
1. Our observations are stated as Theorems ?? and ?? and as an example.Theorem 0.1. Consider the omplex linear di�erential equation
f ′′ + Af = 0. (1)where A is analyti in D(0, R). Let f be non-trivial solution of JM91 in D(0, R). Now,all zeros of f are simple.Proof. By Theorem 9.2, if A is analyti in D(0, R), then all non-trivial solutions of (??)satisfy the pointwise estimate

|f(reiθ)| ≤ (|f ′(0)|R + |f(0)|) exp

(∫ r

0

|A(teiθ)|(r − t)dt

)
, θ ∈ [0, 2π), r ∈ (0, R). (2)(i) If f has a multiple zero in the origin, the right hand side of (??) is identially zero.Now f has to be identially zero, whih is a ontradition. Thus if f has a zero at theorigin, it must be simple.(ii) Sine D(0, R) is open, we an make the same onlusion in every point of D(0, R)by translation. Namely, let a ∈ D(0, R) arbitrary and S = R − |a| > 0 so that a ∈

D(a, S) ⊂ D(0, R). De�ne f̃ , Ã : D(0, S) → C, f̃ = f(z + a), Ã = A(z + a). Now, sine
Ã is analyti in D(0, S) and f̃ is a solution of (??) in D(0, S), Theorem 9.2 implies that
f̃ satis�es the pointwise estimate

|f̃(reiθ)| ≤ (|f̃ ′(0)|S + |f̃(0)|) exp

(∫ r

0

|Ã(teiθ)|(r − t)dt

)
, θ ∈ [0, 2π), r ∈ (0, S).If f has a multiple zero at z = a, f̃ has a multiple zero at the origin and is identiallyzero by ??. Now f is identially zero, whih is a ontradition. �Theorem 0.2. Consider

f (k) + Af = 0, (3)where A is analyti in D(0, R) and k ∈ N. Let f be a non-trivial solution of (??). Now,all zeros of f are atmost of multipliity k − 1.Proof. Let a ∈ D(0, R) arbitrary. Now f(z) = (z−a)ng(z) inD(0, R) for some n ∈ N0 and
g analyti in D(0, R) suh that g(a) 6= 0. Let S = R−|a| so that a ∈ D(a, S) ⊂ D(0, R).Now g has a power series presentation in the dis D(a, S), that is,

g(z) =

∞∑

j=0

aj(z − a)j ,for some aj ∈ C, for all z ∈ D(a, S). Sine g(a) 6= 0, we have a0 6= 0. Now
f(z) =

∞∑

j=0

aj(z − a)n+j1



for all z ∈ D(a, S) and
f (k)(z) =

∞∑

j=0

bj(z − a)n+j−k,where bj = (n+ j)(n+ j − 1) · · · (n + j − (k − 1))aj , for all z ∈ D(a, S). Therefore
f (k)(z) = (z − a)n−kh(z),where h(z) =

∑∞
j=0 bj(z − a)j. By (??) we have

A(z) = −
f (k)(z)

f(z)
=

1

(z − a)k
h(z)

g(z)for all z ∈ D(a, S). Sine A and g are analyti, h(z) has to have a zero atleast ofmultipliity k. Therefore, sine a0 6= 0 and b0 = 0, we have n(n− 1) · · · (n− (k− 1)) = 0.It follows that either n = 0 or n ∈ {1, 2, . . . , k − 1}. In the �rst ase f(a) 6= 0. In theseond ase f has a zero of order n ≤ k − 1 at z = a. �Theorem ?? is a speial ase of Theorem ?? and an thus be proved by using thepower series argument in the proof of Theorem ??. On the other hand, Theorem ?? anbe proved by following the proof of Theorem ?? and using an estimate whih is analogousto (??), if suh an estimate exists.Let f be as in Theorem ??. If f has a zero of order k we have in Theorem ?? S = 0.It follows that f is identially zero.Example. A non-trivial solution f of (??) with an analyti oe�ient A an have a zeroof multipliity k − 1 when (??) is onsidered in a bounded domain D. Let
f(z) = z2k−1 + azk−1 = zk−1(zk + a),where a > 0. Now f has a zero of multipliity k − 1 at the origin. Moreover,

f (k)(z) =
(2k − 1)!

(k − 1)!
zk−1,so that

A(z) = −
f (k)(z)

f(z)
= −

(2k − 1)!

(k − 1)!

1

zk + a
.Taking a > 0 large enough A is analyti in D.2. We will �rst state the results, and then provide the proofs. Bellow we use the notation(

j

n

)
= j!

n!(j−n)!
.Theorem 0.3. Suppose that f is a solution of f (k) +Ak−1f

(k−1) + . . .+A1f
′ +A0f = 0in D(0, R), where Aj is analyti in D(0, R) for all j. Then

∣∣f(reiθ)
∣∣ ≤ S exp

(∫ r

0

C(teiθ)dt

)
, θ ∈ [0, 2π), r ∈ (0, R),2



where
S =

k−1∑

j=0




j∑

n=0

j−n−1∑

m=0

(
j

n

)
∣∣∣(A(n)

j (0)f(0))(m)
∣∣∣

(k − j + n +m)!
Rk−j+n+m +

∣∣f (j)(0)
∣∣

j!
Rj


and

C(teiθ) =
k−1∑

j=0

j∑

n=0

(
j

n

) ∣∣∣A(n)
j (teiθ)

∣∣∣
(r − t)k−j+n−1

(k − j + n− 1)!
.The term (A

(n)
j (0)f(0))(m) above means funtions (A

(n)
j f)(m) value at the orign. Inthe nonhomogeneous ase we obtain the following result.Theorem 0.4. Suppose that f is a solution of f (k)+Ak−1f

(k−1)+ . . .+A1f
′+A0f = Akin D(0, R), where Aj is analyti in D(0, R) for all j and Ak 6≡ 0. Then

∣∣f(reiθ)
∣∣ ≤ B(reiθ) +

∫ r

0

B(seiθ)C(seiθ) exp

(∫ r

s

C(teiθ)dt

)
ds, θ ∈ [0, 2π), r ∈ (0, R),where

B(reiθ) =

∫ r

0

∣∣Ak(te
iθ)
∣∣ (r − t)k−1

(k − 1)!
dt

+
k−1∑

j=0




j∑

n=0

j−n−1∑

m=0

(
j

n

)
∣∣∣(A(n)

j (0)f(0))(m)
∣∣∣

(k − j + n+m)!
Rk−j+n+m +

∣∣f (j)(0)
∣∣

j!
Rj



and
C(teiθ) =

k−1∑

j=0

j∑

n=0

(
j

n

) ∣∣∣A(n)
j (teiθ)

∣∣∣
(r − t)k−j+n−1

(k − j + n− 1)!
.In the proofs of these two theorems, we use the following two Lemmas.Lemma 0.5. Let f and g be analyti in some domain. Then gf (j) =
∑j

n=0(−1)n
(
j

n

)
(g(n)f)(j−n).Proof. The ase j = 1 is a form of Leibniz rule, so suppose that the assertion holds forsome j ∈ N. Then

gf (j+1) = (gf (j))′ − g′f (j)

=

(
j∑

n=0

(−1)n
(
j

n

)
(g(n)f)(j−n)

)′

−

j∑

n=0

(−1)n
(
j

n

)
(g(n+1)f)(j−n)

= (gf)(j+1) +

j∑

n=1

(−1)n
[(

j

n

)
+

(
j

n− 1

)]
(g(n)f)(j+1−n) + (−1)j+1g(j+1)f.Sine a simple alulation shows that (j

n

)
+
(

j

n−1

)
=
(
j+1
n

), the assertion follows by indu-tion priniple. �3



Lemma 0.6. Let g : (0, R) → R+ be integrable and 0 < t1 < t2 < . . . < tn < r < R.Then ∫ r

0

∫ tn

0

· · ·

∫ t1

0

g(t)dtdt1 · · · dtn =

∫ r

0

g(t)
(r − t)n

n!
dt.Proof. It is known by Fubini's theorem that the assertion holds for n = 1, so suppose itholds for some n ∈ N. Then

∫ r

0

∫ tn+1

0

· · ·

∫ t1

0

g(t)dtdt1 · · · dtn =

∫ r

0

∫ tn+1

0

g(t)
(tn+1 − t)n

n!
dtdtn+1

=

∫ r

0

∫ r

0

g(t)
(tn+1 − t)n

n!
χ{t≤tn+1}(t)dtdtn+1

=

∫ r

0

g(t)

∫ r

0

(tn+1 − t)n

n!
χ{t≤tn+1}(tn+1)dtn+1dt

=

∫ r

0

g(t)

∫ r

t

(tn+1 − t)n

n!
dtn+1dt

=

∫ r

0

g(t)
(r − t)n

n!
dt,by Fubini's theorem. The assertion follows by indution priniple. �Now we may prove the theorems above.Proof of Theorem ??. By applying the equality

f(z) =

∫ z

0

f ′(ξ)dξ + f(0), z ∈ D(0, R),

k times, we obtain
f(z) =

∫ z

0

∫ ξ1

0

· · ·

∫ ξk−1

0

f (k)(ξk)dξkdξk−1 · · · dξ1 +

k−1∑

j=0

f (j)(0)

j!
zj , z ∈ D(0, R).Thus, by using the ODE, we have

|f(z)| =

∣∣∣∣∣

∫ z

0

· · ·

∫ ξk−1

0

−
k−1∑

j=0

Aj(ξk)f
(j)(ξk)dξk · · · dξ1 +

k−1∑

j=0

f (j)(0)

j!
zj

∣∣∣∣∣

≤
k−1∑

j=0

∣∣∣∣
∫ z

0

· · ·

∫ ξk−1

0

Aj(ξk)f
(j)(ξk)dξk · · ·dξ1

∣∣∣∣+
k−1∑

j=0

∣∣f (j)(0)
∣∣

j!
Rj .

4



By using Lemma ??, we may write the integrals as
∫ z

0

· · ·

∫ ξk−1

0

Aj(ξk)f
(j)(ξk)dξk · · ·dξ1

=

∫ z

0

· · ·

∫ ξk−1

0

j∑

n=0

(−1)n
(
j

n

)
(A

(n)
j (ξk)f(ξk))

(j−n)dξk · · · dξ1

=

j∑

n=0

(−1)n
(
j

n

)∫ z

0

· · ·

∫ ξk−j+n−1

0

[
A

(n)
j (ξk−j+n)f(ξk−j+n)

−

j−n−1∑

m=0

(A
(n)
j (0)f(0))(m)

m!
zm

]
dξk−j+n · · · dξ1

=

j∑

n=0

(−1)n
(
j

n

)∫ z

0

· · ·

∫ ξk−j+n−1

0

A
(n)
j (ξk−j+n)f(ξk−j+n)dξk−j+n · · · dξ1

−

j−n−1∑

m=0

(A
(n)
j (0)f(0))(m)

(k − j + n +m)!
zk−j+n+m,so, by denoting

S =

k−1∑

j=0




j∑

n=0

j−n−1∑

m=0

(
j

n

)
∣∣∣(A(n)

j (0)f(0))(m)
∣∣∣

(k − j + n+m)!
Rk−j+n+m +

∣∣f (j)(0)
∣∣

j!
Rj



 ,we have
|f(z)| ≤

k−1∑

j=0

j∑

n=0

(
j

n

)∫ z

0

· · ·

∫ ξk−j+n−1

0

∣∣∣A(n)
j (ξk−j+n)

∣∣∣ |f(ξk−j+n)| |dξk−j+n| · · · |dξ1|+ S.By setting z = reiθ and ξj = tje
iθ, Lemma ?? gives

∫ z

0

· · ·

∫ ξk−j+n−1

0

∣∣∣A(n)
j (ξk−j+n)

∣∣∣ |f(ξk−j+n)||dξk−j+n| · · · |dξ1|

=

∫ r

0

· · ·

∫ tk−j+n−1

0

∣∣∣A(n)
j (tk−j+ne

iθ)
∣∣∣
∣∣f(tk−j+ne

iθ)
∣∣ dtk−j+n · · · dt1

=

∫ r

0

∣∣∣A(n)
j (teiθ)

∣∣∣
∣∣f(teiθ)

∣∣ (r − t)k−j+n−1

(k − j + n− 1)!
dt,so

|f(reiθ)| ≤

∫ r

0

∣∣f(teiθ)
∣∣
k−1∑

j=0

j∑

n=0

(
j

n

) ∣∣∣A(n)
j (teiθ)

∣∣∣
(r − t)k−j+n−1

(k − j + n− 1)!
dt+ S.The assertion now follows by Gronwall-Bellman inequality. �5



Proof of Theorem ??. Similarly as in the proof of Theorem ??, we have
|f(z)| =

∣∣∣∣∣

∫ z

0

· · ·

∫ ξk−1

0

Ak(ξk)−
k−1∑

j=0

Aj(ξk)f
(j)(ξk)dξk · · ·dξ1 +

k−1∑

j=0

f (j)(0)

j!
zj

∣∣∣∣∣

≤
k−1∑

j=0

∣∣∣∣
∫ z

0

· · ·

∫ ξk−1

0

Aj(ξk)f
(j)(ξk)dξk · · ·dξ1

∣∣∣∣+
∣∣∣∣
∫ z

0

· · ·

∫ ξk−1

0

Ak(ξk)dξk · · · dξ1

∣∣∣∣

+
k−1∑

j=0

∣∣f (j)(0)
∣∣

j!
Rj.By Lemma ?? we have

∣∣∣∣
∫ z

0

· · ·

∫ ξk−1

0

Ak(ξk)dξk · · · dξ1

∣∣∣∣ ≤
∫ r

0

· · ·

∫ tk−1

0

|Ak(tke
iθ)|dtk · · ·dt1

=

∫ r

0

|Ak(tke
iθ)|

(r − t)k−1

(k − 1)!
dt,so, the same alulations that we did in the proof of Theorem ?? now show that

∣∣f(reiθ)
∣∣ ≤ B(reiθ) +

∫ r

0

C(teiθ)
∣∣f(teiθ)

∣∣ dt.The assertion now follows by exerise 3. �3. Suppose that
u(x) ≤ c(x) +

∫ x

a

u(s)v(s)ds, x ∈ (a, b), (4)where u, v, c : (a, b) → [0,∞) are integrable funtions. Then
u(x) ≤ c(x) +

∫ x

0

c(s)v(s) exp
(∫ x

s

v(r)dr
)
ds.Proof. Let

f(s) = exp
(
−

∫ s

a

v(r)dr
)∫ s

a

v(r)u(r)dr.Then
f ′(s) =

(
u(s)−

∫ s

a

v(r)u(r)dr
)
v(s) exp

(
−

∫ s

a

v(r)dr
)
. (5)Hene

f(x) ≤

∫ x

a

c(s)v(s) exp
(
−

∫ x

a

v(r)dr
)
ds. (6)6



by (??) and (??). Now, by (??) and (??), we obtain
∫ x

a

v(s)u(s)ds = exp
(∫ x

a

v(r)dr
)
f(x)

≤

∫ x

a

c(s)v(s) exp
(∫ x

a

v(r)dr −

∫ s

a

v(r)dr
)
ds

≤

∫ x

a

c(s)v(s) exp
(∫ x

s

v(r)dr
)
ds.Thus the assertion follows by the previous inequality and the assumption (??).Suppose that c is non-dereasing. Then the earlier result implies that

u(x) ≤ c(x) +
[
− c(x) exp

(∫ x

s

v(r)dr
)]∣∣∣

s=t

s=a

= c(x) exp
(∫ x

a

v(r)dr
)
.4. Let f(z) = f ′(z) = f ′′(z) = ez, where z ∈ D. If f ′′ + Af = 0 and z = r ∈ (0, 1), then

er ≤ 2 exp
(∫ r

0

(r − t)dt
)
= 2 exp

(r2
2

)by the Gronwall-Bellman inequality.Let f(z) = 1
1−z

, z ∈ D. Then f satis�es f ′′ − 2
(1−z)2

f = 0. Now f(0) = f ′(0) = 1,and if θ = arg z = 0, then |f(reiθ)| = 1
1−r

, and the inequality of Theorem 9.2 gets theform
1

1− r
≤ 2 exp

(∫ r

0

2(r − t)

(1− t)2
dt

)

= 2 exp(−2r − 2 log(1− r)) = 2e−2r1(1− r)2.Let f(z) = e
1

1−z , z ∈ D. Then f satis�es f ′′ −
(

2
(1−z)3

+ 1
(1−z)4

)
f = 0. Now f(0) =

f ′(0) = e, and if θ = 0, the inequality of Theorem 9.2 holds in the form
e

1
1−r ≤ 2e−

4
3
r− 1

6 e
1

1−r e
1
6

1
(1−r)2 ,so

1 ≤ 2e−
4
3
r− 1

6 e
1
6

1
(1−r)2 .In every ase above, the right hand side of the inequality grows faster than the left handside, as r → 1−. Hene, it looks like the result of the Theorem 9.2 ould be improved.7


