ce™l=

(¢) =y’ + 32y — 0 with initial condition y(0) — 2 Solution Dividing by =, we have v’ + 3y — 0, rearranged
o y'fy 3. ][llt‘_&rat{ing on both sides, we gel lnally y(x) e __2: Solution of the initial value
problem is y(xr) — 2 —3

:2[‘ + 70(1)‘2 :) “b/ +1o()(‘2"0

) wAYS o SollF :g__‘ “Y’()()

THE EQuAa T v 7
O TS Ceatie _(pbyde
43(1\ Ce

l 1. _ ‘5
RAPAERN
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\ Sl'\l()a =0
¥ T OOV e

=Y’M Y

L e dx =-fawld K = - oSO ><
(el cog )
(p — oS, _|{_ :D
m (X)

/n()4=e = e

) - < W
s e =%

M?f‘ + Xq?:o l\ X

7| ?{J :“:.V(%)
(ptode= § ke = % 4
b = ST ef‘:’ AN ;‘m“ e N
. A}(Xh r—f-()?\ +0 = g;x—j\'



First order linear non-homogeneous equations
erjantai 26.tamm\'kmw 9.33 S %

Example 4.16

Solving a First-order Linear Equation

<
Find a general solution for the differential equation xy’ + 3y = 4x“ — 3x. Assume x > 0.

X ! 43y = Uxo0x || 2

New Section 1 Page 20







Talking about practice exam

tiistai 30. tammikuuta 2024 10.14
1. Concepts about differential equations.

(a) Which one of the following equations has order 37

n

. . 1
v+iy¥=2z, 4 +zy+sin(x)y=3, |y +z2y=-|
T

L d

(b) Which one of the following equations is linear‘ InN TEeRm S oF ’\9, ?

T

Y +sin(z)y = €* |,

v +yy + 2zy = 3.
ANOT L~ ¢ AR

y’+2ry=2 =
NaoT Live ar &+ 2

~—
(¢) Which one of the following equations is homogeneous?

y’+y+$_\—3=0, Y +sin(z)y =0, y"-l—y':\i‘—y-
NOT nOT
Hom b CE N €D VS Ho MOG.,

EACH TERM Caon Tai NS

Ngl i P(%)*)/ = %Y

"/

Homo G

LWNE AR =~ OF FoRMm (x)
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r linear diff. equations

Solution formula for first order |
tista 30 tammikuuta 2026 1005 //\ ()() e

I
A’K*’Iﬁ(’d‘}:’v[y) ;%: [W-&?M:?
F/AIV\'\/(K\o& =.., ;')? 3y _(_e)(

yl0 <o * o MMWX

CAY ReusEd  Fok  EXERCISE Q}{\)@
‘\/
0 ax

EX AmPLE . L+ _3
V"‘{/,() ﬂ((l\

\(1"{‘40& C2Zh 22 (Ldk<)brn >
Sj;oMolx- Qm= &L}\[x‘)zxz

M= g
N
/A{A x* s
X
fM()/) oy () olx = yY dx = = <
=x' xt
< _&_ () a1, 6\ AR
{x) -/V\(’(\ )( S\/ﬂ W <
A W C %
- = = ?— * s CwerR
.——7'_ — n

CAY Be vl =R

s X > *? + 0. }j,j/QK
SoLy TN - ’f‘“ =%
gr(mﬂtgou =0
grl’()’b‘ ) \

A = X Ay (8 x
f/,\({)'[/m g I +X el = S_i L *\p(
~ .
A
?/ﬂ_ 5 T § e a e
2% ¢ x
= C + IS te A—N\SW(’%

g (v PR

cs AT Hom (7/“"0&%/(” e,

9 PerfPle AT camPuS

Fak VS

D(FKC‘SV/J |7 - (9 ARE cv QO ks H THIS WeEK
@MTE\Nr OF THE QU T -
_QuEmianN S ARWT  THE FokmY LA
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Yy + 1a(x) «a,:gvm L FAC TOR
Y

§ i O = .. @ P10 > i)~

C

(M=o => ()= ——

() = <“ + s abag e OF7 VAN
pi

17. Solve the initial value problems
(a) ¥ =5z, y(0) =1 Solution Genel
value problem is y(z) = %I + 1.
(b) v = h+;m y(m) = 4 Solution Sb QU( |
condition gives C' = 10, solution of vl

(¢) >y = e, y(0) = 0 Solution
condition gives C' = 0, solution of

N T g(ﬂ
® W\ =390 > (gl =gk 2= -0
O =" 2 Gaiko=lad
= 3 = S&c’x’_,f——ZQ‘% ~C
? = (C-le

17. Solve the initjs

(a)

value problems

J

y' =5, y(0) =1 Solution General solution of the equation is y(x) = 22"+ €', The solution of the initial
value problem is y(r) = 275 L.

(b) ¢y = ""“'h;"r], ylm) = 4 Solution General solution of the equation is y(x) = \_.___.-(—._“[-“.\;\'J']. initial

Re TR WA T whiTe

|
w
L-\J
8
)
®
(O]
B
\
\/\)_
\)
o



New Secion 1 Page 26



= W T N T =

1o iy LoD Ayl

S
Jul T X

SolhTon- ‘MST}

we Cav (VTeGRATY
o Ry TH §10¢7

De” =<~

De™ - akz.((w«):aaa*
Jiylde =2 /4 =
(x?de = {?__%g Joad d  gar ¢
= | o™ 44 :—I'g-/'ejlli&
2, Iy = L a7 7L< ) ——
e e

Mix]

Y v Rk

—M1S jSoF  THE (=~

i ey =9
- 3 T ivo(l(\-’/
d\/

(x) =0



New Secion 1 Page 28



et o () sePara TIO Y
v weHo 0 © Rm
oo p [y or@fv g0
bl - K e

WHERE  m ()= 510{)()0&

(D 8« SepaRamio™

¥




New Secion 1 Page 30



\ é @ y' = In(x) + tan(z)
@ y’ = Hin(:r:)rz"“'”'(‘")

SVALENLIO

)+ e )

:j (0 + i (X) X

= (toade + ( Zom (4

= ) ox = Cost) *C

> Wx\

I© we Fov O

Vo (1%

B@w/x\,x): () + X
= L0

(et de =] &5

y' = In(x) + tan(z)

€ (©) y' = sin(z)ec*®)
ST - Swﬁi QCMM »
LSin(¥]) Q@d/g
&N} = ¢s¢ M - ﬂﬁcoﬂ@ o

R = — g
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Exercises using the solution formula

keskiviikko 7. helmikuuta 2024 11.59

y' +p(@)y = q().
In the book |?, pp. 411-413] it is explained how this equation can be solved.
(a) Identify p(z) and g(z).
(b) Calculate [ p(z)dz. Don’t add a constant C' yet.
(¢) Simplify p(x) = el P@)dz apd ﬁ
(d) Calculate [ p(x)q(x)dz.
(e) The solution is y(z) = u(—-”r:) + ﬁ | n(z)q(z)dz.

Example. Let’s solve y' + 2zy = x.
1. We have p(z) = 2z and ¢q(z) =
We have [ p(z)dz = [Qrdfr' = 12 (We don’t add C.)

2.
3. We have u(z) = e* * and ﬂ(z = e—ig' = e,
4

/;z x)q(x)dx 2/21‘0 dr =

c 1 PR
Ya) = s+ s [ @)z = ce +e

. We have

The solution is

_U(

that is L
y(r)=Ce™™ + 3
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20. Exercise. (Possibly an Exam question.)

Solve

2

y+-o=u

R

by following the instructions.

(a) Identify p(z) and g(z). Solution p(z)= 1 and q(z) = *
(b) Calculate [ p(z)dz. Don’t add a constant C' yet. Solution [ p(x)dz = In(x)

7
(c) Simplify p(x) = e/ P@)4r and ﬁ Solution p(x) = x and ”(1$) =1
. 2
(d) Calculate [ p(x)g(z)dz. Solution -
(e) The solution is y(x) = (5 + 5t J w(@)g(x)dz.  Solution y(z) =S + %

21. Exercise. Solve
Y/ (x) + tan(z)y = (cos(a))
(a) Identify p(x) and g(z). Solution p(z) = tan(x) and g(z) = (cos(z))?
(b) Calculate [ p(x)dz. Don’t add a constant C' yet. Solution In an earlier exercise, it was found that
J p(x)dx = —In(cos(z)) =In ﬁm

(c) Simplify p(z) = e P4 and ﬁ Solution p(z) =

(d) Calculate [ p(x)g(z)dz. Solution sin(z)
(e) The solution is y(z) = ;&5 + 5757 J w(x)g(z)dz.  Solution y(z) = C cos(x) + cos(x) sin(x)

1
uiz)

L ]and

(3] = cos(x)

22. Exercise. Write y' = 3y + 2 in standard form y’ + p(xz)y = ¢(x) and solve by same instructions as above.
That is, use the solution formula

y(z) = C) + L /p,(:n)q(x)d:r, where pu(z) = e/ Pz,

plx) — p(x)
Solution y = Ce®* — %

23. Exercise. Solve 3/ =2y — 22, Solution y = Cz? + 62°

Need more exercise? See the course book [?, p. 420, problems 225-232.]
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Basics on Fourier series

“u K
keskiviikko 7. helmikuuta 2024 12.08 C

Fookitk  SeRIES I/—\'

ReAL
N
AL RATIO

plot y=x/2 and plot y=gin(x)-(1/2)*sin(2*x)+(1/3)*sin(3*x)-(1/4)*sin(4*x)+(1/5)*sin(5*x) (x N =
£ NATURA [i‘,mn»«mml EXAMPLES # UPLOAD 3@ RANDOM

1ed

Assuming “plot” is a plotting function | Use as referring to geometry instead Fw R
SERIES

T QuR ORIEWAL FunCTion (X

== yzjmxl in(2 x) in(3x)f — gn(4 x hsx) pR‘ X‘M T/ (] n P ‘f
T 1 9/\ W TR Gonvo -

I THESF ‘:J.\Jcnou 'S
o NuMBERS, NAMED
| 7Nl | e CouRIER  (REFFICIenTs

L coSX), cosl2x), Cos(3x)

Sivli), siml2x)
A, COS(nx) + b,  Sinln)

oF 4 ovek ["Tl “"J
- EvE~
Co\V\:LT £(x| CoSnx) ox N CoSx)
{
=

wWHERE A, ;T‘_ S’ &(%Jf} 2- AVERAGE

|
)

gg%uz)

A9 .
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q
U X
‘ _//

integrate from -pi to pi x*2*sin(x) integrate from -pi to pl x*2*sin(3*x)
/\ l+x H & £ MATH i o JE3 MaTH NPT
?EF\JM C TionsS [ [[¥snanax=o

4()4 @ FunCTion§ 1
7 ) /*(/(’() 1%\* Z }%x) + b, Sinlnx)

=\
:/; " / '\'ﬁfbﬂ?
T
H—><q A

v 2CAMVIT Pv 7
‘o THRIVGH OFIG L ok +2 o

b THE FoukiFR scriel o F dba=x

EXAMPW - B

=0
— oPd = %“" )
SowTiaN K )= : an =9
JusT Nk’f—b Thw AL W LA TE 57\2 _L_K S"T‘ X - 5!'\/(11%\ dx |
-

\ _ ReFoREH AV D
Le T S  PRACTICE make

nmveEX T WEEK. wAa T VvIRED

[

Solution y = Cx3 4 622

g oR ReaD IF oy

23. Exercise. Solve 3/ = 2y — x?
Need more exercise? See the course book [?, p. 420, problems 225-232.]

SowTion. Le TS wRITE v The Fom
YOWTIN.

/‘}‘_\-'yo()(\} ="[/(><)
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R
I/"‘M"Vm”‘x :y e‘szg)o(x Canvo T SIMPLIXY
s () ) ’l’(ﬂ”/\
’\’5()(\ = ;\%ﬂ— * (X) g/ﬂ(")’y we v
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& WolframAlpha

integral e*(-2*x)*(-x*2) dx

5 NATURAL LANGUAGE Jfa MATH INFU

Indefinite integra Approximate

A BoVvE
\{“.2*[.12]‘;_‘-:&‘»2'121'2+2.\'+l] WE\ US 60 T//(’
Fomi (4

1ttps://en.wikipedia.org/wiki/Integration_by_parts
where we neglect writing the constant of integration. This yields the formula for integration by parts:
) fu(:r)v’(m} dz = u(z)v(z) @
(=5 <o It
Az - M (\n /V\ )(\

- ce” « [Z’( rex l>
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XU k1770
oL = K§ L
—

2 O 20. Exercise. (Possibly an Exam question.) ‘ ! 2
’ Solve ' = )<
U( 4+ ¥ =2 ‘-7 K et
T
by following the instructions. E J

(a) Identify p(x) and g(z). Solution p(zx) Qn(l q(z) = 2?
(b) Calculate [ p(x)dz. Don't add a constant C yet. Solution [ p(x)dx :' In(x) !

7

(¢) Simplify p(z) = el PEMEE and ﬁ Solution pi(x) @‘“‘l m;r} =3 K—-
—_—) C‘alculate [ p(z)q(x)dz. Solurionx\ _——— 2

(e) The solution is y(x) = ;uf_r} - ﬂ[]—” [ p(x)g(x)dz.  Solution y(x) = rT + %_

X 1

Sx. x* X =F Xt = v

X_
Y
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Discrete Fourier transformation

aaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

&(,(),_— “\z + Z

n=\
W HERE Ay = —— S’ 200 =0
L
QM:LT
RN S TN
- E
Eulce \_/j L) riswt)) on D
+ @ = s - agw(® sw (£ 2
** e COS(’H 7\

Ex Amite jg(x | 0. Sivi) +@

b =0 o O w(ax) dx
3 g@:‘—w'w( +O)

b,
S (1) o s il =

e
= { o
- A 1‘ =0
+ L (Vo swax Sivlix ok
T -7
hence ‘ Q 3 b(

I

¢ scck for the corresponding representation

o= S /7 T

For a general function f

CAST A

n u\ll‘Lg

~
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ea Qlo: ea-t
x A n< - nK (0]
-e -e
TR Rt L__UMAL

/rwt’

We define '
FREOWMG \/—f f(f ldf
J(z) =

Fourier transform

which implics

0Sen W A "o N (00
ey e M d) ’Mg,:o&n
W\vs\c«s 0@\ & ‘

https://en.wikipedia.org/wiki/Discrete_Fourier_transform

" Cococtt) + Lsw )

Discrete Fourier transform

Zmn e ~izen (Eq.1)

/7\ n=0 /[\
Towt ot OR GivaL

The inverse transform is given by:

OQ‘\ (7 N Inversetra/nsfom'l/

. = ZXk e?,QTr n (Eq.2)
L

;2

A ——
4

>l

n
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https://en.wikipedia.org/wiki/Discrete_Fourier_transform 8(5 T W 7"’7’

CCvUTE
Discrete Fourier transform -0 a‘
N-1 |k —_—
"&K> Y= zn —e_m@ (Eqt) | F [
A n=0 /[\
/ v

P e

Tt Pott O brWaL
M us

The inverse transform is given by:
FoPA

Inverse transform

Ov(‘\bﬁ - 7 —_
3. %Zi, ca2| | FFT

N |
= (\kl .
e ~) o
- 2T R

— X
‘ X X| Xo )(‘ Xo |
S\&MAL/
TRANS PR “Xk’ Qf" VO Mf)u
Ly =%
- X

/,‘
R &> s ) B eIV S



0 ! *o e )
5&? = %( “¥o (-|\ + 1}| (_')ﬂ) /3;'\{(}0 +"2|>
X, 1.0 tl | Y
2 W—l? © el )1%(90 )
< C O 8 https;//octave-online.net /(
X ’?m
— ReaL
octave:1> fft([2 3]) ob VA
ans = 7
> Xin —> ?w ,
octave:2> ifft([5 -1]) _ )
ans = E Ve RV Py ke by
2 3 lMQ/\/ﬁ/ﬂ/’
— e VAWES
D ISCRF ® 9""‘”‘/"\ T
X T_AM@M -




<o
Online 14.2.2024 0{ vS l4ﬂ" w /H R‘_J,Ql_cj
keskiviikko 14. helmikuuta 2024 12 .05
r 17 j‘; x %=

24. Calculate the partial derivatives th _’.e_)< +0
(a) Za’t+e"+7 / P4
(b) 2a2t+e* +7 = X% +0+O0

(¢) 2 sin(2z) + sin(3t)

(@ ;ggfi)sin(&)\\\: Co §[2>() .2 *0
ST = Siv(zx) - cos(3t)3

NMEXT  (CulPle 'xanPieT

mORE PARTIAC o€
Dek va 71 S f_ﬂj FeT
A t X
20 Q = £ ><76 | 5{;@ =
b o
ﬁ' - X L(x) Qd}@t=l )
T [‘i’ <=0
Fry € :
L 4D
X X — 1 = =-1.£
:L% £ T auji ax = -\
[a tz
% Siv( x &) = CoS(x ft>’ %(k @\
d S\M()( .HL’L): =|+0
# ¥ Cog(x
oS(x +4Y . %C )

New Section 1 Page 44



7Y - CoS( X +2Y i @+1€_)

H>= —
— o + 24

obDe €EXAmflE

Ay TPty = 61’()() - “ﬂy) —‘/«i\ Mmﬂ“ (9 9/ Coutx

NHt—’@Q/A[\/)Q eff’MdX

ALwArS (o TS @u/{&%
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7
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-
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NMNEX T

|_—
CHare  Tme F T
Show that r \ /
@ wx, t) ="sin(nx) sin(nct); lf \
where n is a natural number, is a solution of the problem

digy
y(0,8) =0
0.

o L, T
{ az? = ¢

vl 1) = [OQ iz
Z
SoLuTiON . Bovwciv G
L=0
"y%’; S (nx) &L@i) L=
£=-7

9—% MX = SW(“Y)COS(V\OZ)‘V\(-

A
A}: S\N(’V\x) (— S\v(nc‘t\)' nwe - nhC = - Sw@y)'sw(nc*)ml(.
wc*

Pl ~

A

2. NK = Cos(n) wSIv(nck)
d x AMV
2% . - ) M- SW \ .t
;{W__sw(mwés (ne#) (| € 2

. 2%
C'Z P sw(n") SW(V\C*)%C

o
% O
25. Show that
y(x,t) = sin(nx) sin(nct),
where n is a natural number, is a solution of the problem " \ D

A_V

AT =7 AL“’“YS?

?(X,*)-.SIN[MX) Suu(m(_t)
("/*)3 Cinvfo) siv(net) =0
L

=
- /q- _L\ - Cauasl. =) <, 'V/w(,t) -N

77, 0l7
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26. For the sine wave 3 sin(7¢ — 1), what is the
(a) amplitude
(b) angular frequency

(c) phase
(d) period

27. Express 6 sin(4¢+m/3) as the sum of sine and cosine, that is, in the form C sin(wt)+ D cos(wt). Hint. Remember
sin(a + b) = sin(a) cos(b) + cos(a)sin(b).

28. Express 5sin(2t) 4+ 2 cos(2t) by one sine wave, that is, in the form Asin(wt + ¢)

Hint. By using the vector dot product, we have 5sin(2t) + 2 cos(2t) = (5,2) - (sin(2t), cos(2t)). Let’s express
(z,y) = (5,2) in polar coordinates (z,y) = r(cos(a),sin(a)), where r = /2% + y? and a = arctan(y/x).
Solution We obtain r = /29 and o = au‘ctan(Q/S}g = 21.8°. Thus

(5,2) = V29(cos(21.8°),sin(21.8°)).
Therefore

5sin(2t) + 2 cos(2t) = v29(sin(2t) cos(21.87) + cos(2t) sin(21.8°)) = V29 sin(2t + 21.8°).

The result can be obtained directly with the formulas A = /22 + 2 and ¢ = arctan(y/x).

34. Consider a square wave g(t) whose amplitude is 3 and the period is T'= 2. When 0 < ¢ < 2, the function is

defined piece-wise as
3, if0<t<l,
g(t) = .
0 ifl1<t<2

2

and outside this time interval the function repeats itself periodically. Find the Fourier coefficients ap, a, and
by.

35. For the function
o JL if0<z<a
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35. For the function

if —r<a2<0’
find its Fourier series. E ASY .

f(t):{l_,l if0<z<nm T

FrT .

“Solve numerically with Python’s Scipy library, and analytically with Python’s Sympy library. Use the initial
7 the graphs of the numeritatand analytic solutions. (Use

NO, (LPO KmwS PriiHonv Brrree,

36Write a Python program which removes the noise from a function which is the sum of two sine waves. You
can

se, for example, the wave

noisy_signMiM(a) )
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~ 1,3, exAn
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26. For the sine waze@sm 7t — 1), what is the

(a) amplitude ;

Qﬂul S\ gw(x\ PeRioQ 15 ?J”-“
9"‘(},*\ Per 100D LS ﬂ-:u

(b) angular chqucncx

(c) phase SIN (9%)  PeRiapy 2
(d) period — 7:1 ( |3 _1:0‘}
y 1) y IF Yovu CHAnGE
XAMPILE, A ros{yt =) ==S/yt co¢ To Sv,
-F’—/E' 3 C (4 s nea T AP0+
P
An U (4€ FREQuevey =1 PHA< b~ o7
N
PcRion - 7—'&1 WeiTle VSV G Siv

27. Express 6 sin(4t+7/3) as the sum of sine and cosine, that is, in the form C sin(wt)+ D cos(wt). Hint. Remember

im{u +b) = sin(a) cos(b) 4 L'US(W

SO Ton 6 Sl’\'(q**z}) -
= 6/ Sin (a8 Cos(T) + Ug/qﬂ 5""(“—;\-‘3

- 6 cog(i}) §W('~H’\ . 65(/\/[1,:) CoS[‘fﬁ) '3

T :3|W

N

C—_’s B":‘-S,Z

2 nluk) 4 S COSlud) | ool T gl S
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—_ - - -

= 2 siv(4h) + 5.2 COS(4R) W%\._sw(’%-'})

= Siv(1047)
60°

o

=SIN( Z. &3

=

(:\M{w)

NoT N THE

X AM ’//

28. Express 5sin(2¢) + 2 cos(2t) by one sine wave, that is, in the form| A sin(wt + ¢)

Hint. By using the vector dot product, we have 5sin(2¢) 4+ 2 cos(2t) = (5,2) - (sin(2t), cos(2t)). Let’s express
(x,y) = (5,2) in polar coordinates (z,y) = r(cos(a),sin(a)), where r = \/2? + y? and a = arctan(y/x).
Solution We obtain r = /29 and o = eu‘ctan(Q/S}% = 21.8°. Thus

(5,2) = V/29(cos(21.8°), sin(21.8°)).

Therefore

5sin(2t) + 2 cos(2t) = V29(sin(2t) cos(21.8%) + cos(2t) sin(21.8°)) = V29 sin(2¢ + 21.8°).
——

v The result can be obtained directly with the formulas‘j—l =/x? + y7 and

EXAMPLE, Y =pcriod

g b
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34. Consider a square wave g(t) whose amplitude is 3 and the period is T = 2. When 0 <t < 2, the function is

defined pieccowise as—————
- [3 iostisy
P70, 1<tz

and outside this time interval the function repeats itself periodically. Find the Fourier coefficients ag, a,, and

by, k
bt T (0= LS 2 <TC -2 &(*&Jj}: ‘XU
: Sl o AR -~TEx<0 Y

v Se

&(’()u: 0& + oy Ay COS(‘V\") +6k Sin(nx)
-

WHERE @, = &m X

e \l

S
-
\

o |
) ‘l(/)"

An= ,,Q(sd CoS(nx) dx

K\/bﬂ: —L_rr S ,z(k] Sw(wd dx

The ™ SURS T TV ¥ X =T,k ™ THE Segies

ExXamPle  CALCVATE Bf Ha~D PFT(D[QB.

Sa o 71N /30 = 245

,‘94 = 2-8 =l ,A«/S""(ﬂ" [5."‘3
///////

35. For the function
in_J1.  o<z<r  « DeEFIrED
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o ) _ e cewlSe
find its Fourier Serles‘[A'SgVMF %(7{‘ (S 27 PFQIOOIC) . ~
pREA =T

_:e(.x) e A

35. For the function

. X \/emw
o =2
- = ST,,@(;C\# + L Camdk ppeq - - | = -7
— 0
6 T LD 7
;—\— -\ ol* L OU-— = -\T + T =0
n é\// T g&/‘*{n‘r ! ‘ Z
= / _£ ;—(0\-{‘-—(—7\-) } — "z"T ioxo‘—o )
Mg THD 2 Reawwse THe EvveTioN IS 0RO D {«O:O
— —
Loy <> X9 = -4M ““DD
= £
br® b3 [ AW sl
a1y
Ag ,@(*\ gw(we)al:t N+
&H’) NIEY (Zf) T s 7T - (’;\)
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Nzl

e

’
A
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[ sum n=1to 10 ((2/pi)*(1+(-1)"{n+1))/n)*sin(n*t)

£ NATURAL LAN £ JfaMATH INPUT i EXTENDE!

Sum

i(z[l- 11 + 1)) sintn t)
= an B
4 (315 sinir) + 105 sin(3 £) + 63 sin(5¢) + 45s5in(7 1) + 35s5in(91))
357

Plots acE
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Extra material

maanantai 19. helmikuuta 2024 12.13

The exam is based on the exercises above. The following exercises are just in case you are
interested about the topic.

(There might be some mistakes in the formulas.)
36. Let [zp, 2] = [2,3]. Calculate
{yo =Ip+ T
y1 =xp— a1
Check the answer in OctaveOnline with
y=ttt([zo, z1]).
Solution Solution [yg, y1]=]5,-1].
37. Let [yg, y1]=[5,-1]. Calculate
{:r.o = %(:ru + 1)
r1 =gwo—z1)’
Check the answer in OctaveOnline with
x—ft([yo, 1))
Solution Solution [zg,z1] = [2, 3].

38. Let [zp, z1, 29, 23] = [1,2, 1,2]. Calculate

Yo =T+ I+ I9+ Iy

Y1 =Ty —ir] — To +iTy ' No ; HV‘R,E
Yo =z0-T1+72 I3 ==

Yz = xp+ir] — o — ixy

Check the answer in OctaveOnline with
v={t([zo, z1, T2, 23]).
Solution Solution [yo, y1.y2, ya] = [6,0,—2,0].

39. Let [yo, y1, 92, y3] = [6,0,—2,0]. Calculate
Yo = %(’1‘0 + 11+ 9 —l—;l';;:}
1 . .
1(zo +iry — x3 — ixg) 7 p
U2 =i(1‘-o—l“1+l‘2—‘l‘3} _—-NU ~ Hk F

Ys = %(Io —iry — T9 + 'i‘.'r.“‘g}

@
=
Il

Check the answer in OctaveOnline with
x=ifft([zq, 21, z2, T3]).

Solution Solution [zq, 21,9, x3] = [1,2,1,2].
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Practice exam

keskiviikko 28. helmikuuta 2024 11.53

Applied Mathematics and Physics in Programming ID00CS50-3003

Mathematics, teacher: Juha-Matti Hunsko, juha-matti huuskotoamk i
Answer to all six questions. In the end of the pdf file, there are some formulas.

D

1. Give the requested examples.
(a) A differential equation of order 3.
(b) A separable differential equation.
() A ble differential

(d) A non-linear differential equation.

(e) A linear and homogeneous differential equation.
(f) A linear and non-homogencons differential equation.

. Show that the functions y are sol s to the cor ling differential equations.

(a) Show that y = 1< is a particular solution for i’ = i,
(b) Show that y =3 — = 4 zln{x) is a particular solution for ¥/ = In(z).

. The general solution of y = 4% is y = 1% 4 €, where € is any constant. Which particular

solution passes through the point (3, - 30)7
1. Solve
o — tan(x)y = 3(sin(z)).
5. For the function
1 fo<zr<nx
1) = £
1) { 1, if - #<z<0

find its Fourier series.
6. Find the discrete Fourier transform of [2,3]. In other words, caleulate by hand £££([2, 3]).

In the following pages, there are some formulas.

Formulas
Differentiation and integration
Differcatiation Integration
D e Jede w2200
D - St w0
DV W by Ivie &
Dinjr) =1
Dijs| « 1 [idr <Imjef s €
Dher) =i
Dl = b
Diinfe) = ondr) Jostapdr = sinir) 4 €
Decalr) = - vz} folnisite ~ - oodr) 4 €
Duanfe) = | ¢ vant(e) [0 tanttnide = anir) 4
Deln(z) x «lafz) [lnispe «slols) x4 €
Daroinis) = ke 1l < arcsinir) » €
Darresds) = I wrerm(r) 4 €'
Darctanis) = rh T = amtanin) 4 O
Dsinhir) « conhiz)
Dessbiz) ~ sinbiz)
Danhds) = e
Differvatiation Tntogration
Dfiate)) = Plalaie) | [ Hate)d(zie = Flglz)) + €
Speraad cmen
Disigis)) - 83 JBde < wigien 4 €
I ) L e Y
Dfa « L\ 1o I Pie <ty [Iddr

Nfja) =(af — 1is

Solution formula

The solition o
4 e = ulr)
» o
K. ST Y . o e
sia) ==t pmj"""‘""" whete jifz) = ¢
Fourier series

1 J i pervodic with poriod 2= and £, f* and f* are piocewine contimoms, then
Jix) =5+ 3 awcminr) + by sin(ns),
o 1

when

..,.-%f' Firmr

O = %f f(x)eoninr)dr

b=t [ pinrsintnrias
Mareowwr, if £ is odd, that #s. f( x) <  f{z). them

Jiz) = i'\.-i-!-ul.
-

el 1F £ bs even, that b, f( £} = f{x), then
flx) = "7" ' gu.'--('ul
Diserete Fourier transform [ FFT
Transform and inverse transform
W o=ntn fw =lintn)
mo=mom |m = dine-n)

Transform and inverse transform:

|

e =E I im b
o= sy -y i
W o= mombEoa
W =Tebim org i

=dizad 3 4wy b 15l
= s 4+ ixy 1y i)
=dizs — 51 473 1)
= dize iy rz b im)
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ﬂ - n~(w}

LG (v)

1. Give the requested examples.

(JI) .'\
(b)

differential equation of orde

A separable differential equation.

~

(¢) A non-separable differential equation.

SN | Ty = Su(xXy)
(d) A non-linear differential equation. \ / s
(e) A linear and homogeneous differential equation. 7 * “a’ =0

(f)

“ ):2 {(x)ég»pﬂ j}(g/)
_;gz_\- £(9 Y- 4*

3}?{\%{_ pxl |\ » dx
’M\M el

\ |lm~;u and non-homogeneous differential equatio

?7-«'«}\0
Y*9"

] Jui7Tx
usT
7 SO (,UT/UN
]: |Z/1/luM
< ‘\“' p () "V(x) LINEAR =7 (TS
’\2/ A} —5 we v UIE

€ FormolA

A

&Mo fo TN
<okmu A
wvee Q
= CeerHon/
AU MR CAC
meTHLOS

?D POy

q/(’():o &> Hymo Gen 6O VS

”Vbo NoNUNEA

2. Show that the functions y are solutions to the corresponding differential equations.

(a) Show that y =
(b) Show that y = 3

SO 9N (a

‘-z"‘*..’.‘bf_‘)
Ok P

IR RN ING RS

- is a particular solution for ¥/ =

ﬁd) S o-x

¥

r + rln(x) is a particular solution for y = In(x)

- 1
D@: %)(’VL—I

D d-x
—_—_———

=0 =

-\
y = 09
»\}': -[I-x\‘L

9= (¥ ok

'S (Vs

X

Q-XY“

=y o

<
v
3. The general solution of = 4r? s y —r' 7, where (7 is any constant. Which particular
solution passes through the point ( ki SIII
Souﬂ’/()/\l,
Z
3 X
,9([-3) :q_s(_g) +«( =~ i 3 +C
= -Y.9+c¢C
A CineR e S|
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= -Y.9+cC
= =136 (—C:‘go/f

2 3
4}:%)(-(-6 C=¢ ¢

P

1. Solve

y — tan(z)y = 3(sin(z ).
N e

SoL TION. 10(’/) g,()

wx - S- o)X uy) = Coslx)

_ S ’S\N(K) d)( J"(x):-sw(x)
- /
CoSK)

P
- 203 7 -_—,lqs\.(cds(‘())

[ L2dr
J o=

In(g(x)) + C

(ur()(\dx M(C‘S(Q\)
pmO= e = B = Cos(X)

1 3
(0 o (1dx =3\ cos(¥) (Slﬂ(")\ A = /{(S v ()())
Jpeaqrade =g &

7C ntl o S
D?(x\ PR AC

n+l

(¥)
Nb(){\ = i"()() 4 'ﬁﬁ) S\/\({]W ZCIX
< S — @IN()A\

= x0T s

5. For the function

] 6. Find the discrete Fourier transform of [2,3]. In other words, caleulate by hand ££t([2,3]).
f(t) = : .
if —-xa<z2z<0
find its Fourier series.
|
Fourier series ! /
If f is periodic with period 27 and f, f' and f" are piece-wise continuous, then —_—rT T

~
ap | N y
f(zx) = Y 4 E a,, cos(nx) + b, sin(nx),
n=1

g = é/& f(x)dx

1 % 2
a, = / f(x)cos(nx)d:
L e

b= 1/ f(z) sin{nx)dz =0 7
2 A L ) .




— 5 /\/|\1\ R

\ EVE/U ; Obb(‘)

U.SkFUL

.‘.

g (%) (,os(nx\ :‘S 40 co§ (n - o)alx

= Co Cv)
= A, < |
JUST weeh D CApUATe 0,'S
REON gaslade T
O i
™ gd i@( - e Y
Z-T{J S ( wx) dx R R

Tl A w

JOyde (O de
S

cQUacC

LzT|S CACcCVUNTE WITH OV T THe Fe i

-
bns £ § 2M)swlnn) ¢
‘ = -
-+ 504( Sinv (1) & +JT.—S4£§%§W(““*
I )
B —coS(na) | ¥7Y
A -S? sinv(wi\ e = ’@’K@:{
° C—\)“' = ,_(af(°)=|
x=b _ T) ~
fed| . = £()-F(H )\ = LT/ -Cof(n-o)
[ lxva- {) ) N < —T'
C°S("\=@ (AL Cv Uk - - Y
co S(’)_T\') ’-@ 4 w
0 _ e
8" - SS"\/( V\K) i! | e )

N ﬁk(.oS(vu() \\Y:O _ (e S(o) —COS(’V\,IT)




X= _1r -~ "

:t‘ECOS(M)lY:O :cog(o) _CL(,W)

=

e )

r—7 < < 7 and let f{x) be periodic with period 27, It's Fourier series

2 e 11 7
Slx) ll—z ;(—1))n—2Lus(raJ}J (1)

(b) Is f(x) or g(x) odd?
() 1s f(x) or glx) even?
Solution_We have D f(x) = g(x). Therefore, differentiate equagion (1) on both sides to

obtain @

V

«:):4(’0‘- XT 4}23/()0:% LM’(”
@ 0pb . % IS o0D. £ 1s~NOT 0DD,

OrveN. X Iseven, a6 vOT g ven.

6. Find the discrete Fourier transform of 2 3]. In other words, caleulate by ]Lallll‘fft.i [Q.l{l}.

Discrete Fourier transform / FFT ' EFT
FET

Yo =T+ 1

Transform and inverse transform

SOUJWON’ §<0= 2 ’?o = 2+.S :’S
X, =5 49 - 2-2 = -|

\
ANSW R :p(i(&én =15,-1]
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