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(a) 1 P = T = 6 JCA cula O R Solution 0
L Solution 0.11
(@ ’(J_' = 9 = o‘ /l Solution 0.056

Dice 2
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5. Let’s throw a coin three times. With what probability (;
(a) 4

(b) 3

(c) 2

(d) 1

(e) O

heads are obtained?
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Exercises

maanantai 11. maaliskuuta 2024 12.12

1.1 Mostly single events

1. The height distribution of IT students is as follows.

length [m| number of students  cumulative
1.51 ... 1.53 2 2
1.54 ... 1.56 2 4
1.57 ... 1.59 5 9
1.60 ... 1.62 a8 47
1.63 ... 1.65 62 109
1.66 ... 1.68 110 219
1.69 ... 1.71 126 345
1.72 ... 1.74 130 475
1.75 ... .77 126 601
1.78 ... 1.80 72 673
1.81 ... 1.83 42 715
1.84 ... 1.86 23 738
1.87 ... 1.89 T 745
1.90 ... 1.92 1 746

With what probability a student has length

(a) greater than 180 cm
(b) 163 ... 174 em

(¢) less than 160 cm?

2. Students estimated the length of a given segment. Their errors were [em]

2 3
1 0
5 3
0 3
1 1

With what probability a random student estimated the length with at most 1 cm error?

0 5
1 1
1 1
3 4
4 7

6 1 2 4 3
0 2 1 1 0
2 0 4 3 0
2 0 5 3 1
2 0 2 1 0

1

[N R R |

[ o R T X

4
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Solution 0.098
Solution 0.57
Solution 0.012

Solution 0.43



3.

A car factory collected data: when a car had its first repair done

km mumber of first repair cars  cumulative

0 ... 10 000 a0 50
10 001 ... 20 000 93 143
200001 ... 30 000 293 436
30001 ... 40 000 391 827
40 001 ... 50 000 183 1010
50001 ... 40 1050

1

With what probability a car from this factory needs its first repair when it has been driven

(a) at most 20 000km Solution 0.14
(b) 20 001 ... 30 000km Solution 0.28
(c) 30 001 ... 40 000km Solution 0.37
(d) over 40 000km Solution 0.21
(e) find the sum of probabilities a-d. Solution 1
() With what probability, a car which did not have repair during kilometers 0-30 000km has to have repair during next

10 000km? Solution 0.64

. Let’s throw two dice. With what probability the sum is

(a) 1 Solution 0
(b) 5 Solution 0.11
(c) 11 Solution 0.056
(d) larger than 77 Solution 0.42

. Let’s throw a coin three times. With what probability

(a) 4 Solution 0
(b) 3 Solution 1,8
(c) 2 Solution 3,8
(d) 1 Solution 3,8
(e) O Solution 1,8

heads are obtained?

. Let’s make a two digit number by choosing its digits randomly from 1, 2, 3, 4, and 5. The same digit can appear twice.

With what probability the number is divisible by 2 or 57 Solution 0.6

. Let’s throw two dice. With what probability the sum is 10, 11 or 127 Solution 0.17

. Grade 5 was obtained as follows. In the mathematics exam 15% of students, in the physics exam 12% of students and in

both 7% of students. With what probability a random student gets grade 5 in at least one of these exams? Solution (.2

. In the pedestrian crossing. the lights are adjusted so that red light is on for 40 s and the green light is on for 20 s. With

what probability a pedestrian has to wait max 30 s7 Solution 0.83
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Exercise 9

keskiviikko 13. maaliskuuta 2024 12.34

9. In the pedestrian crossing, the lights are adjusted so that red light is on for 40 s and the green light is on for 20 s. With
what probability a pedestrian has to wait max 30 s? Solution 0.83
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Exercise 1

keskiviikko 13. maaliskuuta 2024 12.52

1. The height distribution of I'T students is as follows. / 6 D

length [m| number of students  cumulative

151 ... 1.53 2 32
1.54 ... 1,;6 2 ,,-)D Ié ‘ Con

1.81 1.83 42 D
1.84 ... 1.86 23 738
o K 1.87 ... 1.89 %3 % 7 745 Uwg t?

. “ 73
Witl hat babilit tudent has | I
ith what probability a student has length = sl” D‘ru

R
reater than 180 cm P = ——'—6 — — } Solution 0.098

@?63 o 174 em q—q P - H 8 ‘? S |{+
(c¢) less than 160 cm? P:L 1"46 _‘\' q 6

-+
£
o

2. Students estimated the length of a given segment. Their errors were [cm|

2 30)5 6 (1) 2 4
CD(? 1@2)2?637 ToTAL 60
%) 3 2 5 3
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Solution 0.012

Solution 0.43
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3. A car factory collected data; when a car had its first repair done

km  number of first repair cars cumulative

0 ... 10 000 50 50
]

10 001 ... 20 000 93 AT mgs T 2#00

20 001 ... 30 000 293 436

30 001 ... 40 00 391 827

000 50000 OVET 183 1010

0001 Lygyg oo (B ToTAL
227 1

With what probability a car from this factory needs its first repair when it has been driven
(a) at most 20 000km P | = 10 5O 2 9 3 Solution 0.14
(b) 20 001 ... 30 000km — 2 - {050 \ Solution 0.28

(c) 30001 ... 40 000km P = 2‘_ -l 8 ; +L'o_ 22 ES Solution 0.37
(d) over 40 000km %"/"“’ 9 - 1059 Sclution 0.21
/@ sg

(e) find the sum of probabilities a-d. Solution 1

)
(f) With what probability, a car which did not have repair during kilometers 0-30 000km has to have repair during next
10 000km? Solution 0.64

P|"’Pl +P3 +Pq: \ P:r i —
391 + |23 +Yyp
0 v LY 2GS

5. Let’s throw a coin three times. With what probability

@41 THIS NEVERRHAPPENVS, Rehvse TH

tRe ARE

Solution

(b) 3 \ NC A fPe”VS %Pto Solution 1/8
(c) 2 e Solution 3/8
@1 - P= g/% \§ H H H Solution 3/8
(e) O H H T Solution 1/8
heads are obtained?

reads are obtaine g H = H H - I’IFA'D

., HTT _ .3
“' Heao ({ THT g- 2 (0 TAL

TTH
“O Hmn \i -T-T‘r
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Exercises 10-18

nnuntai 17. maaliskuuta 2024 7.58

10. With what probability two picked playing cards are two aces? Solution 0.0045

re— T

P Y 7 0
- f — =2 0.004F5
§=2 S 7\ |
O‘tLC/(/LA-q,g

11. In a box, there are 6 red balls and 4 black balls. Let’s pick up two balls without putting them back to the box. With what
0.13

probability both of the balls are black? q Solution
£ 3

To we (0 BawcS, —~ = — =~ 0.3
10 9 =

12. Let’s throw a dice four times. With what probability
Solution 0.12

(a) 2 number “2”

(b) 4 odd numbers Solution 0.0625

¢) at least one “67” Solution 0.52
)

are obtained?
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F(7) = P(ATLEASTdNF) | = (%) .

i~ BC T _ [ _ i.i__,_:o.%&
lod 79 —_—

14. Two coins are tk 0\\'11% With what probabil
(a) two heads Sol [
(b) at least one tail Sol
M_
obtained?
(6&) P( 2 /'10405) ‘ J = —-L-;O.z-r
2 q e
=A

© Frrar 1~ (s os) <025 -5

—-—

y \
meETAOD @‘ @ P:_,q-.
3

P= 5

Y To e ‘zg O -
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(1 of "w,v_(\

2L TImel L
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15. Which probability is better: getting an odd number or at most 4 while throwing a dice? Solution at most 4
N
- }
0b0 2
—3 AT MST
P32 M p- 4
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16. A plane was over booked. With 5 persons in the airport, random 2 are selected to the plane. Adam, Bella, Cecilia, Daniel
and Emma are in the queue. With what probability ~ Z Wwaom (V)
Solution 0.1

Solution 0.6 b—. 1-‘ .a C

Solution 0.3

(a) With what probability Adam and Emma can board?
(b) With what probability one man and one woman can board?

(e) With what probability no man can board?

" \
a N
v“__ vw.|_.
< (- =<
I~
(1
N

17. In a lottery, there are 4 tickets. The tickets have the numbers 1, 2, 3 and 4. One ticket is picked, put back to the box, and
another ticked is picked. With what probability at least one “1” is obtained? Solution 0.4375
—

—

- e e ) 2wy

P( ) ""‘,/‘ —_ 3 _g—.
AT‘LE«W’ azviJl)_/ T

A

18. Weather forecast announced that the chance of rain on Saturday is 30% and the chance of rain on Sunday is 60%. With
what probability, it rains during the weekend? ! Solution 0.72 l

Ca whOAT Sun DAy

T @
—7 X\
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18. Weather forecast announced that the chance of rain on Saturday is 30% and the chance of rain on Sunday is 60%. With
what probability, it rains during the weekend? Solution 0.72
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Exercises 19-30, permutation, k-permutation, combination

maanantai 18. maaliskuuta 202/.23 /

wl=32l Wl 32! ————C T
. \——l\ —_ See— k' (k _R\ ' ‘2. . .
n-k)l 2 ' ‘
19. In total 32 students sit in a class. In how many different ways they can sit? Solution 2.63 - 10%°

32-1L =24
12 - 3 3o- o 1:2./) = 32! :I-'AC73£/,+L_(32)

(N — -
FIRST  SpeonDd =2.6 '/oj's

CHie,  Chme, I
I PTIONS 0° T gAG

Google factorial(32)

w | 72! _(W
R

2.6313084e+35
?
LM Socvmonv  [,052 '/J
19. In total 32 students sit in a class. In how many different ways l—h‘(\, can sit? Wﬁ_‘
J2 SmhnTS

/st

1" seat
Go gle factorial(32)factorial(20)
ha t okset I
o o ‘
1.0815513e+17
19. In total 32 students sit in a class. In how many different ways thegcan s Solutien—3-63=—+0°

I’z_ S 'ru!)(«rt’g
Ca~v ke CHWSeV

[ HOW  manT Wats
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5. Let’s throw a coin three times. With what probability

(a) 4 K M _k Solution 0

3 K Solution 1/8
(CJ' 2= h = ’w I'r) Solution 3/8
(d) / Solution 3/8

(i_) 0

\ Solution 1/8
heads are obtained? ( \ GL) { - -"‘

PBSS\&LV 0R.0 RS H"ADS

0,375 =BINOM.DIST(2;3;1/2;FALSE) = —Z\
EXxCer &
0,375 =3/8
Bl ba
3 oenans A4 CA = 6 ofTions
8¢ cg
=%-12
2 3 A BC

> D0 annv Ca T10 A€
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25. A password consists of ‘ different symbols. There are ms_\'mbols available.

(a) How many different passwords exist, when the order matterg#ind each symbol can be used only once? Solution
1.8-10'0 -

(b) If you try to guess the password and each guess takes 10 s, how long it would take to make all the guesses? Solution

5840 vears ‘(‘—0 gl (9
Usl ™o 7oy

_ 10
(@) (1S 14 ()T 1211 = [ 10

0
@ & -lo |0 = S¢Yo vesrs
60.60 - 24 -36S

B (0 1Q S
we#DZ | €D ofTIOYS SET

I

“?.lo“ SL‘—UJMD( A RE M0 D

< (0"
veeheDd Tim e (v reals = .S o . =589
60,60,2((.3'65 L‘Z:MI

> 52 4RrDS

26. Let’s consider a deck of playing cards.

(a) How many permutations does the deck have? Solution 8.1-10°7
(b) With what probability 5 cards drawn contain 4 aces? Solution 0.000018 =1/54145
(¢) With what probability 5 cards drawn contain 3 clubs and 2 spades? Solution 0.00858

@ 52 ‘ <& 1o oF wITHOUT A CH.C"M'!::]

® 4.5 2.L , %8 “ G
—_— =, = e - = ~ (S2
s, 51 S0 W 4€ 5= (%)
ANY ARD0 S oK
Parmery  AMA A X

5 3 2 .1, ﬁ AN XA
P— 5’1 Sl 50 \{9 4g TTH Soriaws

TH T
=0,0000 'g HTT7 YCorns

(3
@ e e

( gf\ Dcliumﬁds o _ //t‘ —
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c LutS n— B < NeE S

binom(13,3)*binom(13,2)/binom(52,5)

= 0’ OO g gg £5 NATURAL LANGUAGE | [T MATH INPUT &

Input
13

13 [ 2 )

( 3 ) (52

5

—
~—

Exact resuit

143 |3\ (,3
16660

2
Decimal approximation P —_ ?

0.00858343337334933973589435774309723¢

52
In ToTaL $S &\ (g

27. For an entrance exam, 20 math fluestions and 15 physics questions are considered. The questions are chosen in random
and their order does not matter/ With what probability chosen 6 questions

(a) are all math questions? Solution 0.024

(b) contain 3 math questions and 3 physics questions? Solution 0.32

@P_ (?5 0 5\

(38 35 CHWES - ?5>
53 < 6

28. A dice is rolled 10 times. With what probability exactly 3 results “6” are obtained? 0 . / E 'ro({
29. In football betting, the result of 13 matches is guessed at random. Each macth has 3 options (1,x,2) (This means (home
wins, tie, guest wins).) With what probability the result of 12 matches is correct? Solution 0.000 016 3
30. English test contains 40 questions. Each question has 4 options. The student is guessing.
(a) With what probability all answers are correct? ,g I 3 Solution 8.28-10~%
(b) With what probability exactly 5 answers are correct? A = Solution 0.02723
(¢) With what probability at least 5 answers are correct? ’ 3 .k Solution 0.984

. 3 ¥ Z 4 x XXX b' 0
. QS\ C—;—\ (_2-—3 ‘ xéxkgxx); € xexxx ( gO/ @ CT’ )
"6 per Timss 2:::&7” Kfﬂ‘ﬂkkﬂs Qs) 40\ /1\S/ 3 3
s (7 “

pd @5 <IT\IZ %_' .

e RAN G <) Yo Yo-k
({Af’gss oS D < /‘N\/I\k/K\
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1.3 Permutations, k-permutations, combinations 3& ‘k) ( AAICA &

19. In total 32 students sit in a class. In how many different ways they can sit? ? 2 ! Solution 2.63 - 10% l

20. (a) 10 people shake each others hands. How many handshakes are performefl@('zo) Q 6 Solution 45 Ilgl
2

(b) 8 teams play pairwise. How many matches are played? ——___ = Solution 28 l Z ‘

21. In a questionnaire, there were 6 questions each with 5 options to choose from. In how many ways the questionnaire was s \?
possible to answer (you had to answer to each question)? : _ s 6 ~e Solution 15 625 .‘
-~ 's.. JS A XU s - —_—

22. In a queue, there are 3 boys and 4 girls so that the girls are in the front. How many such queues can be made? Solution

1‘“ PRADUCT O~ qlb!

23. A student answers 8 questions from 10 options. T
(a) How many ways the student can choose? 'S Solution 45
(b) How many ways the student can choose, if the first 3 questions are mandatory? / S') Solution 21
—_—
24. There are 7 men and 5 women. How many groups with 3 men and 2 women exist? Solution 350

25. A password consists of 5 different symbols. There are 115 symbols available.

(a) How many different passwords exist, when the order matters and each symbol can be used only once? Solution
1.8-10%

(b) If you try to guess the password and each guess takes 10 s, how long it would take to make all the guesses? Solution
5840 years
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Exercises 31-41 | BE A
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1.4 Probability distributions

31. A wheel of fortune has 8 equal sectors, one of which is a joker sector. Let X be a random variable which tells the number
of jokers in 3 spins. Find the distribution and find the expected value. Solution p = 0.4
——

32. A basket ball player has probability 0.70 to score. He gets two throws. What is the expected value of scores?Solution 1.4
e —_—

. Let X ~ Bin(n,p). Find n and p, wherf u|= 2 and 02 = % Solution n=6 andp=1/3
-~
. A dice is thrown 4 times. Find the distribution of getting a “6". Solution Bin(4,1/6),pu = 1.6 and o = 0.57

. A factory is doing quality inspection. A product is accepted with probability 0.8. Take two random products. Find the
distribution, expected value and standard error. Solution u =

. In a box, there are 3 black balls and 3 white balls. Three balls are drawed. Find the expected value of the number of white
balls. Solution p = 1.5

- — ) P
QoL [o° Dices, Pevo?e By X =aumeR oF "g' vou GeT

R

(-»)
A ——
6 S
[

. There are 5 envelopes with 10€, 20€, 30€. 40€ and 50€ respectively. The winner chooses 2 envelopes. Random variable
X tells the total amount won. Find the expected value. Solution 60e

. There are 1000 tickets. Price 100€ in 1 ticket, price 50€ in 10 tickets, price 20€ in 15 tickets. One ticket costs 1€. Find
the expected value of the net win. Solution p = —0.1e.

39. Two coins are tossed. If you get one head, you win 20€. If you get 2 heads, you win 40€. If you get 2 tails, you lose 100€.
Find the expected value of the win. Solution p = —5e.

. A wallet contains six 1€ coins, four 2€ coins, and two (.50€ coins. One coin is picked up. Find the distribution.

. Students threw six coins 90 times. The number of heads was counted.

0 2 3 2 43 43 3 41 4 3 45 3 4 4 4 4 2 1
4 2 3 4 2 5 3 42 4212 42143 2215 2
3153 3 313 4 2 3 4135 5 3 2 5 3 2 3 4
2 3 33 23 455 05 233 43041 2 4

Find the distribution.

Sogme THEFY

PPAG*& LITy b,gTRlBUWO/\)

5. Let’s throw a coin three times. With what probability %

(a) 4 - Solution 0
(b} 3 ‘ T T Solution 1/8
(c) 2 T T H Solution 3,8
(d) 1 3 Solution 3,8

Solution 1,8

(© 0 TH T
heads are obtained? I’ T < <

THH (1 08 T wel
k HTH - PAvDom Vakl A6 (e

( @ PRaCag: 74 SYmmeTRIC
| Ym 7
P/O(=‘4\ O A i) S.(,Aﬂlfzp

-
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Plx=4) = N ER I
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plx=2) - [+ (X =0) = |c

I e X o
F(\X‘-—S)=0 “‘L‘B Y :—Hk
P(¥=-)=o0 AU BeR-| OF HeAO S
p(\ |.S Value

Tk Pe <7el

n= 4 p= 0,16667
1-p= 0,83333
k:
0 0,48225 =BINOM.DIST(B4;BS1;ES1;FALSE)
1 0,3858
2 011574 Chart Title
3 0,01543
’ 0,6 6 Uﬂs O' x’ Wi b x_i*p_i
4 0,00077 ‘: D;:;;i: 0,3852
1 014 2 0,11574 023148
+ 000077_onosps
0’2 066667
0 L
0 1 2 3 4 5 Z X0
exfected VAW EXPECTEH
n= 10 p= 0,16667 —
1-p= 0,83333 Vﬁ LL/ (4
k=
n'_ 0,16151|=BINOM.DIST(B4;B51;E$1:FALSE)
1| 032301 ¢ o1
2| 0,29071 Chart Title 7
3| 0,15505 035 E
4| 0,05427 .
5| 0,01302 o Gurss | =3
6 0,00217 0.25
7| 0,00025 02 o
8| 1,9E-05 0,15 /
9| 83E-07 01 ?
10| 1,76-08| 005 &
0 R S —
o 2 4 6 8 10 12
O O sl
gbfPeccen vAwe
X_i p_i x_i*p_i
0,16151 0

0,32301 0,32301
0,29071 0,58142
0,15505 0,46514
0,05427 0,21706
0,01302 0,06512
0,00217 0,01302
0,00025 0,00174
1,9E-05 0,00015 N
8,3E-07 7,4E-06

10 1,7E-08 1,7E-07 __>: X ')04.

1,66667 -

W 00 ~NOU b WN RO
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1.4 Probability distributions

31.) A wheel of fortune has 8 equal sectors, one of which is a joker sector. Let X be a random variable which tells the number
of jokers in 3 spins. Find the distribution and find the expected value. Solution p = 0.4

@ A basket ball player has probability 0.70 to score. He gets two throws. What is the expected value of scores?Solution 1.4 = Z '0, 9‘

@ Let X ~ Bin(n,p). Find n and p, when g = 2 and o2 = ‘—i Solution n =6 and p=1/3
— 66 2
ﬂ A dice is thrown 4 times. Find the distribution of getting a “6”. Solution Bin(4,1/6), p = DN and o = 0.57

quadity inspection. A product is accepted with probability 0.8. Take two random products. Find the

stan Slm

@ In a box, there are 3 black balls and 3 white balls. Three balls are drawed. Find the expected value of the number of white

laﬂﬁ‘ @ O Solution p = ‘L
X 4 , )
— \’ )(’\ 704:
3 J
S |~

_é— Z —
3 6 < 4

s#TThution, expected value™

0]

I
2
3

2 J —
< S | L—)(L/V‘\; :/1 ¥
HALFOF T Baccs A0 WHITE (0 v AV ETABEDS [0 [ 5

T AR =Yg o0
k=

0 0,48225 =BINOM.DIST(B4;B$1;ES1;FALSE)
10,3858
2 0,11574 Chart Title = 0166
3001543
4 0,00077 °
1 04 ®
0,2
[ ]
0 L] °
0 1 2 3 4 5

Yh(,l/k ' 1 _ vy
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37. There are 5 envelopes with 10€, JO€, 30€, 40€ and 50€ respectively. The winner chooses 2 envelopes. Random variable
X tells the total amount won. Fijhd the expected value. Solution 60e

[ 38. \T'here are 1000 tickets. Price L100€ in 1 ticket, price 50€ in 10 tickets, price 20€ in 15 tickets. One ticket costs 1€. Find
he expected value of the net win: Solution pu = —0.1e.

i

r

39. Jwo coins are tossed. If you get one head, you win 20€. If you get 2 heads, you win 40€. If you get 2 tails, you lose 100€.
Find the expected value of the win. Solution pu = —5e.

41. Students threw six coins 90 times. The number of heads was counted.

0 2 3 2 4 3 4 3 3 41 4 3 4 5 3 4 4 4 4 3 2 1
4 2 3 4 2 5 3 4 2 4 21 2 4 2 1 4 3 2 2 1 5 2
3153 3 313 4 2 3 4135 5 3 2 5 3 2 3 4
2 3 3 3 2 3 45 5 05 2 3 3 43041 2 4

Find the distribution.
v
4
J 6 Vil | £
27 [ Y

2
O.% 2 J7

~—

e
k

e

Total-12
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Exercises 42-51

torstai 28. maaliskuuta 2024 14.33
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46. A random variable X is normal distributed. Expected value is ¢ = & and standard deviation is ¢ = 1.7. With what

probability 7 < X < 12.2? Solution 0.7156
Answer f 71 \
— o ~I=0T134—
26 45 L3 %:u = w=30 wro=47 14 = 131
O mu =80 00

D S ——— i LA ]
45.a) 0,5987 b) 0,0972 ¢) 0,7745
46.0.7156€—n P
47.330 ' '

@ PAGE
Normal distribution simulator &

=FIsH (v FReacH)

1.5 Poisson distribution (a limit of the binomial distribution)

42. A controller has a malfunction during a week with probability 0.007. A company maintains 900 controllers. Use the Poisson
distribution to find the probability that

(a) 7 Solution 0.14
(b) more than 3 Solution 0.87
controllers have a malfunction during a week.

43. On average, two cars arrive to a parking place during a minute. With what probability, during any given minute, 4 or
more cars arrive to the parking place? Solution 0.14

44. A school has many computers. During one month, usually one computer breaks. With what probability less than two
computers break? Solution 0.74

‘)(NEW(M‘ | ":) s 10

7\
rRI4LS  PRebALIUTY - L
9F A

MMBR_ o F o
cCETs :
Succesirue , - v X = ~wUME R o~
(3

N/ . \kl s b n R = oM\ Rocclve
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1.5 Poisson distribution (a limit of the binomial distribution)

42. A controller has a malfunction during a week with probability 0.007. A company maintains 900 controllers. Use the Poisson
distribution to find the probability that

(a) 7 Solution 0.14
(b) more than 3 q Solution 0.87
controllers have a function during a week.

-lij On average, two' cars arrive to a parking place during a minute. With what probability, during any given minute, 4 or
more cars arrive to the parking praces Solution 0.14

Y

44. A school has many computers. During one month, usually one computer breaks. With what probability less than two
computers break? Solution 0.74

S,

P(x»4) = |- P(x <y)
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k P(X=k)
0,1353353
0,2706706
0,2706706

0,180447
0,8571235

w N = O

a=2
P(X>=4) 1-0,857123 0,142877

InClinAa 70 Pdin T

0] (vj
WITHOVT A SImiulA Ttk 4 /*)M ey

MaJr Sy-ge‘ﬂ M -0

48. The height of men is normal distributed with ;1 = 175¢m and ¢ = 8cm. With what probability a man is over 2 meters
tall? Solution El.l}{]]%

TV e Alca = |

A

New Section 1 Page 28



g.JnS kr_‘ J‘&a 000 863

FROM THE MAKERS OF WOLFRAM LANGUAGE AND MATHEMATICA

: T o
% WolframAlpha

— o,
= 0.1 7%

’ integral x=3.125 to x=infty (1/sqrt(2*pi))*exp(-x*2/2) dx §
Q NATURAL LANGUAGE [i‘a MATH INPUT B8 EXTENDED KEYBOARD 3if EXAM

Definit egral

X2

«w exp(-7)
j dx = 0.000889025

3.125 2

P22 3125

RY uS'n6 4 TGece

= - B(x5) 69 - [ ke

CA~ Firvd FlRm
A T lLe
~| -09%9

0,00 MQ\
—

New Section 1 Page 29



NORMED NORMAL DISTRIBUTION

0,0 0,5000
0,1 05398
02 05793
0,3 06179
0.4 06554
0.5 06915
0.6 07257
0,7 0,7580
0.3 07881
0.9 08159
1.0 08413
L1 08643
1,2 0,8849
13 09032
14 09152
1,5 09332
1,6 0,0452
1,7 0,9554
15 09641
19 0,9713
0 087
2,1 09821
2,2 0,951
2,3 09893
2,4 0,918
2,5 0,9938
2,6 0,9953
2,7 0,9965

D@=PBX$2)= [ [0

Values of the cummlstive function of

Example
PX< -1,2) =1 -PX< 1.3
= 10,1151

6 7 g L]

0,5040 0,5080 0,5120 0,5160 0,5199 0,5239 05279 05319 0,539
0,5438 05478 05517 0,5557 0,559 0,5636 0,5675 0,714 0,5753
10,5832 0,5871 05910 0,5%8 05087 06026 0,6064 06103 0,6141
0,6217 0,6295 06293 0,6331 0,6368 0,6406 0,643 06480 0.6517
0,6591 06628 0.6664 0,6700 0,6736 06772 0,6808 06844 06879
0,6950 0,6985 07019 0,7054 0,7088 0,7123 0,7157 07180 0.7224
07291 0,7324 0,7357 0,73&9 0,7422 0,7454 0,7486 07517 0,754%
0,7611 0,7642 0,767 0,7704 0,7734 07764 0,7794 07823 0,7852
0,7910 0,7939 0,797 0,7%95 0,8023 0,B051 0,B07% 08106 08133
08186 0,8212 08238 0,864 0,8289 0,8315 08340 0,365 0,8389
0,8438 0,846] 0,848 08508 0,8531 0,8554 08577 0,8599 0.8621
0,8665 0,868 08708 06729 0,8749 05770 05790 05810 0,8830
0,8869 0,8%88 08907 0,8925 0,8944 0,8962 0,8980 0,8997 0,9015
09049 09066 0,9082 0,9099 0,9115 09131 09147 09162 0977
0,9207 09222 0,9236 0,9251 09265 09279 0,9292 0,9306 0,9319
0,935 0,9357 0,9370 0,9382 09394 0,906 0,5418 09429 0.5441
0,9453 0,9474 09484 0,9495 0,9505 0,9515 09525 09535 0,9345
0,9564 0,9573 0,9582 0,9591 0,9599 0,908 09616 09625 0,9633
0,9649 0,966 0,9664 0,9671 0,9678 0,9686 09653 09699 0,9706
0,9719 0,9726 09732 09738 05744 0,9750 0,9756 09761 09767
0,9778 0.9783 0,9788 0,9793 09798 0,9803 09808 09812 09817
0,9826 09630 09634 09838 09841 09846 0.9850 0.9854
09864 0,9868 09671 09875 09878 0,9881 09884 09887
0,9806 0,9898 0,9901 0,9904 0,9906 0,9909 0,9911 0,913
0,9920 09922 09925 0,9927 0,9929 0,9931 09932 0.9934
0,980 0,9941 0,993 0,9945 0,9946 0,998 0,9949 09051
0,9955 0,9956 0,9957 0,9959 0,9960 0,9961 09962 0,9963
0,9966 0,9967 0,9968 0,9969 0,5970 09971 0,972 09973
0,9976 09977 0,977 0,9978 09979 0,979 0,5980
0,0982 09963 0,9984 0,9984 09985 0,995 0,986

09997 0,998 0,998 0,9999 1308
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Exercises 52-61

torstai 4. huhtikuuta 2024 12.51
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Exercises 42 ->

torstai 4. huhtikuuta 2024 13.17

_ 10
"Vyo-b

28. A dice is rolled 10 times. With what probability exactly 3 results “6” are obtained? a =

2 ANSW R

. ‘°>@ (-4

0.1550453 ~ S S7s

{

Simi LAR

—— 01457373 X :q‘g"/b
[Fw Was  (akGER

R exAame ¢ w=100 THe wom BERS

WoVll  Be  Almast SaMe,

n = NUMBER o  TRIALS
Y — P RagARILL Y
a

= n ¥ /I
- P "

controller has a malfunction during a week with probability 0.007. A eompany maintains 900 controllers. Use the Poisson
distribution m find the probability that

Solution (.14
(h more than 3 Solution (.87
controllers have a malfunction during a week.
43. On average, two cars arrive to a parking place during a minute. With what probability, during any given minute, 4 or
more cars arrive to the parking place?

Solution 0.14
14. A school has many computers. During one month, usually one eomputer breaks. With what probability less than two
computers break?

" Solution 0.74 3
U7, o
Oz myp= 900 0.00x < ¢.3 >P(0(3f\s 6;—\6

© 7 = PA=1) CP(X=S) DX <6 + Pl=r)+... |
= \ (3(\)( o) « P(o( Ve P(x=D +flx= 3))

( LS 1\(,3 e,'“ T T
633 e?és

= |- D263 = 2
= 0 .33,

= : k
_a
RO I3 —ﬁ-’ e /
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7\ = 32 =¢

42. A controller has a malfunction during a week with probability 0.007. A company maintains 900 controllers. Use the Poisson
distribution to find the probability that

(a) 7 Solution 0.14
(b) more than 3 Solution 0.87
controllers have a malfunction during a week, A - 1

On average, two cars arrive to a parking place during a minute. With what probability, during any given minute, 4 or
more cars arrive to the parking place? Solution 0.14

44, A school has many computers. During one month, usually one computer breaks, With what probability less than two
computers break? Solution (.74

us, Py

(Px Q) (PE=T) «Ph=1)+ Pl=9)
N\ ~\ \\

S 'L‘ -1
ok -2 2 Q '3
 _ ¢ " T

2\ 2, o‘.

I

42. A controller has a malfunction during a week with probability 0.007. A company maintains 900 controllers. Use the Poisson
distribution to find the probability that

(a) 7 Solution 0.14
(b) more than 3 Solution 0.87

controllers have a malfunction during a week.

43. On average, two cars arrive to a parking place during a minute. With what probability, during any given minute, 4 or

more cars arrive to the parking place? Solution 0.14
w‘ school has many computers. During one month, usually one computer breaks. With what probability less than two
~omputers break? \\ Solution (.74

o
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48. The height of men is normal distributed with g = 175em and
tall?

= Bem.) With what probability a man is over 2 meters

Solution -{ﬂﬁﬁt -

O 09
2 Mg TeRS 091
- [ I; [ =0.0009
5 59 (-1 w=Ts pro=83 1 w — d e 9
L——) _ ARea =0,0009,,

F R 1 AT ~ o0l

Cav BE A0S Teo o ., 100 $H be’T'.a
Dene T M =1 XS By m=x5
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Friday 5.4.2024

perjantai 5. huhtikuuta 2024 9.59

MmeTabS Tv USE e NIRmal DisTRIBTIIA
ExeR c(SeS

A TOR[ (N MWOLE)

— TARLE (0Lb FASHIAN €D  meTHoD)

~ INTEGRAL

ke —

P o Y
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= AfA - ) BWASA
A, 64‘3 s

45. A random variable X is normal distributed. Find the probabilities.
(a) P(z <0.25)

Solution 0.5987

srow-na/i, M AND & NoT MevTIened -—36/\:0
$=|

FROM THE MAKERS OF WOLFRAM LANGUAGE AND MATHEMATICA

& WolframAlpha

integral x=-infty to x=0.25 (1/(s*sqrt(2*pi)))*exp(-(1/2)*((x-m)/s)*2) dx where m=0 and s=1

2 NATURAL LANGUAGE | ffa MATH INPUT B EXTENDED KEYBOARD i EXAMPLES # UPLC

Input interpretation

025 1 1/x—=m2

j exp[——( ])dx wrem=0,5s=1
w8 2 2 A

Result

0.598706
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45. A random variable X is normal distributed. Find the probabilities.
(a) P(z <0.25)
(b) P(1.2<2<2.1)
(c) (P(-1<2<1.5)
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Exercises 52-61, confidence interval and hypotheses

maanantai 8. huhtikuuta 2024 11.54

C ® tips/enwikipedia.org/ wiki Cor

I * This article may be tggutaabaiag

understand. (March 2021)

Informally, in frequentist statistics, a confidence interval

(Cl) is an interval which is expected to typicallm‘mr_ we a""

parameter being estimated. More specifically, given a CHoose
€ G.
EXamfle . 9 5%
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T Tk myle SamAeS O

- /Vlsl Ay .. M3 RE Avirdoecs
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- =7
I A~ (v TERVAL ’

WHICH CoNwTa S KW

-0, —
MNreve 9% Or e Trwue=— P

T - T .
2 e TN

C 6 itp/janwikipedia crgikifCanfidence.r 3 - eh T

3 . 4 =

. » This article may be taataniaini s s

= understand. (March 2021) z S S
9 -_r—.

Informally, in frequentist statistics, a confidence interval i - .

(Cl) is an interval which is expected to typically contain the 1 e

parameter being estimated. More specifically, given a :: ’ .
7 T
18 . - T .
2 ’ o

FivQin G TH £

Conv FiDEN Ce In TERVA C

2 C45¢5 °
" 7
_ ] _ n
CASe |- O, p =0__ _ IS KHroww
s PoATI g TRuEE

Case 2 J-b’g;wpcg I ys&ED
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Jamp e IS vse?

@ iKe A Sauwfe
Q Find IS ;T Lse | ok <
@ CHolSe  cou Oe~v CE bg(/ﬂ_[?f“/dl 997,

R 99 g2’
@ CACCILg 7= /V\ (BA—S(-O 7o AN 70)
T+ Sy A=

@ Faud a4 RADIVS  CRim g — pjreibemon

TRl
. CASE | CASEe 2 J
098 Y )
9§‘% }0:0.0.\' R = J,_gjg J—; ﬂ = %;1-4/74:0,(;; ﬁ
9?0/ 1“0"” R __ZIS'XQS R t£m/qu0/%
9 o 1=00| \/W "
27 7% R= 329 2 R =% =
S T = Tne pedoo (5
@ [ M= A‘ M+ R
MTR(/E
/V\
L/\/\/W
R R 25%
Ao~
52, Find the 99% confidence interval for the mean when the distribution is normal and with the sample: 30.8; 30.0.

20.9; 30,1; 31,7 34.0.
———————————————————

SouTiom. QO CwaPle gl
@ cise | [60001

amm:ﬁ/)

@/,\; 710833

Solution 28.45 < p < 33.71

@ 28
Q= 2.5¢ = =16532
Jg'

7\ A -
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J6'

@ | N TR VAL /‘1\K: g|‘0533 —26332

Dq-/al/wg =28 %9S 28,8
m+R =70 £33y + L6352

= 3?\,4’_]/'( - 33,9
|~ Ter Vv

N[fﬁ(,f

Simi(at Ly | CCLS(;I
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12 3 |

53. Find the 95% confidence interval for the mean when the distribution is normal. It is known that g = 74.81 and o = 4
when n = 200. Solution 74.25 < p < 75.36

EX AP (e

54. Laptop should have average weight of at least 2,0kg. Sample contains the weights:'8 laptops 1,90kg, 10 laptops 1,95kg, 12
laptops 1,98kg and 4 laptops 2,05kg.) How much underweight the products are if confidence of 957: is used? Solution at
least 2dg

nce
@ SAamP(e
wg wltc

@ g meT KMiwy = (a5 L USE THL
£-0D1f i fu 77 040\

@ IS D T:l—9§o/c =/-0,95 =0.0%

we A-2J FIUO Floa A
AL e

Y=169%
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55. Average weight of a cell phone was announced to be 0.700kg. A sample of 10 phones was studied: 6 phones were 692g and
4 phones were T01g. Is the weight in the approved limits, if confidence of 99% is used? Solution 690.8 < p < 700.4g

% =1-99% = 0,0/
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ExXmPle (RFFoMuu T/wv)

54. 2 Sample contains the weights: 8 laptops 1,90kg, 10 laptops 1,95kg. 12

laptops 1,98kg and 4 laptops 2,05kg. Hew—much-underwerzht—the-productsare if confidence of 95% jswstd7—Solution at—-7

: | 9F
i T THe HvPoTHESES M 2.0 /e;./ AR 7
Wi TH  Cver De vie LEVEL Qsos

Sewmonk - as A0V YA

FWﬁ THE 96y, — CanrFiOeVCE (
(ANTERVAC

DS"/:}/ \.9}"{] IF3Y < Mo @oro/,()

ReCruse /vutfl (S Fxcml)(—"‘t/) C M 1S RedecTep
Re cavse M= 198 (St CLse, 1S AcCerTep,
19T < f1,< 1939 (k)

2.1 Confidence interval

52. Find the 99% confidence interval for the mean when the distribution is normal and ¢ = 2.5 with the sample: 30,8; 30,0;
29.9; 30,1; 31,7; 34,0. Solution 28.45 < p < 33.71

Find the 95% confidence interval for the mean when the distribution is normal. It is known that g = 74.81 and 0 = 4 Jd I~
when n = 200. Solution 74.25 < pu < 75.36

4. Laptop should have average weight of at least 2,0kg. Sample contains the weights: 8 laptops 1,90kg, 10 laptops 1,95kg, 12
laptops 1,98kg and 4 laptops 2,05kg. How much underweight the products are if confidence of 95% is used? Solution at [ ka £

least 24g b. /( q
verage weight of a cell phone was announced to be 0.700kg. A sample of 10 phones was studied: 6 phones were 692g and
4 phones were 701g. Is the weight in the approved limits, if confidence of 99% is used? Solution 690.8 < u < 700.4g

56. Waiting time in IT service hotline (min) was recorded and X ~ N(u, 0 = 25).

97,0 101.5 102,1 1039 934 103.3 104,1 98,6 97.3
96.2 107.7 1048 98,5 99.2 93.8 100.3 103.7 96.4
Find the confidence intervals for X with confidences 95%, 99% and 99.9%. Solution We have
88.6 < pu<111.7
849 < <1153
80.7 < n < 119.5

CAL Co(ATE L uR SecF

2.2 Testing v 0 W/\/‘Cq_/e/y

. The ultimate tensile strength X of rope was studied (n = 16). (The rope is pulled until it breaks.) The mean was p = 4482kg
and the standard deviation o = 115kg. Assume that X is normal distributed. Test the hypothesis g = 4500kg compared
to the hypothesis p; = 4400kg. Solution pp = 4500kg accepted,yty; = 4400 accepted if a = 5% or a = 1%

. Let X ~ N(p,o =60). Test the hypothesis pig = 120 with the sample

115 125 102 129 121 119 120 120 126 120

124 118 116 132 114 108 127 131 130 181 Solution Accepted with all significance levels.

. Let X ~ N(p,a?). Test the hypothesis jp = 55 with the significance level 5% for the sample

53,08 56,02 5732 51,76 5707 59,08 59,00 5231 54,10 5578

Solution N pted.
54,91 6050 56,81 56,72 58,13 5831 5885 5492 60,60 58.70 o Rl

Two voltage meters differ by (in Volts): 0.4; -0,6: 0,2; 0.0: 1,0: 1.4; 0.4; 1.6. With significance level 5% can it be assumed
that the calibration of the meters do not differ? Solution Acecented. Calibration does not differ.
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53,08 56,02 5732 51,76 57.07 59,08 59,00 5231 54,10 55,78

5491 6050 56,81 56,72 5813 5831 5885 5492 60,69 58,70 folufano: Hokecpber:

. Two voltage meters differ by (in Volts): 0.4; -0,6: 0.2; 0.0; 1,0; 1.4; 0.4; 1.6. With significance level 5% can it be assumed

that the calibration of the meters do not differ? Solution Accepted. Calibration does not differ.

. Assume X ~ N(p,0 = 3). Compare the hypothesis jp = 60.0 and p; = 57.0 with sample size n = 20, mean p = 58.05_and

by choosing significance level a = 5%. Solution gy = 60.0 rejected, 1y = 57.0 acceptec
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