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1. Introduction

Let f be meromorphic in the unit disc D = {z € C : |z] < 1} of the complex plane C. Then outside of
the poles of f, we define its spherical derivative as

)
&) = 5P

NCANEYEAY
s0=(7) -5(5)
If 2o € D is a pole of f, we define f#(zp) = limy ., f7(w) and S(f)(20) = limy ., S(f)(w) along w € D

where f(w) # oco. Both the Schwarzian derivative S(f) and the pre-Schwarzian derivative P(f) = f"/f’
can be derived from the Jacobian J; = |f/|? of f, namely

and its Schwarzian derivative as

P(f) = o-(ogTy), S(f) = P(F) — 3 PUS)™ 1)
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A function f meromorphic in D is locally univalent, denoted by f € UP, if and only if its spherical
derivative f# is non-vanishing. Equivalently, the Schwarzian derivative S(f) is an analytic function [23,
p. 176]. According to the famous Nehari univalence criterion [21, Theorem 1], if f € U satisfies

(A= 12)* <N, zeD, (2)

for N =2, then f is univalent. The result is sharp by an example by Hille [15, Theorem 1].
Let f € UM such that f(a) = f(b) for some a # b. In this case, a paper by Binyamin Schwarz [24, proof
of Theorem 1] shows that

max [S(f)(O)] (1 —1[¢[*)? > 2. 3)

¢E(a,b)

Here (a,b) = {¢a(pa(b)t) : 0 <t <1} is the hyperbolic segment between ¢ and b and

a—z
= 4
Palz) = T @

is an automorphism of the unit disc. To see the veracity of (3), note first that the differential equation
y" +py =0, (5)

where p = %S (f) is analytic in D, has two linearly independent solutions g, h such that f = g/h. Therefore,
the assumption f(a) = f(b) = « for some o € C implies that y(a) = y(b) = 0 for the function y = g — ah,
which also is a solution of (5). Hence, if we assume

2\2 112y 2
CIEQ%IS(J‘)(C)IU—ICI) —2Cr€n<3§)> (O (1= [¢1%)° <2,

then the reasoning in [24, pp. 161-162] implies a contradiction.
Condition (3) implies that if

IS (A =[2)? < N, ro< 2| <1, (6)

for N = 2 and some r¢ € (0,1), then f has finite valence [24, Corollary 1]. If (6) holds for N < 2, then f
has a spherically continuous extension to D, see [9, Theorem 4].
Chuaqui and Stowe [6, p. 564] asked whether

IS(HE Q-2 <2+ CA-|z]), zeD, (7)

where C' € (0,00) is a constant, implies that f is of finite valence. The question remains open despite of
some progress achieved in [12]. Steinmetz [25, p. 328] showed that if (7) holds, then f is normal, that is, the
family {f o ¢, : a € D} is normal in the sense of Montel. Equivalently, || f||x = sup,ep f#(2)(1—|2|?) < o0
and we write f € N. A closely related concept is the Bloch space: a function f analytic in D belongs to
the Bloch space B if ||f|lz = sup,ep | f/(2)|(1 — |2|?) < oo. For fundamental facts about Bloch and normal
functions, see [1] and [23, Chapter 9].

A function f analytic in D is locally univalent, denoted by f € U, if and only if J; = |f/|? is non-
vanishing. By the Cauchy integral formula, if ¢ is analytic in D, then

9" ()1 = [21*)? <4 max g(Q)I(1-[C]*), z€D.

_ 1422
[Cl=—"5"—

Consequently, the inequality
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ISl < AIPD N + 1P

holds. Here, we denote [|g||pz = sup.cp [9(2)[(1 — |2]?)P for 0 < p < oo. Thus, each one of the condi-
tions (2), (6) and (7) holds if | f”(2)/f'(2)|(1 —|2|?) is sufficiently small for z € D. Note also that conversely

1
1P rse < 24+ 24/ 1+ SIS e
see [22, p. 133].

The famous Becker univalence criterion [3, Korollar 4.1] states that if f € U satisfies
2P(f)(2)| (1= |2") < p, 2€D, (8)

for p < 1, then f is univalent in D, and if p < 1, then f has a quasi-conformal extension to C = CU{oco}. For
p > 1, condition (8) does not guarantee the univalence of f [4, Satz 6] which can in fact break brutally [10].
If (8) holds for p € (0,2), then f is bounded, and in the case p = 2, f is a Bloch function.

Becker and Pommerenke proved recently that if

’f”(Z)
f'(z)

for p < 1 and some 7o € (0,1), then f has finite valence [5, Theorem 3.4]. However, the case of equality

A=1[z) <p, ro<lel <1, )

p=11n (9) is open and the sharp inequality corresponding to (3), in terms of the pre-Schwarzian, has not
been found yet.
In this paper, we consider the growth condition

’f "(2)
f'(2)
where C € (0,00) is an absolute constant, for f € Ufl.. When (10) holds, we detect that f is univalent in

horodiscs D(ae?,1 — a), € € 9D, for some a = a(C) € [0,1). Here D(a,7) = {z € C : |z —a| < r} is the
Euclidean disc with center a € C and radius r € (0, 00).

1-]z?) <1+C(—|z]), zeD, (10)

The remainder of this paper is organized as follows. In Section 2, we see that under condition (10) the
function f € Uf, is bounded. Weaker sufficient conditions which imply that the function f is either bounded,
a Bloch function or a normal function are investigated. The main results concerning univalence are stated
in Section 3 and proved in Section 4. Finally in Section 5 we state generalizations of our results to harmonic
functions. Moreover, for sake of completeness, we discuss the harmonic counterparts of the results proven
in [12].

2. Distortion theorems

Recall that each meromorphic and univalent function f in D satisfies (2) for N = 6. This is the converse
of Nehari’s theorem, discovered by Kraus [19]. In the same fashion, each analytic and univalent function f
in D satisfies

2f"(z) 2 | 4l
i) 1=z 7 1= [ef*

zeD, (11)

and hence (8) holds for p = 6, which is the converse of Becker’s theorem [23, p. 21].
The class S consists of functions f univalent and analytic in D such that f(0) = 0 and f’(0) = 1. Among
all functions in S, the Koebe function
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z 1 1
M) =g~ a—a 1-2

has the extremal growth. Namely, by inequality (11), each f € S satisfies

FUHD(2)
f9z)

for z € D\ {0}, see [23, p. 21]. Moreover, k satisfies condition (2), for N = 6, with equality for each z € D.
Bloch and normal functions emerge in a natural way as Lipschitz mappings. Denote the Euclidean metric

kU+UﬂzD

IFD(2)| < kD(|2)), = kD (|2]) 7

J=01, (12)

by dg, and define the hyperbolic metric in D as

1 1
dH(Z,U}): —log +‘(pz(w)|

—=, z,weD,
2 71— |ps(w)]

where @, (w) is defined as in (4), and the chordal metric in C = C U {oc} by setting

B |z — w| 1
VIF 2P+ [wE V122

Then each f € B is a Lipschitz function from (D, dy) to (C,dg) with a Lipschitz constant equal to || f] 5,
and each f € N is a Lipschitz map from (D, dg) to (C,x) with constant || f|| s, see [7, Theorems 5 and 10].

2€C,weC.

x(z,w)

x(z,00) =

Here, we prove the first claim, the second claim can be verified in similar fashion. Let f be analytic in D
such that

|f(2) — f(w)| < Mdu(z,w), zweD.

By letting w — 2z, we obtain |f/(2)|(1 — |z|?) < M, for all z € D, and conclude that ||f||z < M. Conversely,
if f € B, then

|f(2) = f(w)] < / LF(ONd¢ < sup [F/(OIA = [¢1*)du (2,w),
() (e(z,w)

and we conclude that f is a Lipschitz map with a constant M < || f||s.
In the same fashion as above, we deduce that

)| B CO-L)

F 7 1=z 1=z

z €D,

for some B, C € (0,00), is equivalent to
/

z

o L)

f(w)

This follows from the fact that the hyperbolic segment (z, w) is contained in the disc D ((z + w)/2, |z — w|/2),
which yields

e tw| | [l
2 2

’1 ‘ < Bdy(z,w) +C <1 ) dy(z,w), z,weD.

|z +w| |z —wl
+

1-— <1-
(s1-ETH L B

¢ € (z,w).

For the convenience of the reader, we list some relationships between the classes B and N which can
be found in [7]. By the Schwarz—Pick lemma, each bounded analytic function belongs to B. If f € B, then
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both f € N and e/ € N. This is clear, since x(z,w) < dg(z,w) for all z,w € C and since the exponential
function is Lipschitz from (C,dg) to (C, x). Moreover, since each rational function R is Lipschitz from (C, )
to itself, Ro f € N whenever f € N. However, it is not clear under which assumptions f? € N implies
feN.
If f € UM is univalent, then both f, f’ € N by the estimate
(f(j))#(z) _ |f(j+1‘)(2’)| Sl f(jfl)(z)
L+[fO)P ~ 2] fO(2)

and (12). However, it is not clear if f” € A. At least, each primitive g of a univalent function satisfies
g" € N. Recently, similar normality considerations which have connections to differential equations, were
done in [11].
We denote by A,(a,p) = {z €D : |pa(z)| < p} a pseudo-hyperbolic disc with center o € D and radius
€ (0,1). This set is a Euclidean disc, that is,

Ay(a,p)=D(E,R)={z€C : |z—-¢ <R} (13)
where the center £ and radius R are given by the well-known formulas

1—|of?

1—p?
g 1_p2|a|2p7

=————a and R=
1 — p?lal?
respectively. Any number in the set {|al, p, €], R} can be expressed in terms of two other numbers in the

set, see [16, pp. 17-19], for example. In particular,

o] — €]

p=plec) = pllal €D =\ [ iy

(14)

whenever o € D\ {0}, a fact needed in Section 4.

If f € Ufl, and there exists 6 € (0,1) such that f is univalent in each pseudo-hyperbolic disc A,(a, d),
for a € D, then f is called uniformly locally univalent. Binyamin Schwarz showed [24, Theorems 3—-4] that
this is the case if and only if sup,cp [S(f)(2)](1 — |2]?)? < oo, or equivalently if log f' € B. Consequently,
the derivative of each uniformly locally univalent function is normal.

By using arguments similar to those in the proof of [5, Theorem 3.2] and in [18], we obtain the following
result.

Theorem 1. Let f be meromorphic in D such that

f"(2)
T < el 0 Rl <1, (15)
for some ¢ : [R,1) — [0, 00).
(i) If
limsup(1l — ) exp /(p(t) dt | < oo, (16)
r—1- s

then sup |f'(2)|(1 —[2]*) < oo.
R<|z|<1
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(i) If

S

/16Xp /@(t)dt ds < oo, (17)
R

R

then sup |f(z)] < oo.
R<|z|<1

Proof. Let ¢ € 9D. Let R < p < r < 1 and note that f’ is non-vanishing on the circle |z| = p. Then

r

e < i = o

p p

Therefore

T

£ < |f(00)] exp / soras

p

which implies the first claim. By another integration,

T

500 = £60) < [ 17/60)1ds < 160 [exp | [ty | as.

p

Hence,

S

|f(2)|SM(/Lf)-i-M(p,f/)/eXp /(p(t)dt ds < 00

p

for p<|z|<1. O

The assumptions in Theorem 4(i) and (ii) are satisfied, respectively, by the functions

2 1+t
o(t) = = <log 1_—75)

and

—(1+4¢)
B C e
= 1
V(o) 1t2+1t2<0g1t) ’

where € € (0,00), B € (0,2) and C € (0, c0).
By Theorem 1, if f is meromorphic in I and satisfies (15) and (16) for some ¢, then f € A. Moreover,
if f is also analytic in D, then f € B, and if (17) holds, then f is bounded.
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3. Main results

Next we turn to present our main results. We consider Becker’s condition in a neighborhood of a bound-
ary point ¢ € 0D as well as univalence in certain horodiscs. Furthermore, we state some distortion type
estimates similar to the converse of Becker’s theorem. Some examples which concern the main results and
the distribution of preimages of a locally univalent function are discussed.

Theorem 2. Let f € Ul‘;‘C and ¢ € OD.
If there exists a sequence {w,} of points in D tending to ¢ such that

‘f”(w") (1 Junl?) = c (18)

f'(wn)

for some ¢ € (6,00], then for each § > 0 there exists a point w € f(D) such that at least two of its distinct
preimages belong to D(¢,6) ND.

Conversely, if for each § > 0 there exists a point w € f(D) such that at least two of its distinct preimages
belong to D((,0) ND, then there exists a sequence {wy,} of points in D tending to { such that (18) holds for
some c € [1,00].

Example 3. It is clear that (18), ¢ € (6,00), does not imply that f is of infinite valence. For example, the

2n+1

polynomial f(z) = (1 — 2) , n € N, satisfies the sharp inequality

‘f”(z)
f'(z)
although f(2) = &' has n solutions in D(1,8) ND for each € € (0,5) when 6 € (0,1) is small enough

(depending on n).
The function f(z) = (1 — z)~P, p € (0,00), satisfies the sharp inequality

(1—12[*) <4n, ze€D,

(1—|z))<2(p+1), zeD,

‘f”(Z)
f'(z)

and for each p € (2n,2n + 2|, n € NU {0}, the valence of f is n + 1 for suitably chosen points in the image
set.

Under the condition (10), the function f is bounded, see Theorem 1 in Section 2. Condition (10) implies
that f is univalent in horodiscs.

Theorem 4. Let f € Uf, and assume that (10) holds for some C € (0,00). If C € (0,1], then f is univalent
inD. If C € (1,00), then there exists a € (0,1), a = a(C), such that f is univalent in all discs D(ae®,1—a),
0 € [0,27). In particular, we can choose a =1 — (1 + C)~2.

Let f € UA. be univalent in each horodisc D(ae?,1 — a), 0 € [0, 27), for some a € (0,1). By the proof
of [12, Theorem 6], for each w € f(D), the sequence of pre-images {z,} € f~!(w) satisfies

D (1= lz)? < KeQ)'? (19)

Z2n€Q

for any Carleson square @) and some constant K € (0, 00) depending on a. Here
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, 4 I
Q:Q(I):{rew cefel, 1—|—<r<1}
27
is called a Carleson square based on the arc I C dD and |I| = £(Q) is the Euclidean arc length of I.

By choosing @) =D in (19), we obtain

n(f,r,w)zO(\/ll_r>, r— 17,

where n(f,r,w) is the number of pre-images {z,} = f~(w) in the disc D(0,r). Namely, arrange {z,} =
/71 (w) by increasing modulus, and let 0 < |2,| = r < |2,,41] to deduce

n
(1 =) 2n(f,r,w) §Z 1—|z))V? < KeD)'? < 0
k=0

for some K (a) € (0,00).

Theorem 5. Let f € Ul‘éc be univalent in all Euclidean discs

c i0 1 0
D<1—|——0671—|—C>’ e G@]D),

for some C € (0,00). Then

‘fu(z) (1—[2*) <2+4(1+ K(2)), z€eD,

f'(z)

where K (z) < (1 —|2]?) as |z| — 1~

In view of (11), Theorem 5 is sharp. Moreover, since (11) implies

f"(2)
f'(2)

for univalent analytic functions f, the next theorem is sharp as well.

z
<

S

(1—1z) <

Theorem 6. Let f € U be univalent in all Buclidean discs
D(ae®,1—a) cD, € cab,
for some a € (0,1). Then

f"(2)
f'(z)

1-2) <4, a<|s|<Ll (20)

Example 7. Let f = fc ¢ be a locally univalent analytic function in I such that f(—1) =0 and

1
1 2 =
f’(z):—i(l—i—i) e, (edD, zeD.

Then
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2
0 YT
0
s |
2+
-10¢
-4t
-15
-6 ‘ - - -
6 -4 2 0 2 4 6 3 2 4 0o 1 2 3
(a) f(D) for C =2.21 and ¢ = —i. (b) £(D)/10' for C =30 and ¢ = —i.

Fig. 1. Shape of the image domain f(D) for different values of C. In (a), 8 f(D) is a simple closed curve. In (b), the valence of the
simply connected domain D; under f is j, for j = 1, 2, 3, respectively.

)1

fl(z) 1-22 27

hence (10) holds and f is univalent in D if C' < 1 by Becker’s univalence criterion. If f is univalent, then
f— f(0) € S and we obtain for { =1,

’ Cz o \5/2
1Zf(m):e2(1 x) N1—|—C’x/27 e
K (z) 1+a2)1/2 14 3z

Therefore, if C' > 6, then f is not univalent.

The boundary curve 0 f(D) has a cusp at f(—1) = 0. When ¢ = —i, the cusp has its worst behavior, and
by numerical calculations the function f is not univalent if C' > 2.21. Moreover, as C' increases, the valence
of f increases, see Fig. 1.

The curve {f(e“) 1t e (0, 7r]} is a spiral unwinding from f(—1). We may calculate the valence of f by
counting how many times h(t) = Re(f(e?’)) changes its sign on (0, 7]. Numerical calculations suggest that
the valence of f is approximately equal to %C’ .

4. Proofs of main results

In this section, we prove the results stated in Section 3.

Proof of Theorem 2. To prove the first assertion, assume on the contrary that there exists & > 0 such that
f is univalent in D(¢,d) N D. Without loss of generality, we may assume that ( = 1. Let T be a conformal
map of D onto a domain Q C D(¢,d) ND with the following properties:

(i) T(Q) = ¢
(i) 09 D {e¥ : |arg¢ — 0] < t} for some t > 0;
(iii) :;/,/((Zz)) (1—|2?)2 <1—pforall z €D, where p € (0,1) is any prescribed number.

The existence of such a map follows, for instance, by [8, Lemma 8]. Then

FITE) ey TE | e s
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by (11), since f o T is univalent in D. Moreover, 7;,,—((5))(1 —12?) = 0, as |z] — 17, by (iii). Let {w,} be a
sequence such that w,, — ¢, and define z, by T(z,) = w,. Then z, — (, and since T" belongs to the disc

algebra by [8, Lemma 8], we have

1 — |T(z)|?
T (zn)|(1 = |20 [?)

For more details, see [12, p. 879]. It follows that

1<

— 17, n—oo.

imsu 1" (wn) — |w,|?

1n~>oop f'(wn) (= lenl

T
—%%fyﬂﬂ%»hl|ﬂnn>

i D) ey (L [TGP)
_hﬁg)ﬂHVMAW(HW|HMT®MWVM%S&

which is the desired contradiction.
To prove the second assertion, assume on the contrary that (18) fails, so that there exist p € (0,1) and
a constant § € (0, 1) such that

["(z) 2 .
Fa|a-lP <p s DEHND. (21)
If g= foT, then (21) and (i)—(iii) yield
IOy < [T v ey T e
T8 -y < | ZEE e - ) + [ 8 a- e
PO (1 g
<[ Crp|a- e +1-p <

for all z € D. Hence ¢ is univalent in D by Becker’s univalence criterion, and so is f on 2. This is clearly a
contradiction. 0O

Proof of Theorem 4. Assume that condition (10) holds for some C € (0, 1]. Now
z //(Z)
f'(z)

and hence f is univalent in D by Becker’s univalence criterion.
Assume that (10) holds for some C' € (1, 00). It is enough to consider the case § = 0. Let T'(z) = a+(1—a)z
for z € D, and g = foT. Then

(1= 12) < l2lQ+CA = [2]) < J2l +1 = |2 =1,

L [O e [P TE)|
(-1 | T2 = -y | D e
PEED| ¢y ey - ERITE)
- - ream G
<(+oa- e SRS
(- 2P)1 —a)

<A+ CA-let+ (-2 T g o p
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By the next lemma, for a = 1 —(1+C)~2, g is univalent in D and f is univalent in D(a, 1 —a). The assertion
follows. O

Lemma 8. Let C € (1,00). Then, for z € D,

C? +2C 1
11o(1-
<+ < ’CQ+20+1+(1+0)22

c242C 1
C24+2C+1 + (1+C)2 <

1— |z L
>) X Sl |)(Hc)2 5 <L
1|

Proof. Let h: [0,1) — R, be defined by h(t) = (1+ C(1 —t))/(1 —t*). Then

_ —Ct?+201+ 0Ot —-C

n'(t) = =0
if and only if t =t = HC% VI12C ¢ (0,1). Hence, h is strictly decreasing on [0, t¢] and strictly increasing
on [to, 1]. If
C? +2C 1
t= <t
CPi20+1 xop e
then
B~ 2P) g < A0~ o) g <~ <1
1+0)2 — 1+C)2 - 14C
On the other hand, if
2 2 i0 2 2
to <t= C=+2C LT <C—|—C+r_t,

C2+2C+1 (1402~ C2+2C+1

then we obtain

(1 —[2%) 1= (14+C)2+C(1—7)

h(t)
provided that
ke(r) =1+ [1+CP+CA—-r)]+1-r<201+C)%
Since ko (1) < 2(1 + C)? and
kp(r)=(1+CP?+C1—r)—C(1+7)—1>0
for r < 1+ C/2, inequality (22) holds. This ends the proof of the lemma. O

Proof of Theorem 5. Let a € D, 0 < C/(1+ C) < |a] < 1 and g(z) = f(@a(re2)), where ¢, (2) is defined as
in (4). By equations (13) and (14), we let

a C ‘a|_1fc
s (eieg) = (23)
140 J al (1~ lal5)
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and deduce for some R € (0,1)

a C a C 1
A —p( Lt~ p(L 2 > ).
v(@7a) (|a|1+C’R)C <|a|1+c’1+c)

Hence, g is univalent in . Now

g"(0) _ f(a) , (pg(())r _ _f"(a,) e .
g'(0)  f'(a) #a(0)ra + @' (0) F'(a) (1= la|*)ra + 2ar,.

By (11), |¢”(0)/¢’(0)| < 4 and therefore

f"(a) _1al?) — 23
- - <

IS}

which implies

f"(a) 2 4
_ < [
’f’(a) (1 |a| )— 2+ T 2+4(1—|—K(a)),
where
2 C (1= lal?
K(a):i_lzlirawl(l_rg)leN9(1_‘a|2)’
R L R i B

asla| > 1-. O

Proof of Theorem 6. It suffices to prove (20) for |z| = a, since trivially f is univalent also in D(be’, 1—b) C
D(ae®,1 —a) for b € (a,1) and € € OD. Moreover, by applying a rotation z — Az, A € D, it is enough
to prove (20) for z = a.

Let T(z) =a+ (1 —a)z for z € D. Now g = f o T is univalent in D and by (11)

@O gy

< 4.

‘f”(a)
f'(a)

9"(0) '
9'(0)

The assertion follows. 0O
5. Generalizations for harmonic functions

Let f be a complex-valued and harmonic function in D. Then f has the unique representation f = h+73,
where both h and g are analytic in D and ¢g(0) = 0. In this case, f = h + g is orientation preserving and
locally univalent, denoted by f € UH ., if and only if its Jacobian J; = |M/|> — |¢/|* > 0, by a result by
Lewy [20]. In this case, h € Uf, and the dilatation wy = w = ¢//h’ is analytic in D and maps D into itself.
Clearly f = h + 7 is analytic if and only if the function ¢ is constant.

For f = h +g € U, equation (1) yields the harmonic pre-Schwarzian and Schwarzian derivatives:

ww
1— |w[?’

P(f) = P(h)

and
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B @ e, N\ 3 wu
S(f)—S(h)er(pw—w o\ Tep)

This generalization of P(f) and S(f) to harmonic functions was introduced and motivated in [13].
There exists dp € (0,2) such that if f € UL satisfies (2) for N = o, then f is univalent in D, see [2]
and [14]. The sharp value of & is not known. Moreover, if f € UL satisfies

W2

PO =12+ F e <1,

then f is univalent. The constant 1 is sharp, by the sharpness of Becker’s univalence criterion. If one of these
mentioned inequalities, with a slightly smaller right-hand-side constant, holds in an annulus ry < |z| < 1,
then f is of finite valence [17].

Conversely to these univalence criteria, there exist absolute constants Cy, Cy € (0, 00) such that if f € U
is univalent, then (2) holds for N = Cy and (8) holds for p = Cs, see [13]. The sharp values of C; and Cs
are not known.

By the above-mentioned analogues of Nehari’s criterion, Becker’s criterion and their converses, we obtain
generalizations of the results in this paper for harmonic functions. Of course, the correct operators and
constants have to be involved. Theorem 2 and its analogue [12, Theorem 1] for the Schwarzian derivative
S(f) are valid as well. Moreover, Theorems 4, 5, and 6 are valid. We leave the details for the interested
reader.

We state the important generalization of [12, Theorem 3] for harmonic functions here. It gives a sufficient
condition for the Schwarzian derivative of f € UL such that the preimages of each w € f(ID) are separated
in the hyperbolic metric. Here £(z1, z2) is the hyperbolic midpoint of the hyperbolic segment (z1, z2) for
21,29 € D.

Theorem 9. Let f = h+g € UL, such that
1SH(FIL—12*) < do(1+C(A~[2])), =2€D,

for some C € (0,00). Then each pair of points z1,ze2 € D such that f(z1) = f(z2) and 1 — |£(z1,22)| < 1/C
satisfies

2 — C12(1 — |€(21, 22)]) /2
CY2(1 — |€(z1, 22)])1/2

dri (21, 22) 2 log (24)

Conversely, if there exists a constant C € (0,00) such that each pair of points z1,ze € D for which f(z1) =
f(#z2) and 1 — |&(21, 22)| < 1/C satisfies (24), then

[Sr (NI = [27) < Ca(l + () (1~ [2)'?), 1- |2 < (80)7,
where W is positive, and satisfies U (|z]) — (2(8C)Y3H) T as 2| — 1.
We have not found a natural criterion which would imply that f = h +7 € U/, is bounded. However,
the inequality |¢'(2)| < |h/(2)| can be utilized. A domain D C C is starlike if for some point a € D all linear
segments [a, z], 2 € D, are contained in D. Let h € U, be univalent, let h(ID) be starlike with respect to

20 € h(D) and f = h+7 € UH,. Then the function
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maps D into D. To see this, let @ € D and let R = h='([h(20),h(a)]) be the pre-image of the segment
[h(20), h(a)] under h. Then

Ina) = heo)| = [ IW(Q)llac) = | [ o/(€)de| = lg(@ - gCao).

R R

Consequently, if f = h +g € UL is such that h(D) is starlike and bounded, then f(ID) is bounded.
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