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Abstract

We obtain lower bounds for the growth of solutions of higher order linear differential equations, with
coefficients analytic in the unit disc of the complex plane, by localising the equations via conformal maps
and applying known results for the unit disc. As an example, we study equations in which the coefficients
have a certain explicit exponential growth at one point on the boundary of the unit disc and consider the
iterated M-order of solutions.
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1. Introduction

We study the growth of solutions of the linear differential equation

O+ 4@+ -+ ai@f +a@f =0, (1.1

where ay(z), a1(z), ..., ar_1(z) are analytic in the unit disc D = {z € C: |z] < 1} of the
complex plane C, denoted by ag,ay, . .., a1 € H(D) for short. Since all solutions are
analytic, one natural measure of their growth is the n-order defined by

logt | M(r,
o ua(f) = lim sup O AL T) . /)

o1 —log(1—r) ° feHD), neN.

Here log™ x = max({log x, 0}, log] x = log" x, log,,, = log* log; x and M(r, f) is the
maximum modulus of f on the circle of radius r centred at the origin.

It is known that the growth of the coeflicients restricts the growth of the solutions
and vice versa, since all solutions f satisfy o y,+1(f) < a if and only if oy ,(a;)) < a
forall j=0,1,...,k—1[11, Theorem 1.1]. On the other hand, all nontrivial solutions
are of maximal growth at least when ay dominates the other coefficients in the
whole disc in some suitable way. One sufficient condition is that oy,(a;) < oy 4(ao)
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for all j=1,2,...,k—1 [11, Theorem 1.2]. A refined condition is given in [10,
Theorem 3], namely (0 y4(a;), Tmn(a;)) < (0 panlao), Tmalao)) for j=1,2,... k1.
Here 7y, is the n-type defined by

Tun(f) = limsup(l — )7 Dlogt M(r, f), feH(D), neN,
r—1-
and we write (a, b) < (c,d) if eithera < cora=cand b < d, fora,b,c,d € R U {c0}.

If ap dominates the other coefficients near a point on the boundary of the unit disc,
and we consider the equation there locally, it is possible to obtain a lower bound for
the growth of all nontrivial solutions. Of course, this local study can only give a lower
bound and the upper bound depends on the behaviour of the coefficients in the whole
disc. This idea is valid for several measures of growth and, in particular, we can study
the n-order of growth. Earlier results concerning this kind of question can be found
in [9, 10].

Localisation is a standard technique found in the literature. If f € H(D), Qc Dis a
simply connected domain and ¢ : D — Q is analytic and conformal, then we can study
f in Q by studying the function f o ¢ in D. In particular, we can apply known results
to f o ¢. The localisation domain Q and the mapping ¢ must be chosen in a suitable
way, depending on the expected properties of f. For example, when considering the
behaviour of f near the boundary of D, Q should touch the boundary in some suitable
way. Also, the geometric and analytic properties of ¢ must be appropriate.

The simplest localisation mapping is an affine map, in which the image of D is a
horocycle. For example, all solutions of

., 1 , 1 _0o
reen( ) el ) -
satisfy oy2(f) = 1. The inequality opr2(f) < 1 follows from [11, Theorem 1.1] and
the converse inequality is seen by studying g = f o ¢, where ¢ : D — D is given
by ¢(z) = %(1 + z), and applying [11, Theorem 1.2]. For a more general result, see
Theorem 1.1. Here ¢’ is a constant and ¢(D) is a horocycle touching dD tangentially.

Another example of localisation is [6, Proof of Theorem 4], where the authors use

a localisation map ¢ : D — D,

) —1 _ il 2 1_6_ .
o1 PO=e (l—z) o

where 6 € [0, 27], @ € (0, 0) and 6 € (0, 2). The Schwarzian derivative of y has
sufficiently smooth behaviour for calculations. On the other hand, the boundary curve
oy(D) consists of two circular arcs, one of which is a part of the unit circle. Thus,
(D) has a fairly simple crescent shape.

The explicit expression of the localisation map may not be needed. For a simply
connected localisation domain, the existence of the mapping can be deduced from
the Riemann mapping theorem and the smoothness of the mapping and the growth of
its derivatives can be estimated by the geometric properties of the boundary curve of

Y(i2)=e
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the image. For example, in [5, Proof of Theorem 3], the authors use a localisation
map ¢s, : D — Qj5,, for which the boundary of the simply connected convex domain
Q;, € D consists of four circular arcs, one being a part of the unit circle. Since the
boundary curve is smooth, the authors can deduce that (log gbg )’ and ¢” belong to the

Hardy space H” for all p € (0, o) and deduce that ¢}  is continuous on D. With these
estimates, the proof can proceed. See [5] for details and definitions.

The purpose of this paper is to explain how a localisation method can be used to
study the growth of solutions of (1.1) when information on the coefficients is available
near some boundary point only. To illustrate the method concretely, we consider the
growth of solutions, in terms of the n-order, of the equation

k=1

di
® 43" Bi(o)ex (—’ ) (=0, 1.2
8 2, /(2)exp,, G- ) (1.2)

where Bj € H(D U {z0}), dj,qj € Cand n; e N for j=0,1,...,k— 1. Here, we write
exp,;(x) = exp(x) and exp,,;(x) = exp(exp,(x)). Throughout the paper, for a nonzero
complex number z € C and a noninteger power p € C, we define z” by taking the
principal branch. Hence, here (zg — z)? is well defined, since zp — z is nonvanishing
in D. We assume that Re(g;) > 0, since otherwise

dj )
(20 = 2)¥
is bounded in D, a case of no interest. By making the change of variable z — zpz and
denoting b; = d; /z0 f(@) = g(zoz) and Aj(z) = B; (ZoZ)ZO J , (1.2) reduces to

= expnj(

k=1
k

£+ DA exp, (25 ) = (13)

where Aj € H(DU({1}),bj,qj€ Candn; e Nfor j=0,1,...,k—1.

The results of this paper improve the results in [9] concerning the growth of
solutions of (1.2) and the proofs are simpler than the original ones. Our method is
elementary and therefore of interest, even though the results concerning (1.2) can be
deduced from [10, Theorem 2].

The study [9] was motivated by certain results concerning the differential equation

"+ AQ@e“f + B(z)e” f =0, (1.4)

where A(z) and B(z) are entire functions and a, b € C; see [1-3, 7]. See also [4, 8,
11, 13] for methods based on the dominance of some coefficient. The techniques
of [9] were inherited from the plane case and are analogous to those used in [2]. For
example, if in (1.4) we have ab # 0 and either arga # argb or a/b € (0, 1), then all
nontrivial solutions f are of infinite order on the plane [2, Theorem 2]. Analogously,
if in the equation

"+ Bi(2) exp( )f’ + Bo(2) exp((zoli)z)q )f =0,

b
(z0 — 2)4
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25sin(8/2)
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FiGURE 1. Domain 7'(D) with parameters 8 = 0.85 and y = —0.75. In this case, p = B(x — 8)/n* ~ 0.197
and 2 sin(B3/2) ~ 0.825.

where Bj € H(D U {z0}), b; € C\{0}, g € (1, o), we have in addition arg b; # arg by or
b1 /by € (0, 1), then all nontrivial solutions f satisfy o1 (f) = oo [9, Theorem 1.11].
To define the localisation map employed here, let T : D — D be given by

1= z\P
T() = Tpy@) =1 - sin(ﬂ/2)e’y(TZ) , (1.5)

where B € (0,7/2], y € (-n/2,7/2) are such that |y| < (m — 8)*/2r € (0,7/2) and
p = p(B) = B(n — B)/n* € (0, 1/4]. Here T(D) is a tear-shaped region having a vertex of
angle prx touching 9D at z = 1 (see Figure 1). The domain 7°(D) has the symmetry axis
T((—1, 1)) which meets the real axis at angle y. As g decreases, 7'(D) becomes thinner,
T((-1, 1)) becomes shorter and the angle y can be set larger. If f satisfies (1.3) and we
set g = f o T, then g has to satisfy a differential equation whose coeflicients correspond
to those of (1.3) (see Lemma 2.1 and its proof). By applying either [11, Theorem 1.2]
or [10, Theorem 3] to this differential equation, we obtain a lower bound for the n-order
of g, which in turn gives a lower bound for the n-order of f by Lemma 2.2.

We do not obtain new upper bounds for the growth of solutions of (1.2). In
fact, it is not possible to obtain such bounds for the growth of solutions of (1.2)
without imposing conditions on the functions B;. If for example oy ,(B,,) = @ > 0
for some me€ {0,1,...,k— 1} and n € N with n > n,,, then no cancellation can occur,
the coefficient 4

am(z) = Bm(Z) exp”'"((z()_—mz)qm)

satisfies oy (am) = oma(By) = @ and there exists at least one solution f such that
Oma+1(f) = a by [11, Theorem 1.1].
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The first result in this paper concerns the case when only ag in (1.1) is unbounded
near a boundary point of the unit disc. In the remainder of the paper, the argument of
a complex number z # 0 takes values arg(z) € (-, 7].

Tueorem 1.1. Consider the differential equation

b
1O+ M@ - MQF + A exp,( G )f =0,
where k,n €N, A; eHD UL} for j=0,1,..., k=1, Ag#0, b,q € C\{0} and
Re(g) > 0. Suppose that Im(q) # 0 or |arg(b)| < %ﬂ(Re(q) + 1). Then all nontrivial
solutions f satisfy o yn+1(f) = Re(g).

If Re(g) > 1 in Theorem 1.1, then the condition |arg(b)| < %n(Re(q) + 1) is trivially
satisfied. Moreover, we get [9, Theorem 1.6] as a special case, by setting k =2, n = 1,
q € (1, o) and making a change of variables z = w/zp, b = d/zg for zg € dD.

If g € (0, 1] in Theorem 1.1, then the condition |arg(b)| < %n(Re(q) + 1) cannot be
removed. For example, if |arg(—b)| < %(1 — g for g € [0, 1], then z — exp(b(1 — 2)™9)
is bounded on D and the solutions of " + exp(b(1 — z)79) f = 0 are bounded by [12,
Corollary 3.16]. In particular, by settingk =2,A; =0,b=—1and g = n = 1, we obtain
the equation

ﬂ+mwwdf%y=u

where Ag € H(D U {1}). Since Ay(z) exp(—(1 — z)~!) remains bounded as z — 1 in D,
nothing can be said about the growth of solutions f without placing conditions on Ay.
This is the reason why the method of [9] cannot work in general for 0 < g < 1; see the
discussion in [9, Remark 3.1].

Next we consider a second-order equation with both coefficients possibly
unbounded near the point z = 1, namely

b , bo _
e Il + @ exp( G ) =0 (1.6)

where A; € H(D U {1}), Ao #0, bj,q; € C\{0} for j=0,1 and Re(go) > 0. The
most interesting case is when g; = go. First, we consider g; = go € (0, o), then
q1 = qo € C\R and after that the case q; # qo.

"+ A exp(

THeEOREM 1.2. Let q1 = qo = q € (2, 00) and arg(b;) # arg(by) in (1.6). Then all
nontrivial solutions f satisfy oapa(f) = gq.

The case g € (0, 2], which is not covered by Theorem 1.2, can be done with
stronger assumptions, as in Theorem 2.3. For g € (2, o), Theorem 1.2 improves [9,
Theorem 1.8], which states that for g € (1, c0), we have oy (f) = co. Moreover, for
q € (2, 00), Theorem 2.3 improves [9, Theorem 1.11].

TueorEM 1.3. Let g1 = qo = q, Im(q) # 0, Re(q) > 0 and |by| < |by| in (1.6). Then all
nontrivial solutions f satisfy oy2(f) = Re(g).
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THeEOREM 1.4. Let q1 # qo in (1.6). Assume that either qq, q, € (0, 00) and

by by
Re (m) <0<Re (67—%) for some y € (—1t/2,70/2), (1.7)
or Im(qp) # 0 and Re(q;) < Re(qo). Then all nontrivial solutions f of (1.6) satisfy
ou2(f) = Re(qo).

CoroLLARY 1.5. Let qo, q1 € (0, 00), g1 # qo in (1.6). Suppose that one of the following
conditions is satisfied:

(i) Re(by) <0 < Re(by);

(i) larg(bo)| < 37(qo + 1) and q1 > 2qo/(qo + 1 — (2/m)larg(bo)));
(iii) |arg(=by)| < 37(q1 + 1) and g0 > 2q1/(q1 + 1 — (2/m)larg(=by)));
(iv) qo € (1,3] and q1 > 2q0/(q0 — 1);

(V) qo €[3,00) and q1 > qo/(q0 — 2);

(vi)  qo,q1 € [3,00).

Then all nontrivial solutions f satisfy oy2(f) = qo.

Condition (1.7) follows from each of the conditions (i)—(vi) in Corollary 1.5 and is
symmetric with respect to gy and ¢g; in the following sense: if the assumption gy = a
and g; = b gives (1.7) for all by, by € C\{0}, then the assumption go = b and g = a
implies the same conclusion. On the other hand, we see that (1.7) fails in the following
cases:

(a) larg(bo)l > %ﬂ(qo + 1) or |arg(=by)| = %”(611 +1):
(b) 0<go<gqi<3andby=b =-1;

(€ 0<q<go<3andby=b =1I;

(d)  go€(2,2), g1 =q0/(qo— 1), by = exp(3in(qo — 3)) and by = exp(3in(1 — q1));
(© qo=2m+1,41=qo/(g0—2), by = (=1)"*" and by = 1 for some m € N N [2, c0).

For g € (1, ), it is not clear how ¢, satisfying go/(qo — 1) < g1 < qo/(go — 2) should
be restricted to obtain (1.7) for all by, by € C\{0}. Numerical investigations suggest
that conditions

’ € 2 _1,2
N> o mL:J;m m)
and
2m 2m + 1
1=(q0—-2 ————(q0—2 2m,2m + 1
6]1>2m_1( (90 m))+(2m+1)_2(q0 m), qo € [2m,2m + 1],

for m € N N [2, o), could be sharp. The latter condition says that as g( increases from
2m to 2m + 1, the lower bound of g, increases linearly.

Our method works also for nonhomogeneous equations, as part (ii) of Theorem 2.4
shows.
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2. Proofs of theorems

The following lemma allows us to study the differential equation (1.1) locally on a
subset of the unit disc.

Lemma 2.1. Let f be a solution of

O+ a 1@ Y+ + ai@f +ao@)f = a2),

where ag,ay, . ..,a; € H(D). Let T : D — D be locally univalent and g = f o T. Then

g is a solution of
(k) (k=1) 5 ... ’ — 2.1
87+ 108" T+ -+ ()8 + co(2)g = anl2), 2.1

where cj € H(D). Moreover, if T is nonvanishing and O'M’,,((T(‘Y))t) =0forn,seN
and t € Z, then
O—M,n(cj) < Iy%g;({a-M,n(am o T)} (2.2)

and
Tua(c;) max{tylay o T) : oyulan o T) = max{oy.(an o T)}}, (2.3)
mzj

for j=0,1,...,k— 1, whereas
oma(cr) = omua(aroT) and  Tyu(cr) = Tya(ar o T). (2.4)

Proor. By a straightforward calculation, g is a solution of (2.1), where

k-1
1 Nk . _
= 5@ o D) —Pk,j(T)—m_Zj’ilcum,,(T)], =01, k=1, (2.5

cx = (ax o T)Py(T) and P,, (T) is defined by g™ = Z;-"zl(f(j) o T)P,, ;(T). Hence,
P, ;(T) is a polynomial in 77, 7", ..., T with integer coefficients. For j = k — 1, the
sum on the right-hand side of (2.5) is empty, and we can solve for ¢;_;:

Ck-1 [(@-1 o T)T)* = Prsr(T)].

1

Pi14-1(T)
After this, we can inductively solve for c¢;_s, cx-3,...,co. By the assumption, T is
locally univalent, that is, 7’ has no zeros in D. Since P;; = (T’)’ is nonvanishing for
j=0,1,...,k, wesee that c; € H(D) forall j=0,...,k.

Assume now that o'M,n((T(S))’) =0for se NandteZ. Since for j=0,1,..., k-1
the coefficient ¢; is a linear combination of the functions ajo T,aj 0 7,..., a1 0T,
the assertions (2.2) and (2.3) trivially hold. The assertion (2.4) is also evident. O

Clearly, T defined by (1.5) satisfies all the assumptions of Lemma 2.1. Hence, if
we set g = f o T, then we can study the differential equation (1.1) for f by studying
the differential equation (2.1) for g. In this case, if we can find a lower bound for the
n-order of g, we have a lower bound for the n-order of f by the next lemma.
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Lemmva 2.2. Let f € H(D) and g = f o T, where T is defined by (1.5). Then we have
Oun(f) = oan(g)/p for n € N.

Proor. If |1 — z| < sin(B/2) and |arg(1 — 2)| < (7 — B)/2, then the law of cosines gives

2
1-7 < 1-
11—z < sin(,8/2)( |z])
and, therefore, by the definition of 7',
2
1-T()| < 1-T®), D.
| (@l < sin(ﬂ/2)( T, z€

Now, for r € [0, 1) and 6 € [0, 27) such that |T'(re'?)| = M(r, T),
1-M@T)<1—|T("| <1 =T <|1 - T(re?)

2 .
< ————(1=|T(re")) =

2

< Sn(3/2) sin(,8/2)(1 - M(r,T)). (2.6)

Since in(8/2)
in
=T = == =1,
inequality (2.6) gives
log(1 - M(r,T)) _
T e
Now, by (2.7),
O—M,n(g) log:l-Jrl M(r’ g) log;;—+] M(M(ra T)9 f) _

=limsu < limsup

P plog(1—r) = Lo log(1 — M(, T))
the last inequality holding since M(r, T) is an increasing continuous function of r and
M(r,T) > 1" asr—1". O

Proor oF THEOREM 1.1. Letg = x + iyfor x € (0,c0)andy € R, and let g = f o T, where
T is defined by (1.5). Use the differential equation for f in the claim to obtain the
differential equation (2.1) for g. In this differential equation, ¢, = 0 and o p,,(c;) = 0
for j=1,2,...,k—1. Moreover, oy ,(co) = px. To show this, we start by observing
that

- O-M,n(f)s

b b2r4 1 b2P4 g=ipylog(1-2) 1
(1-T@)? (sin(B/2))1e (1 — 24~ (sin(B/2))7e? (1 — z)P*’
First, assume that y # 0. Now, for some sequence of points r,, € (0, 1), r,, = 17 as
n — oo, the value of log(1 — r;,) is such that

b2P4 g=irylog(l=ry) bord
- p = B - =Ce (Oa OO)
(sin(B/2))yie — |(sin(B/2))7e
Hence, for this sequence {r,}en,
b C
neN,

Q=T (1= rr*’
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giving

C
eXpn(m)’ neN,

)

and we see that oy, (co) = px.
Second, assume that y = 0, that is, g = x € (0, ), and |arg(b)| < %ﬂ(x +1). Now
there exist y € (—x/2,7/2) such that

(57

and S € (0, /2] such that |y| < (x — B)*/2n, giving T = Tg, : D — D. Now there exists
a sequence of points r, € (0, 1), r, = 17 as n — oo, such that

<g that is, Re( b )>0

b 3 b2rx 1 3 2P*Re(be™r¥) 1

(1=T(r))y*  (sin(B/2)%e (1 —ry)?* — (sin(B/2))* (1 = ry)P*

for some integers m,, such that either m,, = O for all n € N or |m,,| — o0 as n — oo. Thus,

also in this case, o y,,(co) = px. Now, by Lemma 2.2 and [11, Theorem 1.1], we have

OMar1(f) Z Opns1(8)/ P = omalco)/p = x, given that f # 0. o

Theorem 1.2 is a special case of Theorem 2.3, since, for g; = g = ¢, (1.6) is

a special case of (2.8) and, if ¢ € (2, ), then one of the conditions (i)—(iii) in
Theorem 2.3 is satisfied.

+ 127tm,,,

TueoreM 2.3. Consider the differential equation
£+ Z A exp( =) =o. 2.8)

where k€ N, A; e H(D U ({1}), g € (0,00) and bj € Cfor j=0,1,...,k—1. Let Ay #0
and by # 0. Assume that b;/by € [0,1) for all j=0,1,...,k—1 with at most one
exception b; = by, for which arg(b,,) # arg(bo). Suppose that one of the conditions:

(i) max(Re(b,,),0) < Re(by);
(i) 0 < Re(by) < Re(b,,), arg(b,,/by) € (0, ) and arg(i/(b,, — by)) < %nq;
(i) Re(bg) <0, arg(b,,/bo) € (0, ] and arg(by/i) < %ﬂq

holds or that one of the conditions holds when by and b, are replaced by bo and by,
respectively. Then all nontrivial solutions f satisfy oy2(f) = Re(q).

Proor. Let g = f o T, where T is defined by (1.5). Use the differential equation for f
in the claim to obtain the differential equation (2.1), where ¢; = 0, for g. First, we treat
the case

7+ i@ x| 7+ 402 exp((l - ) =0,

by
(I-2)

where the assumptions in the claim are satisfied by b,, = b;.
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Now the assumptions ensure the existence of y € (—x/2,/2) such that

max(Re (ﬁ), 0) <Re (ﬁ)
eiva eiva

Fix one such y and choose 3 € (0, 7/2] sufficiently small to obtain |y| < (x — 8)*/2x.
With these parameters y and g, we have T = T3, : D — D. By taking 8 even smaller,
we find some ¢ € (0, 1) such that

by |1 —zP? by |1 — 774
max(Re (—lﬁ), 0) < sRe(‘—Oﬁ), z€D.
e (1 — z)Pa e (1 — z)pa

Hence, in (2.1), (oam.i(c1), Tmi(c1)) < (omi1(co), Tma(co)). The assertion follows
by [10, Theorem 3] and Lemma 2.2.

The general case is proved in a similar manner. In particular, for j # m, the
coeflicient ¢; is small in the sense that (oy,1(c;), Ta1(c;)) < (o m,1(co), Tar1(co)). O

Theorem 1.1 can be trivially generalised to obtain part (i) of Theorem 2.4. Part (ii)
of Theorem 2.4 shows that our method works also for nonhomogeneous equations.
THeEOREM 2.4. Consider the differential equation

k=1 b
® 4 N4, ( j
! JZ—(; T

. b
) — k
where k € N, A; € H(D U {1}), q,qx € C\{0} and bj € C for j=0,1,...,k. Then the
following assertions hold.

(i) Letbhy=0,Ay %0, by #0, Re(q) > 0 and either n; < ny, or nj = ng but b;/bg €
[0,1), for j=1,2,...,k— 1. Suppose Im(q) # 0 or |arg(by)| < %N(Re(q) +1).
Then all nontrivial solutions f of (2.9) satisfy oy n+1(f) = Re(q).

(i) Let Ay #0 and by # 0. Assume that nj<n,—1 for j=1,2,...,k—1 and
Re(g) < Re(qy). Suppose that Im(qy) # 0 or |arg(by)| < %ﬂ(Re(qk) +1). Then
all solutions f of (2.9) satisfy oy, (f) = Re(gy).

Proor. Assertion (i) is clear. Let the assumptions in (ii) be satisfied. Let g = fo T,
where T is defined by (1.5). Use the differential equation (2.9) for f to obtain
the differential equation (2.1) for g. Fix one particular solution f, of (2.9) and let
g» = f» o T. Now every solution g is of the form g = g; + g,, where g; is a solution
of the homogeneous equation. By the assumptions and the proof of Theorem 1.1,
omn(g1) £ Re(g)p < Re(gr)p. On the other hand, the parameters of T = Tg,, can be
chosen such that o, (ck) = Re(gx)p, which gives oy, (82) = oy, (ck) = Re(gr)p.
Hence, o, (g) = Re(gy)p, since no cancellation can occur. By Lemma 2.2,
Tum (f) 2 Tmn (8)/ p = Re(qp). m

Proor or THEorREM [.3. Let g =x+1iy, x€(0,0) and ye R. Let g = f o T, where
T is defined by (1.5). Use the differential equation for f in the claim to obtain the
differential equation (2.1), with ¢, = 0, for g. By the assumptions and the proof of
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Theorem 1.1, we can choose the parameter y of T = Tg, such that the coeflicients
cjin (2.1) satisfy (o p,1(c)), Tm1(c;)) < (O p1(co), Tmi(co)) forall j=1,2,..., k-1
Moreover, in this case oaz1(co) = px. Hence, all nontrivial solutions g of (2.1) satisfy
om2(g) = px by [10, Theorem 3]. By Lemma 2.2, all nontrivial solutions f of (1.6)
satisfy o p2(f) = oma(g)/p 2 x = Re(q). mi

Proor or THeoreMm 1.4. If (1.7) is valid, then the assertion follows as in the proof of
Theorem 2.3.

Assume that Im(g() # 0 and Re(q;) < Re(go) and let g = f o T, where T is defined
by (1.5). Use the differential equation for f in the claim to obtain the differential
equation (2.1), with ¢, = 0, for g. Now, in (2.1), we have ¢, =0, op1(c1) < oar1(co)
and in addition o1(co) = Re(go)p. Now, by [11, Theorem 1.2] and Lemma 2.2,
we deduce that ou2(f) = om2(g)/p = Re(qo) for every nontrivial solution f, as
desired. O

Proor oF CoroLLARY 1.5. Trivially, (i) implies (1.7) of Theorem 1.4.
Assume that (ii) is true. Now, there exist (y1,7y,) C (—m/2,m/2) such that

—; T
larg(boe™71)| < 5 VE ri,72)

and

3rqo + 37 — larg(bo)l  go + 1 — (2/m)larg(by)|
yi =2l 2 = m.
) 2q0

By the assumption,

qo—1
gilyr =2l 2 q >
q0

>,

so that |arg(—b;e~4")| < nr/2 for some y € (y1,7y2) and (1.7) is valid. Similarly (iii)
gives (1.7).

Trivially, condition (iv) implies (ii). Condition (v) holds if and only if g; € (1, 3)
and qo > 2q1 /(g1 — 1). Therefore, (v) implies (iii).

If condition (vi) holds, then either (iv) or (v) is valid. O
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