Chapter 10.
1. Becauce (D, d},) is metric space, every Cauchy sequence is bounded. Since
every bounded sequence has converging sub-sequence, Cauchy sequence in
(D, dp,) converges to some point. This point must lie in D, since T is infinitely
far away from each point of D.

With more details: Let {z,} C I be a Cauchy sequence with respect
to distance dj,. Then it is bounded, that is, there exists R € (0,00) such
that dy(0,2,) < R for all n € N. Since dy(0,2,) = log =2 we have

1—|znl|?

lzn] < 32;} < 1 for all n € N. By Bolzano-Weierstrass theorem the bounded

sequence {z,} has a converging subsequence, and because |z,| < K < 1, the

limit point must lie in .
2.

Lemma 1. Let z1, 20 € App(a,r), where a € D and r € (0,1). Then

for some constant K(r) > 0.

Proof. By the strong form of the triangle inequality,

dpr(z1,a) + dpn (29, a) 2r
d =7 . P . = A(r).
ph(21, 22) T+ do(e1, Q) (22, ) < T (r)

On the other hand, we can easily prove that

(1= |z = [2f*)
‘]_ —5122|2

(1) 1-— dph(zl, 22)2 =

and so
1—]af* _ 1 —Z120f? (A=)
L— =2 (I=[z)(1 =]z [1-Zi12)?

1 (1—Vﬁ>2
< = .
1— A2 |1—leg|

However, |1 —Z125| > 1 — |29] > (1 — |22]?)/2, thus

1—|22’ 1—‘22‘2 8
<2 < = K(r).
1|z 1| S 1- A2 (r)
Since z1, 29 € App(a, ) are arbitrary, the assertion follows. O
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Theorem 1. Let z € Ayp(a,r), where a € D and r € (0,1). Then

1 _
(2) < —az < e -Ja)

for some constant C(r) > 0.

Proof. 1t is clear that

1 — |al
C

[1—az| 21— lallz[ 21 —]a] =

for all C' > 1. So it sufficient that we prove the other side of the inequality

(2).
By (1) we obtain

(1 — =) — |a’)
|1 —az|?

>1—r,
and so by Lemma 1,

1
1—az)> < ——(1 = 2D = |af?
1 =-ae” < o — (A= [z~ |af)

4

<7 (A=)~ la])
4K
<——(1—a))?
for some constant K (r) > ;. Hence,
_ 4K
[1—az| < 1—4(1 —lal) = C(r)(1 — |al)
and the assertion follows. O

3. (Note: This solution is presented mainly to show what we came up with,
we are not sure if it holds or not. The proof covers only the case p > 1.
We didn’t manage to proof the case 0 < p < 1. Also, it is supposed that
Jo 7" Ras f027r |f(Cs + Rz,sew)‘pd‘ngZ,s < C(r) prh(z,r) | f(w)[PdA(w), which

we neither managed to proof, and are not even sure if it holds.)
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Let C, s and R, be the Euclidean center and radius of Ayu(z,s), s €
(0, 7], respectively. Then, by change of variable ¢ = C, , + R, ¢, Cauchy’s

integral formula gives

(n) — L' &
f7) = 2mi /ar)(cz,s,Rz,s) (€ - Z)”de

| 27 i0
= R | = [(Cost Revel) 4y
s 0o e (C,s+ R, 9 — z)ntl

Suppose that p > 1. Then, by Jensen’s inequality, we have

! Popem f(CLs+ R, €9)P
(e < [ / do.
‘f (Z)| > <27TRZ’S> 0 |Cz,s + RZ756i6 _ Z‘(m—l)l’

Since C, s+ R, € € 0A,(z, s), we have |C, s+ R, ;€ — 2| = s|]1 —2(C, s+
R, )] > s(1 —|z|), and by noticing that R, < 25(1 — |z]), we obtain

1—s2

n!\” 2r 1 27 ;
fP )P < (—) ( Z’)np/o |f(C.s + R, .€7)[Pdb.

2 ) (1 —s?)psm (1 — |

n!\” 1 2 4
<= C..+ R. e Pdb.
—<W> T Jy V(G Fese)

Now multiplying by s"PR, ; and integrating both sides from 0 to R, with

respect to R, s gives

Rz,r
O [ SR R,
0

T 1

(
<(5) TR o P24

The integral on the left hand side can be estimated simply with change of

; 1-|2 1|z 2|2
Varlable, Rz,s = TQ‘ZQ‘S, Rz75 = W(l + 2s |Z‘ )dS, as

(™Y = R [T 1F(Con+ Re ) PdodR
— P (1—T2)p —‘Z|)np/0 Z,8 0 |f( z,s+ z,se )‘ 2,8

/R” SR, (AR :/T RO i 0 AP ICTRC
0 Y (1 — s2|z]2)3
> (1 - \z])Q/ s"PH s
0
Tnp+2
sy
np + 2



Thus we have

() (AP n! Ponp + 2 C(r) »
1P < () s e o OPaAGw)

Chapter 11.
1. Solution 1. The claim is true in the case ( = 1 and the general case
follows by rotation. However, let’s be explicite.

Let ¢ € T and k > 0 be arbitrary. Now z € FE(k, () if and only if

€= 2* < k(1= |2]).
By writing z = (w we get
C(1—w)* < k(1 — [Cw]?)

so that
1= wf < k(1= [w]?).

Now, since |a + 8|2 = |a|* + |B]? + 2Re(aB), for all a, 3 € C, we get
1 — 2Re(w) + |w|* < k — klw|?.

By arranging terms we get
—2Re(w) + (k + )|w|* <k — 1.

By dividing with £ + 1 we get

1 k—1
—2Re | —— L
e<k+1w>+‘w| =k+1
By adding ﬁ on both sides we get

<L)2—2Re (Lw)+\wl2<k_1+ !
k+1 k+1 “k+1 0 (k+1)2

which gives
2 k 2
<|[—] .
v "<k+1>
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Recalling that z = (w we get

Thus

k+1 k+1

Moreover, this closed disc is internally tangent to the unit circle T at (.

E(k,g):D( ¢ & )

Solution 2.

Lemma 2. The Euclidean circle given by the equation o|z|*+ B2+ 5z +y = 0,
where |B)? > ay, has center —B/a and radius (/8|2 — ay)/|al.

Proof. Set w = az +b, so z = (w —b)/a. Hence

a|z\2+ﬁz+ﬁz+y:ﬁ(w—b)—(w—b)%—g(w—b)%—<§)(w—b)+y
7 2 2
S O L | Y
la|? a a
and so
1 Bl B‘_ 1 5
a(w b)+a = Z+a = |a‘\/\ﬂ] o).
Thus the assertion follows. O

Proof of the exercise 1. By choosing @« = k+1, 3 = —Candy = 1 —k
in Lemma 2, we see that |z — (| = |z + 1 — (2 — (Z = k(1 — |2]?) is the
Euclidean disk with center (/(k+1) and radius k/(k+1). On the other hand
if |z| =1, then k(1 — |2]*) = 0 =|¢ — 2|, and so ¢ = z. Hence the assertion
follows. [J
2. Suppose that
= ()" _ = 20l

1= Jio(z0)[? 1— |z|?
for some zy € D. Because d(() € (0,00), we may write the inequality of
Julia’s lemma as

1 1P 1 fe()P
— 0 D.
O -wmp =" 7€

>




By noticing that

1 — |22 = Re(1 — |2[? + i2Im(C2)) = Re((C — 2% + Cz — (Z)

= Re((¢ +2)(¢ — 7)),
we see that

. 1 (+z n+e() _ 1 L= 22 1= [p(e)?
R<d<<><—z n—so<z>> AL~ T eP ="

for all z € . Since equality holds at zy € I, the maximum principle for

harmonic functions implies that equality holds for all z € D, and the open

mapping theorem then gives

1 (+z2 n+e(2)
dQ)C—z n—(2)

for some constant ¢ € R. By solving ¢(z) we get

1 (+= , 1 (+=2 .
go(z):n<@<_z—1—zc>/<@<_z+1—zc>

=1ic, zeD,

where

(¢) + 1 +icd(Q)
(€) +1 —icd(C)
Since clearly |A] = 1 and |w| < 1 (|d(¢) — 1| < d(¢) + 1), we deduce that ¢
is an automorphism of .

3. How the set I',((,a) ={z €D : |z = (P < a(l—|z))}, 1 < p,a < o,

changes, when p and a change, can be seen in Figure 1.

d(¢) — 1+ icd(C)
d(¢) + 1 +icd(¢)

d
Aand

and w=_(

Now, I',(¢, @) is an open simply connected subset of . Here m N
T = (. Also I')(¢, «) is symmetrical with respect to the line {(t : t € R}.
Also 9I',(C, ) \ {Ct : t € R} consists of two smooth simple curves.

Let oI',(C,a) N {Ct : t € R} = {¢,5}. As a increases the 'angle’ of
I',(¢, @) at ¢ increases and OI',((, @) becomes 'smoother’ at 3. As p increases

T, (¢, @) becomes ’smoother’ at .



Figure 1: Sets I',(1,a) (black) for ( = 1 and some different o and p in D
(gray discs)



Lemma 3. The inequality
(3) (x+y)" <27z 4 yP)
holds for all p > 1 and x,y > 0.

Proof. If x = 0 or y = 0, then the statement is trivial, so we can suppose

that 0 < y < x. Now we can rewrite the inequality (3) to the following form:

p p
(f + 1) < o Kf) + 1}
Y )
Hence, it enough to show that
f)=2""1(" +1) = (t+ 1)

is non-decreasing for all ¢ > 1.
It is clear that f(1) = 0 and

f)y=p(@P" =t +1)"1) >0
for all ¢t > 1. Thus the assertion follows. O

Proof of the exercise 3. Suppose that 0 < § < a™!, [A] < §|¢ — 2|P and
z € I')(¢, ). Then, by Lemma 3 and the triangle inequality, we obtain

|24+ X =P <277 (|2 — (P + |AP)
< 227 Yl — |2]) + 8PaP(1 — |2])P)
< 20741 — |2]) (o + 6PaP)

and 1 —|z+ A > 1=z = [N\ >1—|z] —da(l —|z]) = (1 — |2])(1 — da).

Hence,

|24+ X — ([P <2711 — |2]) (o + 0PaP)
< 2p_1a+(5pap

1 —
(- [+ ),

and so z + A e I',(¢,6). O



4. Suppose that lim, o |arg(l — z,)| > 0. Then there exists a > 1 such
that z, ¢ I'(1, «) for all n sufficiently large. Thus

1—|zn|< -z 1

1=z, = a(l—|z,|) «

for all n sufficiently large, and hence

which is a contradiction.

5. Let f be positive v-integrable function. Then, since 22, prq > 1 and
1/ pTJ’q +1/ pTTq = 1, Holder’s inequality gives

1:/duz/<§>%du

IA
—
Rl

<
<[

N
—
/

—
ik
N——
»a|”d
=)
oY
<
N———
Ik
=]

The assertion follovs by taking the power of % on both sides and then
1

dividing by (f %)5.

Chapter 12.

1. The equality in (12.1) holds at least for all functions p(z) = \z%, where
AeT; ¢(z2) = A2z,

1— |z A2z
¥ (Z) Zl—‘)\ZQ‘Q 1+’Z‘27
and thus
dn(9"(0), 9" (2)) = dn(0, 9" (2)) = log ————
1|

=1 =2 -
og <1 — |z\> dp(0, 2)



Let z € D, and suppose that equality in (12.1) holds for function ¢. Then

Lt dy(0(0).0°(2) _ o L1
Tl (0),0°() BT el

log
and thus

(L= [2D)*(L + dpn(7(0), ¢7(2))) = (L + [2))*(1 = dpn(7(0), ¢7(2)))

which is equivalent to

2|2|
4 d * * ==
( ) ph((p (0)790 (Z))) 1+ ‘Z|2
If we suppose that (4) holds, then
1 + 2|Z|2
Ah((0), " (2)) = log 52 = 2410, 2).
1P

Hence we see that (4) is necessary and sufficient condition for equality in
(12.1) to hold at point z.
2. We didn’t succeed in this exercise. It still remained open at 2.8.2013.
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