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1 Probability

1.1 Probability basics
1. The height distribution of IT students is as follows.

length [m] number of students cumulative
1.51 ... 1.53 2 2
1.54 ... 1.56 2 4
1.57 ... 1.59 5 9
1.60 ... 1.62 38 47
1.63 ... 1.65 62 109
1.66 ... 1.68 110 219
1.69 ... 1.71 126 345
1.72 ... 1.74 130 475
1.75 ... 1.77 126 601
1.78 ... 1.80 72 673
1.81 ... 1.83 42 715
1.84 ... 1.86 23 738
1.87 ... 1.89 7 745
1.90 ... 1.92 1 746

With what probability a student has length

(a) greater than 180 cm Solution 0.098

(b) 163 ... 174 cm Solution 0.57

(c) less than 160 cm? Solution 0.012

2. Students estimated the length of a given segment. Their errors were [cm]

2 3 0 5 6 1 2 4 3 1 3 2
1 0 1 1 0 2 1 1 0 5 0 2
5 3 1 1 2 0 4 3 0 0 2 1
0 3 5 4 2 0 5 3 1 6 2 4
1 1 4 7 2 0 2 1 0 4 4 3

With what probability a random student estimated the length with at most 1 cm error? Solution 0.43

3. A car factory collected data; when a car had its first repair done
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km number of first repair cars cumulative
0 ... 10 000 50 50

10 001 ... 20 000 93 143
20 001 ... 30 000 293 436
30 001 ... 40 000 391 827
40 001 ... 50 000 183 1010

50 001 ... 40 1050
With what probability a car from this factory needs its first repair when it has been driven

(a) at most 20 000km Solution 0.14

(b) 20 001 ... 30 000km Solution 0.28

(c) 30 001 ... 40 000km Solution 0.37

(d) over 40 000km Solution 0.21

(e) find the sum of probabilities a-d. Solution 1

(f) With what probability, a car which did not have repair during kilometers 0-30 000km has to have repair
during next 10 000km? Solution 0.64

4. Let’s throw two dice. With what probability the sum is

(a) 1 Solution 0

(b) 5 Solution 0.11

(c) 11 Solution 0.056

(d) larger than 7? Solution 0.42

5. Let’s throw a coin three times. With what probability

(a) 4 Solution 0

(b) 3 Solution 1/8

(c) 2 Solution 3/8

(d) 1 Solution 3/8

(e) 0 Solution 1/8

heads are obtained?

6. Let’s make a two digit number by choosing its digits randomly from 1, 2, 3, 4, and 5. The same digit can
appear twice. With what probability the number is divisible by 2 or 5? Solution 0.6

7. Let’s throw two dice. With what probability the sum is 10, 11 or 12? Solution 0.17

8. Grade 5 was obtained as follows. In the mathematics exam 15% of students, in the physics exam 12% of
students and in both 7% of students. With what probability a random student gets grade 5 in at least one of
these exams? Solution 0.2

9. In the pedestrian crossing, the lights are adjusted so that red light is on for 40 s and the green light is on for
20 s. With what probability a pedestrian has to wait max 30 s? Solution 0.83

10. With what probability two picked playing cards are two aces? Solution 0.0045

11. In a box, there are 6 red balls and 4 black balls. Let’s pick up two balls without putting them back to the
box. With what probability both of the balls are black? Solution 0.13

12. Let’s throw a dice four times. With what probability

(a) 2 number “2” Solution 0.12

(b) 4 odd numbers Solution 0.0625

(c) at least one “6” Solution 0.52
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are obtained?

13. In a factory, there is a box of 100 circuit boards. Three of the boards are broken. Random two boards are
chosen. With what probability at least one of the boards is intact? Solution 0.999

14. Two coins are thrown twice. With what probability

(a) two heads Solution 0.25

(b) at least one tail Solution 0.75

are obtained?

15. Which probability is better: getting an odd number or at most 4 while throwing a dice? Solution at most 4

16. A plane was over booked. With 5 persons in the airport, random 2 are selected to the plane. Adam, Bella,
Cecilia, Daniel and Emma are in the queue. With what probability

(a) With what probability Adam and Emma can board? Solution 0.1

(b) With what probability one man and one woman can board? Solution 0.6

(c) With what probability no man can board? Solution 0.3

17. In a lottery, there are 4 tickets. The tickets have the numbers 1, 2, 3 and 4. One ticket is picked, put back to
the box, and another ticked is picked. With what probability at least one “1” is obtained? Solution 0.4375

18. Weather forecast announced that the chance of rain on Saturday is 30% and the chance of rain on Sunday is
60%. With what probability, it rains during the weekend? Solution 0.72

1.2 Permutaatiot, k-permutaatiot, kombinaatiot

19. In total 32 students sit in a class. In how many different ways they can sit? Solution 2.63 · 1035

20. (a) 10 people shake each others hands. How many handshakes are performed? Solution 45

(b) 8 teams play pairwise. How many matches are played? Solution 28

21. In a questionnaire, there were 6 questions each with 5 options to choose from. In how many ways the
questionnaire was possible to answer (you had to answer to each question)? Solution 15 625

22. In a queue, there are 3 boys and 4 girls so that the girls are in the front. How many such queues can be made?
Solution 144

23. A student answers 8 questions from 10 options.

(a) How many ways the student can choose? Solution 45

(b) How many ways the student can choose, if the first 3 questions are mandatory? Solution 21

24. There are 7 men and 5 women. How many groups with 3 men and 2 women exist? Solution 350

25. A password consists of 5 different symbols. There are 115 symbols available.

(a) How many different passwords exist, when the order matters and each symbol can be used only once?
Solution 1.8 · 1010

(b) If you try to guess the password and each guess takes 10 s, how long it would take to make all the guesses?
Solution 5840 years

26. Let’s consider a deck of playing cards.

(a) How many permutations does the deck have? Solution 8.1 · 1067

(b) With what probability 5 cards drawn contain 4 aces? Solution 0.000018 =1/54145

(c) With what probability 5 cards drawn contain 3 clubs and 2 spades? Solution 0.00858
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27. For an entrance exam, 20 math questions and 15 physics questions are considered. The questions are chosen
in random and their order does not matter. With what probability chosen 6 questions

(a) are all math questions? Solution 0.024

(b) contain 3 math questions and 3 physics questions? Solution 0.32

28. A dice is rolled 10 times. With what probability exactly 3 results “6” are obtained?

29. In football betting, the result of 13 matches is guessed at random. Each macth has 3 options (1,x,2) (This
means (home wins, tie, guest wins).) With what probability the result of 12 matches is correct? Solution
0.000 016 3

30. English test contains 40 questions. Each question has 4 options. The student is guessing.

(a) With what probability all answers are correct? Solution 8.28 · 10−25

(b) With what probability exactly 5 answers are correct? Solution 0.02723

(c) With what probability at least 5 answers are correct? Solution 0.984

1.3 Probability distributions

31. A wheel of fortune has 8 equal sectors, one of which is a joker sector. Let X be a random variable which tells
the number of jokers in 3 spins. Find the distribution and find the expected value. Solution µ = 0.4

32. A basket ball player has probability 0.70 to score. He gets two throws. What is the expected value of scores?
Solution 1.4

33. Let X ∼ Bin(n, p). Find n and p, when µ = 2 and σ2 = 4
3 . Solution n = 6 and p = 1/3

34. A dice is thrown 4 times. Find the distribution of getting a “6”. Solution Bin(4, 1/6), µ = 1.6 and σ = 0.57

35. A factory is doing quality inspection. A product is accepted with probability 0.8. Take two random products.
Find the distribution, expected value and standard error. Solution µ =

36. In a box, there are 3 black balls and 3 white balls. Three balls are drawed. Find the expected value of the
number of white balls. Solution µ = 1.5

37. There are 5 envelopes with 10e, 20e, 30e, 40e and 50e respectively. The winner chooses 2 envelopes.
Random variable X tells the total amount won. Find the expected value. Solution 60e

38. There are 1000 tickets. Price 100e in 1 ticket, price 50e in 10 tickets, price 20e in 15 tickets. One ticket
costs 1e. Find the expected value of the net win. Solution µ = −0.1e.

39. Two coins are tossed. If you get one head, you win 20e. If you get 2 heads, you win 40e. If you get 2 tails,
you lose 100e. Find the expected value of the win. Solution µ = −5e.

40. A wallet contains six 1e coins, four 2e coins, and two 0.50e coins. One coin is picked up. Find the
distribution.

41. Students threw six coins 90 times. The number of heads was counted.
0 2 3 2 4 3 4 3 3 4 1 4 3 4 5 3 4 4 4 4 3 2 1
4 2 3 4 2 5 3 4 2 4 2 1 2 4 2 1 4 3 2 2 1 5 2
3 1 5 3 3 3 1 3 4 2 3 4 1 3 5 5 3 2 5 3 2 3 4
2 3 3 3 2 3 4 5 5 0 5 2 3 3 4 3 0 4 1 2 4

Find the distribution.
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1.4 Poisson distribution

42. A controller has a malfunction during a week with probability 0.007. A company maintains 900 controllers.
Use the Poisson distribution to find the probability that

(a) 7 Solution 0.14

(b) more than 3 Solution 0.87

controllers have a malfunction during a week.

43. On average, two cars arrive to a parking place during a minute. With what probability, during any given
minute, 4 or more cars arrive to the parking place? Solution 0.14

44. A school has many computers. During one month, usually one computer breaks. With what probability less
than two computers break? Solution 0.74

1.5 Normal distribution

45. A random variable X is normal distributed. Find the probabilities.

(a) P (z ≤ 0.25) Solution 0.5987

(b) P (1.2 ≤ z ≤ 2.1) Solution 0.0972

(c) (P (−1 ≤ z ≤ 1.5) Solution 0.7745

-3.6 0.25

0.5987

1.2 2.1

0.0972

-1.0 1.5

0.7745

46. A random variable X is normal distributed. Expected value is µ = 8 and standard deviation is σ = 1.7. With
what probability 7 ≤ X ≤ 12.2? Solution 0.7156
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7 12.2

0.7156

47. A company produces mobile phone batteries. The life of a battery in years is normal distributed N(µ = 3;σ =
1.2). One batch is 7000 batteries. How many of them work after 5 years? Solution 330

48. The height of men is normal distributed with µ = 175cm and σ = 8cm. With what probability a man is over
2 meters tall? Solution 0.001%

49. Weight of product is normal distributed N(µ = 80kg;σ = 4kg).

(a) With what probability a random product has weight 77 ... 80kg? Solution 0.27

(b) With what probability a random product has weight over 80kg? Solution 0.5

50. Let X ∼ N(µ = 5;σ = 0.2). Find k with probabilities

(a) P (X ≤ k) = 95% Solution 5.328

(b) P (X > k) = 1% Solution 5.466

51. The resistance of a resistor is normal distributed N(µ = 3 Ω;σ = 0.1 Ω). With what probability the resistance
is

(a) 2.9...3.05 Ω Solution 0.5328

(b) more than 2.95 Ω Solution 0.6915

(c) less than 2.83 Ω. Solution 0.0446

2 Statistics

2.1 Confidence interval

52. Find the 99% confidence interval for the mean when the distribution is normal and σ = 2.5 with the sample:
30,8; 30,0; 29,9; 30,1; 31,7; 34,0. Solution 28.45 ≤ µ ≤ 33.71

53. Find the 95% confidence interval for the mean when the distribution is normal. It is known that µ = 74.81
and σ = 4 when n = 200. Solution 74.25 ≤ µ ≤ 75.36

54. Laptop should have average weight of at least 2,0kg. Sample contains the weights: 8 laptops 1,90kg, 10 laptops
1,95kg, 12 laptops 1,98kg and 4 laptops 2,05kg. How much underweight the products are if confidence of 95%
is used? Solution at least 24g

55. Average weight of a cell phone was announced to be 0.700kg. A sample of 10 phones was studied: 6 phones
were 692g and 4 phones were 701g. Is the weight in the approved limits, if confidence of 99% is used? Solution
690.8 ≤ µ ≤ 700.4g

56. Waiting time in IT service hotline (min) was recorded and X ∼ N(µ, σ = 25).

97,0 101,5 102,1 103,9 93,4 103,3 104,1 98,6 97,3
96,2 107,7 104,8 98,5 99,2 93,8 100,3 103,7 96,4

Find the confidence intervals for X with confidences 95%, 99% and 99.9%. Solution We have
88.6 ≤ µ ≤ 111.7
84.9 ≤ µ ≤ 115.3
80.7 ≤ µ ≤ 119.5
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2.2 Testing

57. The ultimate tensile strength X of rope was studied (n = 16). (The rope is pulled until it breaks.) The mean
was µ = 4482kg and the standard deviation σ = 115kg. Assume that X is normal distributed. Test the
hypothesis µ0 = 4500kg compared to the hypothesis µ1 = 4400kg. Solution µ0 = 4500kg
accepted,µ1 = 4400 accepted if α = 5% or α = 1%

58. Let X ∼ N(µ, σ = 60). Test the hypothesis µ0 = 120 with the sample

115 125 102 129 121 119 120 120 126 120
124 118 116 132 114 108 127 131 130 181 Solution Accepted with all significance levels.

59. Let X ∼ N(µ, σ2). Test the hypothesis µ0 = 55 with the significance level 5% for the sample

53,08 56,02 57,32 51,76 57,07 59,08 59,00 52,31 54,10 55,78
54,91 60,50 56,81 56,72 58,13 58,31 58,85 54,92 60,69 58,70 Solution Not accepted.

60. Two voltage meters differ by (in Volts): 0,4; -0,6; 0,2; 0,0; 1,0; 1,4; 0,4; 1,6. With significance level 5% can it
be assumed that the calibration of the meters do not differ? Solution Accepted. Calibration does not differ.

61. Assume X ∼ N(µ, σ = 3). Compare the hypothesis µ0 = 60.0 and µ1 = 57.0 with sample size n = 20, mean
µ = 58.05 and by choosing significance level α = 5%. Solution µ0 = 60.0 rejected, µ1 = 57.0 accepted
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3 Formulas and tables

3.1 Formulas
permutations of n: in how many ways n elements can be arranged

n! = 1 · 2 · 3 · . . . · (n− 1)n

k-permutations of n: k-element subset of n element set can be chosen and arranged

n!

(n− k)!
= (n− k + 1)(n− k + 2) . . . (n− 1)n

combinations: k-element subset of n element set can chosen(
n

k

)
=

n!

k!(n− k)!

3.1.1 Some distributions

PMF = probability mass function
µ mean
σ2 variance
σ standard deviation

µ =

∞∑
k=0

k · pk

σ2 =

∞∑
k=0

(k − µ)2 · pk

Binomial distribution
pmf =

(
n

k

)
pk(1− p)k, µ = np, σ2 = np(1− p)

Poisson distribution (For Bin(n, p) let λ = np and let n → ∞.)

pmf =
λk

k!
e−λ, µ = λ σ2λ

Normal distribution
pmf =

1

σ
√
2π

e−
1
2 (

x−µ
σ )

2

, µ = µ, σ = σ

Normalized normal distribution

pmf =
1√
2π

e−
1
2x

2

, µ = 1, σ = 1

P (A) =
suotuisten alkeistapausten lukumäärä
kaikkien alkeistapausten lukumäärä

Complementary event Ā satisfies P (Ā) = 1− P (A)
Always P (A or B) = P (A) + P (B)− P (AjaB)
Independent events P (A or B) = P (A) + P (B)
Always P (A and B) = P (A) · P (B|A)
Independent events P (A and B) = P (A) · P (B)
Expected value

E(X) =

n∑
i=1

xipi
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Standard deviation σ Variance
σ2 = V ar(x) = E((X − µ)2)

Uniform distribution

E(X) =
b− a

2
, σ2 =

(b− a)2

12

Normal distribution P (a ≤ X ≤ b) = Φ(b) − Φ(a) P (X ≤ b) = Φ(b) P (a ≤ X) = Φ(∞) − Φ(a) = 1 − Φ(a) =
Φ(−a)

3.2 Pascal triangle
At row n, value k is (

n

k

)
=

n!

k!(n− k)!

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

1 8 28 56 70 56 28 8 1

1 9 36 84 126 126 84 36 9 1

1 10 45 120 210 252 210 120 45 10 1

1 11 55 165 330 462 462 330 165 55 11 1

1 12 66 220 495 792 924 792 495 220 66 12 1

1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1

1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1

1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1

+
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