COMPLEX NONOSCILLATION THEOREMS
AND CRITERIA OF UNIVALENCE(Y)

BY
BINYAMIN SCHWARZ

1. Introduction. In this paper we shall consider functions p(g) regular in
the open unit circle E and the solutions y(2) of the differential equation

(1.1) ¥'(2) + p(2)y(2) = 0.
The ratio
(1.2) f(2) = u(z)/v(2)

of any two independent solutions #(z) and v(z) of (1.1) will be a function
f(2), meromorphic in E with only simple poles, and such that f/(z) #0. We
shall say that a meromorphic function which satisfies these two conditions
belongs to the restricted class. The Schwarzian derivative of f(z),

(1.3) {f@), 5} = ["@/F @] = [/"@ /7@ ]2
is connected with p(z) by
(1.4) {/@), 2} = 2p(2).

Conversely, for any meromorphic functions of the restricted class the
Schwarzian derivative is regular.
The vanishing of a (nontrivial) solution

¥(2) = Au(z) + Bu(z)

of (1.1) at the points 21, « - -, 2. is equivalent to f(2) assuming at these points
the value —BA-1 It follows that f(2) is univalent in E if no solution of (1.1)
(except the solution y(z) =0) has more than one zero in E. Conversely, every
univalent function f(2) in E can be written as the ratio of two independent
solutions of the equation (1.1) where p(2) is defined by (1.4). These connec-
tions were first stated by Z. Nehari in [6](?) and used there to obtain the
following theorem (Theorem I, [6]):

In order that the analytic function f(2) be univalent in Iz] <1 it is necessary
that
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(1.5) [ {1), 2} | s 6/(1 = |2]»,
and sufficient that
(1.6) | {7@), 2} | s 2/(1 = |3]»2

This theorem is sharp, as is shown for the necessary condition by the
Koebe extremal function f(z) =2/(1 —2)?, and for the sufficient condition by
an example due to E. Hille [4]; we shall discuss this example in detail later.

2. A nonoscillation theorem for the unit circle. The differential equation
(1.1) is called nonoscillatory in E if none of its solutions (except y(z) =0) has
infinitely many zeros in E. Correspondingly we call a single-valued mero-
morphic function finitely-valent in a domain D if the equation f(2) =a has for
each a only a finite number of solutions z in D. By a slight modification of the
proof leading to the sufficient condition (1.6) of Theorem I in [6], we obtain
now the following nonoscillation theorem:

THEOREM 1. Let p(2) be regular in [zl <1 and assume there exists x,
0<x9<1, such that for all z with x4 < | z| <1

(2.1) | 2@ | = 1/(1 = | 2]
Then the differential equation
1.1 y'(2) + p(2)y(2) = 0

is nonoscillatory in lz] <1. Moreover, for every v>0, there exists a function
q(2), regular in || <1, such that for all z in | 2| <1

(2.2) la@) | = A+ 40/ = |3y
and such that the equation
v"(2) + q(2)v(z) = 0

s oscillatory in | z] <1 (i.e. has at least one solution v(2) with an infinity of zeros
there).

Proof. Let 2, 22 (217 2,) be any two points inside the open unit circle E. 23, 2,
determine uniquely a circle C passing through them and orthogonal to I z| =1.
Let us call that part of C which lies between z and 2z and inside E “the
orthogonal arc between z; and z,” and let us denote it by [z 2.]. Let xo be
fixed and denote the ring xo<|z| <1 by R. Assume now that there exists a
nontrivial solution y(z) of (1.1) with infinitely many zeros in E. From this
infinity of zeros we choose a sequence converging to a point « on |z| =1. By
an elementary geometric consideration it follows that we can choose two zeros
z1 and 2z, of y(z), belonging to this sequence, such that they, together with
the orthogonal arc between them, lie in R.

There exists a linear transformation from |z| <1 onto |{| <1 given by
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- a

(2.3) z=e‘"1é&§: la| <1,

which carries 2zi and 2 inito { =p and {= —p respectively (0<p<1). (2.3)
transforms [g, 2:] into the segment (—p, p). Let f(3) be the ratio of any two
independent solutions of (1.1) and define g(¢) for | ;‘I <1by

(2.4) o) = 5 (0 £25).

1— &t
The substitution (2.3) transforms the differential equation (1.1) into
(2.5) y1' @) + p1()y:1(8) = 0,
where
(2.6) 2p:() = {g(®), ¢}
and

L, —a

2.7 y(#17=) = 5.

Here o({) is regular and #0 in |§'| <1. It follows that there exists a solution
1($) #0 of (2.5) such that y,(p) =y1(—p) =0. Setting {=x+1y, multiplying
(2.5) on the segment ( —p, p) by #1dx, and integrating from —p to p, we obtain

4 [
f BT |2dx=f p1| 31 |%dx.
—p —p

Writing y1 =u#+14v we have
P P
2.8) f W + v)dx = f 2 + o)dx.
- -

It can be shown that (2.3) and (2.4) imply
(2.9) [ {7@, s} | (1 = [2]92 = | {e), ¢} | (1 = [ 5]
It follows therefore by (2.1), (1.4) and (2.6) that

1
‘li’l(x)|§m, —p=zSop

Hence,

] ,u2 v2 P uz v2
< f wry dx < p? f Ly d

X.
o (1— x%)? p (p? — x%)?

(2.10) ’j:pl(u2+vz)dx

Now the integral inequality
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4 u’dx p
p? f —_— < f u'%dx
- (p* — x%)? -»

holds for continuously differentiable real functions u(x), —p <x <p, which
have at +p zeros of the first order [6]. We may apply this inequality to both
# and v and obtain, in view of (2.10),

fp pi(u? + ?)dx

< fp (u: + vi)dx,
—p

which gives the desired contradiction to (2.8) and we have therefore proved
the main assertion of the theorem.

To prove the sharpness, consider for any 4 >0 and any complex C the
function

(2.11) o(z) = (2 — 1)12sin {y log (1 4+ 2)/(1 — 2) — C}.

v(2) is regular for Izl <1; to determine »(2) uniquely, take in its definition the
principal branch for the square root and for the logarithm. The function

q(z) = — v"(x)/1(z) = (1 + 4%)/(1 = 2°)°

is then regular in E and satisfies condition (2.2). It is easily seen that if
| Im { C} l <my/2 (in particular if Cisreal) then v(2) has infinitely many zeros
in E and so the proof of Theorem 1 is concluded.

The differential equation considered just now is a special case of Hille’s
example, mentioned above. Hille considers the equation

a
7 p—

(2.12) V'@ + T Y@ = 0 l=] <1,
where a is the complex parameter. His result is that no solution of (2.12)
assumes more than one zero in E if, and only if, a belongs to the interior or
to the boundary of the cardioid given by a = —2¢*¢ —e*¢, This cardioid goes
through the points a = +1 and a = —3, contains |a| =1, and is contained in
|a| <3; the point a = — 3 gives the differential equation corresponding to the
Koebe extremal function, while a =1-44y2 (y >0) shows the sharpness of the
sufficiency condition of Theorem I of [6] and, as just shown, also the sharp-
ness of Theorem 1.

This nonoscillation theorem may now be stated as a criterion of finite-
valence for meromorphic functions of the restricted class and, in fact, for
meromorphic functions in general.

COROLLARY 1. Let f(3) be meromorphic in |z| <1 and assume that
(2.13) | {f@), 2} £2/(1 = | 2|92 for ;< |2] <1, 0< =<1
Then f(2) is finitely-valent in |z| <1.
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Proof. Assume that there exists a complex number a (which may be «)
such that f(2) —a =0 has an infinity of roots in E. It follows then again that
there exist 21, 22, (21722) such that f(z1) =f(2:) =a, and that 2z, 2; and the
orthogonal arc between them lie in R. Consider now f(2) and the correspond-
ing differential equation y’’(2) +p(2)y(2) =0 not in E, but only in any simply-
connected domain D containing the arc [z 2:] and contained in R. We obtain
therefore a solution y(z) of (1.1), analytic (and therefore single-valued) in D,
such that y(z1) =y(2) =0, while p(2) satisfies (2.1) in D (and especially on
[2122]). But only this was used in the proof of Theorem 1; the behavior of $(2)
and y(2) outside D (and of $1(¢) and 3 (¢) outside the map of D under (2.3))
is obviously immaterial for the proof.

The sharpness of Theorem 1 implies the sharpness of the corollary. By
(2.11) and (1.2) this is established by the functions

1
f(z) = tan ('y log 1 + z), ¥ > 0.

In a recent paper [7], Z. Nehari obtained a series of nonoscillation theo-
rems for the equation y"/(2) +(2)y(z) =0 in various domains. For the unit
circle he proved (Theorem 111, [7]) that if p(2) is regular in |z| <1 and if

(2.14) fo hl p(e) | d0 < oo,

then the differential equation is monoscillatory. The integral on the left-hand
side of (2.14) is defined as the limit, for p—1, of the nondecreasing function

j; 2rl b(oe®) | do
and (2.14) is therefore equivalent to
(2.15) ﬁ2f|p(pe“’)|d0<c, C< o, 0<p<1.
This theorem may be deduced from Theorem 1. Indeed, setting

?(z) = ianzn,

n=0

(2.15) implies

1 2r i0 C
Ianlé—f Ij)(pe)lpd0< ) n=201---.
27 J o pntl 27p™

Letting p—1, we obtain |a.| <C/2r =C; and therefore
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2@ S Tl anl 2l s~
b 1-|s]
This implies now the existence of an x4, such that (2.1) holds for x, < | z| <1,
i.e., the assumption of Theorem 1 is satisfied.

3. A finite-valence theorem for multiply-connected domains. Let D be a
simply-connected domain in the z-plane, having at least two boundary points
and let w=1y(3) be a function mapping D onto |w| <1. Let D’ be any closed
domain lying in the interior of D and denote by R’ the domain D —D’. The
map of R’ under the transformation w=y/(2) covers a circular ring R, x, < | w]
<1, with 0 <x( <1 and x, near enough to 1. Let f(z) be a meromorphic func-
tion in D and define g(w) in |w| <1 by

(3.1) g(w) = f(¥~(w)).

f(2) is finitely-valent in D if and only if g(w) is so in |w| <1. The trans-
formation formula for {f(z), z} under the conformal mapping w=y(z) is

dz

6.2 {e(a, o} = () {0 5} = (s}

Applying now Corollary 1 to g(w) it follows that f(z) will be finitely-valent
in D if the condition

2 ay?
3. o) = @ st = s =
(3.3) | {2, 2} — {¥(2), 2} | 1= Tv@ il o
holds for all zin D~ D’. Similarly it follows that if p(z) is regular in D and if
1 1 dy 2
(3.4) !I’(Z) Y {lﬁ(z), z} = (a1 — |‘//(z) lz)z &z

holds for all zin D — D’ then the differential equation (1.1) is nonoscillatory in D.

We remark that conditions (3.3) and (3.4) are independent of the normal-
ization of the Riemann mapping function w=y(2) mapping D onto |w| <1.
Let w; =y1(2) be another such function mapping D onto ['wll <1. The func-
tion wi(w) =yY1(Y~!(w)) is a linear mapping of lwl <1 onto lwll <1 and it
follows, by the invariance of the Schwarzian derivative with respect to all
linear transformations, that {'wl(z), z} = {w(z), z}, i.e.,

(3.5) {¥1(2), 2} = {¥(2), 2}.
Moreover, for a linear mapping of the unit circle onto itself, the relation
1—|w(w)|* |dw
1w ldw

holds, which implies
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1 g |? 1 dy |2
3.6 S . [ —— .4
-9 A =[w@ )2 dz ] (1 =]y )2 dz

(3.5) and (3.6) show clearly that conditions (3.3) and (3.4) are independent
of the normalization of the mapping function ¥(z).

As an example for condition (3.4) we mention the half-plane Re {z} >0.
In this case,

z—1

z+1

w = y(z) =

and condition (3.4) becomes
3.7 | p(2) | = 1/4? (z =« + iy).

The differential equation (1.1) is therefore nonoscillatory in Re {z}>0 if
(3.7) holds for all points of this half-plane except those belonging to a closed
bounded subset. Sharpness is shown by the Euler equation

Cc
y'(2) + '4—;3’(2) =0 c>,
2

which plays an all-important role in the real nonoscillation theory (see Hille

[3D.
In the case of the strip |Im {z}| <7 /4, we have

w = ¢Y(z) = tan (i)
and (3.4) becomes
| p(2) + 1| £ 1/(cos 29)? (z = x + iy).

While condition (3.3) was stated for schlicht simply-connected domains,
it will evidently also hold for non-schlicht domains which can be mapped onto
the unit circle. This is the case for the universal covering surfaces of multiply-
connected domains with more than two boundary points. Restricting our-
selves to domains bounded by a finite number of Jordan curves(?), we obtain

LeMMA 1. Let D be a multiply-connected domain in the z-plane, bounded by
a finite number of Jordan curves. Let S be its universal covering surface (and
denote the affix of S also by z). Let w=y(z) map S onto |w| <1 and let D’ be any
closed domain inside D. A function f(2), meromorphic and single-valued in D,
will be finitely-valent there, if condition (3.3) holds for all zin D—D’.

We remark first that the expressions {y(z), z} and

2 dy |?
(1 = |y [»2 ds

(3) See Bieberbach [1, pp. 44-56] and Nevanlinna [9, pp. 21, 22].
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are not only, as above, independent of the normalization of ¥(z2), i.e., single-
valued as functions on S, but they are, in addition, single-valued functions in
D. This follows from the fact that the different branches of ¥/(2) (as a function
in D) correspond to linear transformations of || <1 onto itself.

For the proof of the lemma, let z be the coordinate in D and not on S, so
that ¢(2) is a many-valued function. By connecting the #» boundary curves
C, -+ ,Chof Dbyn—1cuts+i, * - -, ¥a-1, we obtain a simply-connected
domain D*. D* allows us to fix uniquely a branch ¥;(2) of Y(z) (which will be
regular and single-valued for zED*). ¥;(z) maps D* onto a simply-connected

domain F#¥ whose boundary consists of 2n—2 arcs C}, - - -, Cap—p on || =1
which are the maps of the 2#n—2 components into which the curves
C, - - -, C, are decomposed by the system of cuts, and of 2n—2 arcs inside
|| =1 which are the maps of the n—1 cuts v1, - + + , Ya—1. We adjoin n—1
of these arcs, called 4%, - - -, 41, to F¥ and obtain a fundamental domain
F;. To each 2E€D corresponds exactly one w=y,(2) in F;. Let us call the arcs
y%, - -+, ¥i_,, together with the n —1 equivalent arcs which belonged to the

boundary of F¥, the inner boundaries of F;. ¥;(z) maps D’ onto a region F/.
While certain segments of the inner boundaries of F; belong to F! or to its
boundary, it is clear that F/ lies inside a circle |w| <xe<l1.

Let now the function g(w)=f(~!(w)) be defined only for w&F;. This
function is meromorphic and single-valued, and it follows that the condition

| {g(w), w} | = 2/(1 = | w|??

holds for w& F;N\R (where R is again the ring x < ] wl <1). This ensures the
finite-valence of g(w) in F; and therefore of f(2) in D. Lemma 1 is established.

This lemma enables us now to obtain a simpler criterion for the finite-
valence of single-valued meromorphic functions in the case in which the =
boundaries of the domain are analytic Jordan curves.

THEOREM 2. Let D be a domain in the z-plane such that its boundary C con-
sists of a finite number of analytic Jordan curves. Let 20E D and denote by C.the
level curve g(z, 2o, D) =€, €>0, of the harmonic Green's function g(3, 20, D) of the
domain D with pole at zo. Let f(z) be meromorphic and single-valued in D and set

(3.8) M(e) = Max I {f(z),z}l.
2EC,

If

3.9) lim e2M(e) = 0,

0
then f(2) is finitely-valent in D.

Proof. Suppose D is not simply-connected. Choose y/(z) on S so that
¥~1(0) =3z,. Define the different branches of ¥/(2) (as a function in D) as in the
proof of Lemma 1, but assume that none of the cutsyi, - - -, ¥a—1 go through
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2. Let the branch ¢,(2) be defined by ¥(2o) =0, and consider the behavior of
this branch in D and on C. From the analyticity of the boundary curves it
follows that ¥.(2) and its derivatives are piecewise analytic on C. Moreover,
dyi/dz70 in D=D\UC and it follows that, for all z in D,

(3.10) | {¢s(2), 2} | = | {¥(2), 2} | = M, 0<M< o,
and
(3.11) | dgi/ds| = m, 0<m< .,

For every €>0 let us now consider the following two closed regions in D:
Di(e) = {z:g(3, 20, D) = €}
and
Dy(e) = {z:2 = y~}(w), | 'wl < e},
We then have(*)
(3.12) Dy(€) D Do(e).

To prove this, we consider the Green's function G(z, 2o, S) of the universal
covering surface S. z and 2, are now both on S, the pole z, is defined by
¥ (20) =0; i.e., 2o is the point in the sth sheet of S whose trace in D was also
denoted by z,. Let now Ds*(¢) be the region on S defined by

D:(e) = {z:G(z, 20, S) = e}, zES.

Dy(€) is therefore the trace of Ds*(e). g(z, 20, D) was defined in D; we now
associate with every zE&.S the value which g(z, 2y, D) assumes at the trace
of this point and so obtain a function G(z, zo, D). G(z, 20, D) is positive and
harmonic on S, except for infinitely many logarithmic poles (at all points
of S whose trace in D is z). Let us denote by D (¢) the union of the infinitely
many replicas of D;(¢) on S; i.e.,

D*(e) = {2:G(3, 20, D) = ¢}, zES.

By the just mentioned properties of G(z, 2y, D) and the fact that G(z, 2o, S)
has only one pole (which coincides with one of the poles of G(z, 20, D)) and
vanishes at the boundary of S, it follows that for each z&.S

G(3, 2o, D) Z G(3, 20, S), z €S,
and therefore
Di(e) D Di(e), e>0.
Projecting now onto the z-plane, we obtain the desired relation (3.12).

(4) Nevanlinna [9, pp. 50-51].
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(3.12) implies now that |¢(z)| = ¢~ for the level curve C. (g(3, 20, D) =¢)
and in particular

[¥iz) | = e, 2EC,e>0.
We have therefore for each z2E&C.
L= [¥@ [P = A+ 0@ DA = 4@ ) <201 - ) <2,
which implies
(3.13) M1 = | ¢i(z) ) < 4M()e.

Using now our assumption (3.9), it follows from (3.10), (3.11), and (3.13)
that there exists ¢,>0 so that

2

_
(1 = wta |2

for all z with 0 <g(z, 20, D) <ey, i.e., for all 2& D — Dy(¢). In the last inequal-
ity the subscript indicating the branch is now unnecessary; the assumption
of Lemma 1 is therefore fulfilled and we have proved the theorem for a
multiply-connected domain.

If D is simply-connected we use condition (3.3) (as stated at the beginning
of this section). Relations (3.10) and (3.11) hold now for the single-valued
function ¥(2) and in this case, clearly, D;(€) =D,(¢). Theorem 2 is therefore
established.

Using the theorem quoted at the end of §2, Z. Nehari proved the following
theorem (Theorem 1V, [7]):

If p(2) 1s regular in a (simply-connected) domain D bounded by an analytic
Jordan curve C, and

(3.14) f | p(2)dz| < =,
(o}

ay;
dz

| {7@), 2} — {¥i(@), 3} | =

then the equation (1.1) is nonoscillatory in D.
The integral in (3.14) is defined as

lim I(),  I(e) = f | p(2)dz |, >0,
0 C,

where C. is again the level curve of g(z, 2o, D). I(€) grows monotonically with
decreasing € and (3.14) is therefore equivalent to

(3.15) f | p(2)dz| < M, 0<M< w,e>0.
CC
This theorem may be deduced from Theorem 2. For any 2 inside the domain

bounded by the level curve C. we have
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1 — yEW(©) 1— |y |
f PO v X0 e
which for e—0 gives with (3.15)
[ pG) | (1 = | (@) | < (M/27) | dy/ds], z € D.

Denoting now
Max | p(s) | = M(e),
e,

and using the fact that on C, |¢(z)| =e¢~¢ and that dy/dz is bounded in D, it
follows that

lim M (e) = O.
0

But this is obviously the assumption of the nonoscillation analogue of Theo-
rem 2 for simply-connected domains.

4. Non-Euclidean distance. Let us denote the non-Euclidean distance of
any two points 2 and 2, in the unit circle E by | [z 2:]|. This distance is de-
fined by

d
(4.1) I [z Zz]l =f[ A’

21 z9] 1_|Z'2

where the integration is along the orthogonal arc between z; and 2z; which we
denote, as before, by [z12.].

We saw in Theorem 1 that condition (2.2) is not sufficient for nonoscilla-
tion. However, we obtain now—again by a modification of the proof leading
to the sufficiency condition of Theorem I of [6]—the following theorem:

THEOREM 3. Let () be regular in | 3| <1 and assume that

(4.2) | p() | = a/(1 — | 2|92, a>1,for |z| <1
Let y(z) be any (nontrivial) solution of
1.1 ¥'(2) + p(2)y(2) = 0,
and assume that y(2,) =y(2;) =0, 27 2s, Iz;[ <1, Izzl <1. Then
1
(4.3) | [21 22]| > log 1'1

Moreover, the bound on the right-hand side of (4.3) is, for a— =, of the correct
order as a function of a.

Before proving this theorem, we remark that for a—1 the right-hand side
of (4.3)— . But, indeed, a =1 corresponds to the sufficiency condition (1.6)
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of Theorem I of [6], which ensured that no solution y(z) has more than
one zero in E. Moreover, condition (2.1) of Theorem 1 implies (4.2) with
a=1/(1—x%)% 0<xo<1, so that whenever we apply this nonoscillation theo-
rem we actually get also a lower bound for the non-Euclidean distance.
Proof. We choose again the transformation (2.3) so that z; and 2z, go into
¢{=1p, 0<p<1. By the invariance of the non-Euclidean distance, we have

P dx 14p .
4.4 | [z z]| =] [-»r o] =f =log—— (¢ ==+ iy).
1 — a2 1—0»p
(4.3) will therefore be established if we can show that
1 U241 14 1/a'2
log te >lo e =1 +1/

1—p  Barn_1 BT q/an’

i.e., that

p > 1/av2,
Assume, conversely, that
4.5) 0<p=1/at2
This implies

ap* < pt.
Moreover, it follows from 0 <p <1 that

(P2 — 20)pt < (1 — 2?2 for —p=Zx=p, 27#0.
Multiplying the last two inequalities we obtain
(4.6) a(p? — 27?2 < p¥(1 — 2?2, —p=x=Zp
with equality possible only at x=0.
By the transformation (2.3), equation (1.1) again transforms into

(2.5) 91’ + 1)) = 0

with a solution y1(¢) #0, y1(¢) =«(¢) +4v(¢) such that y:(+p) =0. As condi-
tion (4.2) is again invariant with respect to the transformation (2.3), it fol-

lows that
w40 .
éaf_.,, mdx ¢ = x4+ iy).

lfppl(uﬁ + v2)dx

However, (4.6) implies

* Ul 4 92 Pout 4ot
af —_—dx < p’f —dx,
- (L— a%)? - (0* —l2)?
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so that

Pyt oyl
T

But this last inequality is (2.10) and assumption (4.5) leads therefore to
the contradiction which followed in §2 from (2.10). We have therefore proved
the main assertion of the theorem.

To prove the second part of the theorem, we again use Hille’s equation

'fppl(uz + v?)dx
-p

a

2.12 " P— =0,

(2.12) Y'6) + s )

with a =144y2, ¥ >0. Its solutions were given (see (2.11)) by
143

4.7 ¥(z) = (32 — 1)Y2sin {'y log (1 ) - C} ,

which, as stated, have infinitely many zeros in E if
(4.8) | m {C}| < mv/2.

These zeros are the points 2, for which

— Zn

1+ 2,
'ylog< )-—C=n1r, n=20+1 +2,:---. .

By the transformation
4.9 w=(1+32/(1-2

|2] <1 is transformed into Re {w}>0. To the zeros sz, correspond in this
half-plane the points w, given by

(4.10) w, = eCl7.en7lv, n=20+1,--. ,

which for C satisfying (4.8) lie on a ray going through w=0 inside the half-
plane. (4.10) implies now that for any such fixed solution (4.7), the non-
Euclidean distance in the half-plane | [w, %,..]| is independent of the sub-
script # and that for different solutions (4.7), | [w @a41]| =] [2a 2a41]| is only
a function of |Im {C}|. It is easily checked that this function attains its
minimum for Im {C} =0 and we consider therefore the solutions (4.7) for
which C is real.

By (4.1) and (4.9) the non-Euclidean distance in Re {'w} >0 is given by

1
| w)| == [ [du]
2 [w’ w'’] U

where w=wu+1v and the integration is now along the arc orthogonal to % =0.
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It follows from (4.10) that for the zeros z, of the solutions (4.7) with real C

1 vah dy w1

(4.11) l [Zu Zn+1]| = l [w,. 'w,..,.;]l —_—=
2 u 27
Substituting 14442 for a in the right-hand side of (4.3) we obtain, for a— o,
al? 41 14 l/a‘/2 2 2 1
log = log —_———— ~— .
all2 -1 1 — l/all2 al/2 (1 + 472)112 Y

The ratio of the actual distance (4.11) to the bound given by our theorem

converges therefore for a— « to w/2. This concludes the proof of Theorem 3.
Theorem 3 is a generalisation of the sufficiency part of Theorem I of

[6]. The next theorem generalises now the necessity part of this theorem.

THEOREM 4. Let p(2) be regular in Iz[ <1 and assume that there exists a
constant a, a>1, such that for any two zeros z, 2 (2172, | 21| <1, | 22| <1) of
any (nontrivial) solution y(z) of

(1.1) ¥'(2) + p(2)y(2) = 0
the relation

a2 41
al/? — 1

(4.12) | [21 Zz]l = log

holds. Then
(4.13) | p(z) | < 3a/(1 — | 2|22 for|z| < 1.
Moreover, the bound on the right-hand side of (4.13) is, for a— «, of the correct
order as a function of a.

Proof. Let us denote
al’2 41 14 1/at?

= log =

a2 —1 1—1/a12

(4.14) log

Condition (4.12) is equivalent to the statement that every function f(z),
defined as the ratio of two independent solutions of (1.1), is univalent in every
non-Euclidean circle of radius . Choosing now this circle so that its center is
at 2=0, it follows from (4.14) and (4.4) that its Euclidean radius is given by
1/a'?, Let now '

2= 2(1/a'l?).,

f(2) = f(z'(1/a*1%)) = g(3), | 2| < 1/av2
It follows that
{f(), 2} = afg(2), 2'}.
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g(2’) is univalent in | 2’| <1 and it follows from (1.5) that
l \{g(z')v Z,} ll’—o § 6

However, the equality sign will hold here only if g(z’) is the Koebe extremal
function or one of its linear transforms. But these functions have either a
double pole or a zero of their derivative on |z' =1. The corresponding f(2)
could therefore not be of the restricted class in |z] <1. It follows that

(4.15) | {7(2), 2} |emo < 6a.

Let now E; be a non-Euclidean circle of center z=2, (| 2| <1) and radius
r. The transformation

2=+ 20)/(1 + )

maps E; onto |§' | <1/a'2. Since f(z) was univalent in Ej, it follows that the
same is true of g(¢) =f(({+20)/(1 +20)) in |§‘| <1/a'?. (4.15) implies there-
fore

I {g(f)' 3'} I!’=o < 6a,
and it follows from (2.9) that
! {f(z)v z} lz-zo(l - I 2‘0|2)2 < 6a.

But this clearly entails (4.13) and we have proved the main assertion of the
theorem.

The proof of the second part of the theorem uses again Hille's example,
this time for a < —3(%). Setting, therefore, a =1 —4~2, ¥>1, the solutions of
(2.12) will be given by

(4.16) 3(z) = (2> — )V sin {iy log ((1 +32)/(1 — 2)) — C}.

We first map || <1 onto Re {w} >0 by means of (4.9). This half-plane is
then mapped by

¢ = iy log w, ¢ = x+ 1y,

onto the strip | x| <my/2, and it follows that, for ¥> 1, some solutions (4.16)
will have at least two zeros in E. (For 4 > 2, every solution will have at least
two zeros and so on.) Two “successive” zeros 2; and 2; of such a solution
correspond to points {; and { in the strip, such that

fa—hHi=7
The corresponding points in the half-plane will, therefore, be connected by

Wy = Wee'™/,

(*) Note that now Hille’s parameter a is not the constant appearing in the statement of
our theorem (but is equal to —3 times this constant).
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For any two such points w; and w,, | [w; ;]| will be only a function of their
argument and this function attains its minimum in the symmetric case.
Setting wi* =¢'*/27, w¥ =¢~i7/27 we obtain

| [21 22) | = | [w2 wa]| 2| [w07 w2l =%f{ | dw] =_;_f_r/21_d_g

wywyl U x/2y COS 0

1 1 + sin (7/2%)

og N )
2 1 — sin (w/2y)

and this lower bound for | [z, 2,]| is actually attained by all functions (4.16)
for which Re {C} = —=/2.
For y—> o,

L, L sin(r/22) dy/7 + 1

og - og —»
2 1 — sin (w/2y) 4y/m — 1

so that by our theorem the coefficient of (1 —|z| 2)~2 in the bound for p(2)
would be asymptotically equal to 48y2/w2. However, the actual coefficient is
(4y%2—1), so that their ratio converges for y— « to 12/72. This concludes the
proof of Theorem 4.

We see that if in Hille’s example (2.12) the parameter @ moves to the left
from —3 along the negative real axis, we successively obtain solutions y(z)
with more and more zeros in E; however, the equation will always remain non-
oscillatory. It follows therefore that no condition of the form

|2 | < /(1 =3[,

with given C, is necessary for nonoscillation of (1.1).

The two theorems of this section may be considered as conditions for
functions f(z), meromorphic in E, to be there “locally univalent of non-
Euclidean modulus 7.” Such functions are by their definition in the restricted
class. The corresponding Euclidean class of functions was first considered by
Montel [5].

5. Euclidean distance I. We consider again functions p(z) regular in E
and the zeros of any solution y(z) of equation (1.1). We saw that the existence
of a common positive lower bound for the non-Euclidean distance of two zeros
is equivalent to the assumption

p() = 0(1/(1 — | z]»)?).

Clearly, conditions on p(2) which ensure similarly the existence of a common
lower bound for the Euclidean distance must be more restringent. Indeed,
Hille’s example (2.12) shows that the existence of a non-Euclidean bound
does not imply the existence of an analogous Euclidean bound, even in the
case (corresponding to —15 <a < —3) where every solution y(g) has at most
two zeros in E.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1955} COMPLEX NONOSCILLATION THEOREMS 175

THEOREM 5. Let p(2) be regular in |z| <1, and set

(5.1) M@ = ?ﬁa’f | ()], 0st<1l
Assume that

(5.2) M@ =1/1-8) forr=t<1,0<r<1,
Let y(2) be any (nontrivial) solution of

(1.1) ¥'(2) + #(2)y(z) = 0

and assume that y(21) =y(2) =0, 2172, |21| <1, |z¢| <1. Then

(5.3) |21 — 2| 2 d

where

(5.9 = 2(1 — 9112,

Proof. We assume that (5.2) holds and that there exists a solution y(2)
of (1.1) (v(z) #0) such that

(5.5) |2 — 2.| = 6 < d.

Multiplying (1.1) by 9dz and integrating by parts from 2; to 2 along a path
in E we obtain

£ 2 - 23
(551 -f | ' |2dz +f | y|%dz = o,
9 21

the “Green’s transform” of (1.1). Using now y(21) =y(22) =0 and choosing as
path the segment (21, 2;) (whose length element we denote by do) we obtain

(5.6) f| ¥ |*de §f:lp| | y|*.

We shall reach the desired contradiction by three consecutive transforma-
tions of this inequality; these transformations result from very simple trans-
formations of the segment (z, 22).

For the first transformation choose a, 0 <a <1, such that |z| <a, | 2| <a
and such that, setting

(5.7 p = (a? — 82/4)1/2 (i.e., 8/2 = (a% — p?)112),
we have
(5.8) r <op.

This is clearly possible by (5.4) and (5.5). We move the segment (21, 23)
parallel to itself in the direction given by the normal from z=0 to the line
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containing (z, %) until one endpoint lies on |z| =a. Then (in case the second
endpoint is still inside |z| =ga) we rotate the segment about the first endpoint
s0 as to bring also the second endpoint onto | z| =a (and we choose the smaller
of the two possible rotations accomplishing this). In other words, we moved
the segment (21, 22) in such a way that it became a chord in lzl =g and it is
obvious that during this motion the distance of each point from z=0 in-
creased. The distance of this chord from the origin is p. If we denote the
length coordinate of the chord, measured from its centre, by s(— (a2 —p?)V/2
<s=(a?—p? %), then the distance of the point with the coordinate s from
z=0 will be (p2+4s2)1/2,

We define now :(s) on the chord by giving that function the same values
which y(2) took at the corresponding points of the segment (2, 2;); similarly
we define p1(s) by the values of p(2) on (2, 22). y1(s) is therefore analytic for
—(a?—pH) V2S5 = (a®—p?)Y?and yi( £ (a2 —p?2)V?) =0. As M(¢t) is, by the maxi-
mum principle, a nondecreasing function of ¢, it follows from the above re-
mark about the increasing distances from the origin that

| ?l(s)l < M((p? + s2)1/2), — (= p)V2 < s < (e — P2
(5.6) implies therefore
(a?—pH)H/?
(5.9) f
—(al—pHI
Our second transformation maps now half the chord,i.e.,0 s < (a2 —p?)V/?,
linearly onto the segment p <t <a of the real axis so that s=0 is carried into

t=p and s=(a?—p?)'? into t=aq. Similarly, we map — (a?—p?)V2=<5=0 onto
—a =t= —p. These transformations are given by

12

2 (a*—p?)
ds < f M((o* + DY) | 3i(s) |*ds.
—(a?—phl?

dyl

ds

a—p

(5.10) t= ip+(—az——_—;2)leS

for0 < + s £ (a? — p?)V2

It is easily seen that
a —
PP+ S pt — L o for0S +s=(a2—p)UL0<p<ea,
(02 —_— p2)1/2
where the sign of equality holds only for s =0, *(a?—p? Y% By (5.10) this
shows that under this second transformation the distance of each point from
the origin again increases, except for the points s =0, + (a?—p?)'/2 whose dis-
tance remains constant.
The function Y(¢) defined by

a—op

Y@ = Y(ip-i‘m

S) = 31(s)

will thus have the following properties: Y(¢) is analytic on the segments
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—ast=s—pand p=st=a; Y(a)=Y(—a)=0; Y(¢) and all its derivatives take
the same values at t=p and ¢ = —p. Defining

(5.11) M) = M(—9) for—1<t<0,

and observing that the distances from the origin do not decrease under this
second transformation, we obtain from (5.9)

-¢| @Y |? S| dY|*, _atpof [
f —| dt + f —|dt = { f M) | Y (@) |2
—a dt I dt a—p —a

(5.12) )
+f M@ | Y@ |2dt} .

We use now the inequality
1 a— 2
< P )
1—-2 a+p(@a—p?—(t—p)?

which will be established at the end of the proof. By our assumption (5.2),
and in view of (5.8) and (5.11), it follows now that

(5.13)

0<p=st=a<l,p<a,

M) =

T for —a<t= —pandp=1!=a.

The last three inequalities (and (5.11)) yield.

(5.14) f—’ dyzdz+f“ id
) alat !l , | dt
2

where
g = — forps +t=a.
(ea—p)?—(Fp?

By assumption y(g) was a nontrivial solution of (1.1) and therefore ¥ (t)$0.
Moreover, we may exclude the trivial case M(¢) =0 (i.e., p(2) =0) and we are
therefore by (5.13) justified in excluding the equality sign in (5.14).

The third transformation translates the two segments (—a, —p) and
(p, a) of the real axis until they meet at the origin, i.e., we introduce the
variable x by

2 —p a
ar < f o0 | V() |2t + f ) | 7 |2at,

x=tFop forps tt=<a.
With the notation
a—p=2),

it follows that x varies between —b and b. Defining now gi(x) =g:(¢Fp) =g(¢),
we have
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- b

IIA
IIA

gi(x) = x < b.

)
b2 — 2

Similarly, we define Yi(x) = V1(¢ Fp) = Y(¢) and it follows that Yi(x) is analyt-
ic for —b=x=band Y;(£d)=0. (5.14) transforms therefore into

b dY 2 b Y x 2
(5.15) f —|dx <2 l——l(ldx
—8l dx —» b?— a?
We now use the integral inequality
2dx b
(5.16) 2f s f u'dx, u = u(x),
» b2 —

which holds for continuously differentiable real functions u(x) having at
x = £ b zeros of the first order(?). (5.16) follows from the semi-definiteness of

the integral
R
u x.
—b b2 bl x*

Expanding and integrating by parts, we obtain

b xu2 b b (b2 + x2)u2 b x2,u2
f u'tdx 4+ 2 —2f —_—dx+ 4 ———dx 20

- b — x2|_, 5 (b2 — x?)? - (b2 — x?)?
u being O(b—x) and O(b+x) and x =5 and x = —b respectively, the integrals
exist and the integrated part vanishes, which proves (5.16). Writing now
Y1(x) =u(x) +iv(x) and applying (5.16) to both «(x) and v(x), we obtain the
desired contradiction to (5.15).

It remains to prove the inequality

1 a—p 2
5.13 < 0<p=t=a<l,p<a.
(5.13) 1-2 a+p@—p’—(U—p?

For a =t the right-hand side becomes infinite so that we may assume 0<p
<t<a<1. Since

1 1

<
1—2 a*—1p

it will suffice to show that
< 2(a — p) _ 2(a —p)
=2 @+p)le—p2—(—0?] @+p@+t—20)(a—0
i.e., that
" (9 See Hardy, Littlewood, Pélya [2, p. 193].

(5.17)
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1 < 2(a — p) '
e+t (a+p)a+t—2p)
This inequality is equivalent to (a+p)(a+t—2p) <2(a—p)(a-+?), which by
computing the products and rearrangement of terms reduces to
(a—p?2+p*+ap+at—3pt 2 0.

To prove the last inequality it will be enough to show that, for fixed p and a
(0<p<a<1) and for all ¢, p <t <a, the function

J@) = p*+ ap + at — 3pt

is positive. However, f(t) is positive at the endpoints of the interval {p, a)
and, being a linear function of ¢, also positive inside the interval. Thus (5.17)
is proved and the inequality (5.13) is established. This completes the proof
of Theorem 3.

We remark that without any modification our proof holds also in the case
r=0. Assumption (5.2) becomes then

M@ S 1/(1 -8 for0 <t <1,

and the conclusion is now that no solution y(z) of (1.1) has more than one
zero in ’zl <1. But this is clearly a consequence of the sufficiency part of
Theorem I of [6] and also of a criterion announced by Pokornyi [10], stating
that

(5.18) M@ <2/ — 1) for0st<1,

is sufficient to ensure the same conclusion. This criterion is sharp, i.e., the
constant 2 cannot be increased.

However, we show now that, similar to the theorems on the non-Euclidean
distance, Theorem 5 is of the “correct order” for r—1. In view of the geometri-
cal meaning of d and r (length of chord and its distance from the origin) it
seems natural not to change definition (5.4). We have then the following
statement:

No condition of the form

(5.19) M@ =C/(1 — 22, A>1,C>0,r=st<1,
is, for all r (0 =r <1), sufficient to ensure that

(5.3) lzx"'zzl 2 d.

Here

(5.9 d = 2(1 — r)12

and 2, 2; are again any pair of zeros of an arbitrary solution of (1.1).
To prove this consider
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p(z) =Cy, Ci>C.
The distance d’ between neighboring zeros of any solution of (1.1) is then

& =x/Cy".

Condition (5.19) holds now for r £¢ <1, where 7 is given by
(1 -} =C/Ch
The bound d, given by (5.4), becomes
d =21 — )12 = 2(C/Cy)V*,

As A >1, the lower bound d would, for large C;, be larger than the actual dis-
tance d’ and we have proved the above statement.

We mentioned that for r =0, condition (5.18) is sharp. It follows that in
Theorem 5 condition (5.2) cannot be replaced by a condition of the form

M@ =C/(1 — ), rst<1,0=r<1,

with C>2. Recently P. R. Beesack (in a forthcoming Washington University
thesis) has shown that the conclusion indeed holds with C=2.
6. Euclidean distance II.

THEOREM 6. Let p(2) be regular and bounded for |z| <1, and set M(x)
=Maxs-. |p(2)| (0Sx<1); let M(1)=lim,., M(x). For given d, 0<d <2,
let

6.1) r = (1 — d?/4)12

and define M(x) for —d/2<x<d/2 as follows:
In Case I: 0<d =<2V2,

Mai(x) = M(1) forl —r £ x < d/f2,
(6.2%) Muyx) = M(x+7r for0=sx<1-—r,
Mi(x) = Mai(—x) for — d/2 < x < 0.
In Case I1: 2V2<d <2,
Ma(x) = M(1) forl — (212 — 4/2) < x < d/2,
(6.2") Ma(x) = M(x+ 2Y2 — d/2) for0 S x<1— (212 — d/2),
Ma(x) = My(—x) for — d/2 < x < 0.
Assume that the differential equation
(6.3) y'(2) + Ma(x)y(x) = 0

has a (real) solution y(x) such that y(x) <0 for —d/2<x <d/2. Then, in case
d =2, no (nontrivial) solution y(z) of (1.1) has two zeros in lzl <1, while in case
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0<d<2, (5.3) holds. 2, 22 are again any pair of zeros in |zv|_ <1 of an arbitrary
nontrivial solution y(2) of (1.1).

Proof. (6.1) is equivalent to (5.4); the connection between d and  has the
same geometrical meaning as in Theorem 5. We remark that for 0 <d <2

d d
S Fr = e s o,

with equality only for d =r=2%2/2. Therefore
r< 212 — 42,

and it follows that M,(x) in Case 11, defined by (6.2""), is not smaller than if
it were also defined in this case by (6.2’). »

We suppose that for a fixed value of the parameter d the assumption of
the theorem holds and that there exists a nontrivial solution y(z) of (1.1)
such that y(z1) =y(2) =0, 2172, |zll <1, |zal <1, and such that (5.5) holds.
Using the Green’s transform along the segment (21, 22) we obtain (5.6). We
shall reach the desired contradiction again by three consecutive transforma-
tions of (5.6).

The first transformation is identical to the first transformation used in
the last proof. We use the same notation as before and go through the same
steps. The only modification is that we choose now a so near to 1 that, in addi-
tion to all the former requirements, we have now also

(6.4) P+8/2 > 1)

where p is again defined by (5.7). Except for a slight change in notation, our
result was as follows: On the chord (in |z| =a, of length § and of distance p
from the origin) there exists a nontrivial analytic function y,(s), —8/2Ss
=<40/2, such that y,(+6/2) =0 and such that

8/2 d 12 8/2
(6.5) f .
—8/2

ds < | M+ sV | yi(s) |%s.

The second transformation displaces now half the chord, i.e.,, 0 <5 <8/2,
so that it coincides with the segment p <t <p+48/2 on the real axis. Similarly,
we transform —48/2<s5=0 into —(p+08/2) <t< —p. These transformations
are given by t= +p+s, and it is obvious that the distance of each point
from the origin increases, except for the point s=0 whose distance remains
constant. Defining now Y(t) = ¥(+p+s) =y(s), we obtain a function Y(f)
analytic on the segments —(p+38,2) <t< —p and p<t=<p+86/2, such that
Y(£(p+08/2)) =0 and Y(p) = Y(—p). Setting M(t) =M(1) for 1 <t<p+38/2
(see (6.4)) and extending M(t) by symmetry to negative values of ¢, we obtain
from (6.5)

ds
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I.
—(p+38/2)

ay

2 pt+8/2
=la+ |
P

at

ay |
dt

dt < f M@) | Y () |de
(6.6) (p+3/2)

p+8/2
+ f M@) | Y @) |2

The proper inequality sign is justified by the remark following (5.14).

The third transformation is similar to the third transformation used in
the proof of Theorem 5. We translate the two segments symmetrically to-
wards the origin; however, this time not until they meet. Moreover, we have
to distinguish between the two cases according to the value of d.

Cask I. 0<d =22,

In this case it follows (by (5.4), (5.5), and (5.7)) that

/24 p=08/2+ (a2 —8¥/H)12 < §/2 4+ (1 —8¥/H2 <d/24+ (1 — dz/4)z
=d/2 4.

The last inequality follows from the fact that the function d/24(1 —d?/4)'/?
is increasing for 0 =d <2V2. We have therefore

(6.7) 3/2+p < d/2+r.

In this case we displace both segments by r = (1 —d?/4)'/?, i.e., we introduce
x by x=tFr for p< +t=<p+45/2 and define again Yi(x)= Yl(t¢r) =Y(¢) and
Mx)=M'(tFr)=M(t) for p—r<+x=<p+06/2—r. By (5.8), p—r>0, and
by (6.7), p+8/2—r<d/2 and it follows by (6.2”) that in the two intervals
just considered M'(x) = Ma(x).

We now continue the function Y;(x) across the gap —(p—7r) <x<p—r
between the two intervals by setting Yi(x) = Y1(p—7) for those x. With the

notation
p+8/2—r=10¥ (0 < ¥ <d/2),

we see that Yj(x) is continuous in —3’ <x <¥’, analytic there except at the
points x = % (p—7), and Yi(Zd’) =0. Using now that d¥,/dx=0 for —(p—7)
<x <p—r we obtain from (6.6)

¥ | dY, |2
(6.8") f !

dx
Caske II: 2V2<d =2.
Consider first the Case 11, given by

(6.7) §/2+p<d/2+r.

In this case we proceed exactly as under Case I. We therefore arrive again
at the inequality (6.8’) where, however, Ma(x) is defined by (6.2’) instead of
by (6.2"") (as it should be in Case II). But using now the remark made at the

dx <f M () | Vi(2) |2d=.
b
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beginning of this proof, it follows that, in Case I1,, (6.8’) holds with the proper
definition of Mu(x).
The case

/2+p=d/2+r

may be excluded, by slightly changing a, and there remains therefore only the
Case I,

(6.9) 6/24p>d/2 + 1.
In this case we choose € >0 such that

e < df2 —§/2
and

p+8/2 4+ €< 212,

We translate now both segments by 7=p406/2 —d/2+¢, where by (6.9) and
the last inequality

(6.10) 0<7<2U2—4¢/2
In other words, we transform by x =¢Fr the segments p< +t=<p-+4/2 into

the segments d/2—8/2—e=< +x=<d/2—e and define there Yi(x)=Y1(tF71)
=Y(@), M"(x)=M"({tFr)=M(). By (6.2") and (6.10) it follows that
M"(x) £ Mi(x). Defining again Yi(x) = Yi(d/2—8/2—¢) for —(d/2—5/2—¢€)
<x<(d/2—6/2—¢€) and calling

d/2 — e =b" (0 < b < df2),

it follows that Yi(x) is continuous and piecewise analytic in —b"' <x=<bd",
Y1(£5") =0 and

b
6.8 f
—b’

We reached in each case the same conclusion. There exists a complex func-
tion Yi(x) which is continuous and piecewise analytic in —b<x=<b (0<b
<d/2), which vanishes at the endpoints of this interval and for which

(6.8) f_: id

dx
(6.8) will lead to the desired contradiction to our assumption(?). Indeed, let
M be the lowest eigenvalue of the differential system

() + MM 4(x)y(x) = O, y(b) = y(=b) = 0.

2 b

dx < M (x) [ Yi(x) [’dx.

—b'

ay,

dx

2 b
d Y, 2dx,
"<f_,““")' OIRE

(") See Nehari [8].
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It follows by the minimum property of this eigenvalue that for any real func-
tion u(x), which is continuous and piecewise smooth in —b=<x =<b and which
vanishes at x = 15,

b 1 b
(6.11) f Maa)u()ds < — f wdz,
—b -b

Splitting now Yi(x) into its real and imaginary part, we obtain by (6.8) and
(6.11) that

d Yl le

i.e., that A <1. By the Sturm comparison theorem it follows that the solution
y(x) of equation (6.3) for which y(—b) =0 has another zero in —b <x <b. But
as —d/2< —b<b<d/2 this contradicts, by the Sturm separation theorem,
our assumption. Theorem 6 is therefore established.

Let now M(1) = C>0. As the solution y =cos C'%x of the differential equa-
tion y''(x)+ Cy(x) =0 is 20 for —mw/2CY2<x<w/2CY?, it follows from the
Sturm comparison theorem that the assumption of Theorem 6 is satisfied for
d=Min (w/CY2, 2). The case p(z) =C shows that this application is sharp
(see [6, Corollary]).

7. n-valent functions. We shall now aprly the theorems on the Euclidean
distance to obtain an upper bound % for the number of zeros of any solution
y(2) of (1.1) in the unit circle. This will be equivalent to ensuring that the
corresponding meromorphic functions of the restricted class are at most
n-valent in the unit circle.

Our theorems gave us a lower bound d for the distance between two zeros
of any solution y(z). We are therefore led to consider the following—purely
geometrical—magnitude:

(7.1) da=1lub. Min Iz,,—z.l), nz2,
%y, p,yml: . n

where all the points 2, are in the open unit circle E and where the least upper

bound is taken with respect to all sets of # points 23, - « + , 2, in E. d, is clearly

a nonincreasing function of #. If we know that the above-mentioned d is

larger than a certain d,,+1, then every solution y(z) will have at most 7, zeros

in E.

Clearly, d:=2, and for 3 =% <6 it is easily seen that d, is equal to the side
of the corresponding regular polygon inscribed in |z| =1. d7=ds=1, as can
be seen by putting the seventh point into the origin. For =8 the evaluation
of d. seems to require a separate argument.for every n. However, for our
purposes an upper bound for d, will suffice and it is such an upper bound (for
n = 8) which we shall now obtain. We first prove
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LEMMA 2. For every m=1, there exists a covering of the unit circle by b(m)
circles of diameter 4/3m; here

(7.2) b(m) = 3m* + 3m + 1.

Proof. Circumscribe a regular hexagon H (of side length s; =2/3%/2) about
the unit circle. Let L, be the lattice of equilateral triangles of side length
sm=s1/m=2/m3Y2, such that the origin is a point of L, and such that the
sides of the equilateral triangles are parallel to the sides of H. The number
b(m) of lattice points inside or on H is then given by (7.2). We describe about
each of these b(m) points a circle of radius s,3Y2/3=2/3m. These circles—
going through the centers of the equilateral triangles—cover the unit circle.

It follows that given any set of b(m)+1 points in the unit circle, at least
two of these points belong to the same circle of diameter 4/3m. From (7.2)
we conclude that if

(7.3) m*+3Im+2SnsS3Im+9m+ 7, m =1,
then d,<4/3m. Since
3m? 4+ Im 4 7 < (m31/2 4 7122, m=1,
we obtain, for # and m connected by (7.3),
3112 1/2 1/2 172
o0 as T < ()

In view of n¥/2<m3V24712, (7.4) yields the inequality
4(3)1/2 71/2
d. < (1 + _"—'_2)’

3nll2 nt/2 — 71/

or
4(3)12 1
3 nll2 —_ 71/2 ’
(7.5) holds (by (7.3)) for all n = 8. This bound should however only be applied
for n =235, as the right-hand side of (7.5) for n =24 is still larger than 1 and we

saw before that d7=1.
Theorem § and the bound (7.5) give now

(7.5) d, <

COROLLARY 2. Let f(z) be a meromorphic funciion of the restricted class in
|2| <1, such that

2
I{f(z):z}I §m for r = |z| <1,0<r<1,

and let n be the integral part of
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2 2
S — 1/2
(31/2(1 - r2)1/2+ ’ ) '

Then f(2) is at most n-valent in |z| <1.

Proof. By the remarks at the beginning of this section, we have to show
that

d > dpyr.
By (5.4) and (7.5) this will hold if
4(3)12 1
3 (42—

21 — P12 2

However, this inequality is equivalent to

2 2
- /
1z (3”2(1 —5at " z) ,

and we have therefore proved the corollary.

Similarly we may apply (7.5) in connection with Theorem 6 or with the
corollary of [6], mentioned at the end of the last section. This last case is
al]so contained implicitly in a theorem due to Choy Tak Taam [11, Theorem
2].
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