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are found such that all solutions belong to some weighted Fock
spaces, where A;(z) are entire functions, j = 0, 1, . . ., k. Furthermore,
sufficient conditions for the coefficient A(z) such that all solutions of
the special second order equation
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belong to some weighted Fock spaces are given by the Bergman
reproducing kernel, where A(z) is an entire function.

1. Introduction and main results

One of main objectives in the research of the non-homogeneous linear complex differential
equation

O+ 4 @f Y+ AL@F + AdR)f = A(2) (1)

with analytic coefficients in the complex domain is to consider the relations between the
growth of coeflicients and the growth of solutions. Many results on the case of fast grow-
ing solutions have been obtained by Nevanlinna theory and Wiman-Valiron theory. On
the other hand, some other methods are needed in dealing with slowly growing solu-
tions. There are some useful and powerful techniques, for instance, Herold’s comparison
theorem [10,11], Gronwall'slemma [14], Picard’s successive approximations [4,6] and some
methods based on Carleson measures [13,21,22].

In recent years, the research of Equation (1) in function spaces has been widely con-
cerned, where Aj(z) are analytic in the unitdisc,j = 0,1, ..., kand see [7,12,16,18]. For the
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case of the complex plane C, in [24], the homogeneous linear complex differential equation
O+ 4@+ + M@ + A2)f =0

is considered, where A;(z) are entire functions, j = 0,1,...,k — 1. The relations between
coefficients and solutions in Fock type spaces are obtained and for more details see [24,
Theorems 2.1 and 3.1].

It is well known that differential equations play an important role in the spectrum anal-
ysis of differential operators (see [1,2,9]). Recently, differential operators on weighted Fock
spaces have been studied and refer to [19,20].

Motivated by the study of weighted Fock spaces and complex differential equations, suf-
ficient conditions for coefficients of Equation (1) are found such that all solutions belong
to some weighted Fock spaces, where Aj(z) are entire functions, j = 0, 1,.. ., k. Further-
more, similar to Section 7 in [7], sufficient conditions for the coefficient A(z) such that all
solutions of the second order linear differential equation

f"+A@)f =0 2)

belong to some weighted Fock spaces are shown, where A(z) is an entire function. In this
paper, we use some methods and ideas from [5,7,11,15,16,23,24] to deal with them.

The classical Fock space is defined as follows. Let g(r) = e~/ 27 forr e [0, 00). For
p € [1,00], the space Lg consists of those functions f, Lebesgue measurable in C, for which

_ —(/2)leP
iy = ( [ o

Ifllp == sug{[f(zne—(l/”'zlz} <00, p=o0.
ze

» 1/p
dm(z)) <00, pell,o0),

and

Here dm(z) denotes the classical Lebesgue measure dx dy in C. The Fock space F consists
of all entire functions in Lg and refer to [25]. In particular, the space F? is a closed subspace
of the Hilbert space Léz, with the inner product:

(Fih) = - / f@h@e ™ dm(), f.hell.
T Jc

The Fock-Sobolev space is widely studied and was first introduced in [3]. For p € [1, o0]
and m € N, the Fock-Sobolev space FP is a subspace of FP consisting of all entire
functions f such that

fllzpm == > f@Np < oo,

a<m

where || - ||, is the norm in FF. It follows from [3, Theorem A] that f € FP"" if and only if
Z™f(z) € FP. Namely, there is a positive constant C such that

C 2" llp < D I Np < Cllz™ -

a<m

In [5], the weighted Fock space is studied intensively.
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Let ¢ : [0,00) — (0, 00) be a twice continuously differentiable function with its Lapla-
cian satisfying A¢(|z|) > 0 and we can extend ¢ to C by ¢(z) = ¢(|z|). And there exist
a positive differentiable decreasing function t : C — R with t(r) = 7(|z|) = t(z) and a
constant C € (0,00) such that 7(z) = Cfor 0 < |z| < 1, and for |z| > 1,

CH(Ap (1) < 1(2) < C(AB(I21) "2,
lim 7(r) =0, rl_l)rgo '(r) = 0.

r—00

Moreover, suppose that either there exists a constant > 0 such that t(r)r" increases for
large r or

1
hm /(1) log — =0.

The set Z, consisting of all ¢ satisfying the above-mentioned conditions, is called the class
of rapidly increasing functions. It is obvious that ¢(r) = r* € Z for & > 2, and ¢(r) =
eP e Ifor B> 0.

For p € [1,00] and ¢ € Z, the weighted Fock space Fg consists of all entire functions f
with

1/p
Wl = ( f v<z>|Pe—P"’<Z>dm<z>> <00, pell,00),
C
and

I[fIIFp = sup {[f(z)le ¢(Z)} <00, p=o0.
zeC

Clearly, it is the classical Fock space when ¢ (z) = |z|?/2 and it is the Fock-Sobolev space
when ¢ (z) = |z|?/2 — mlog |z|.

Let the point evaluation L, (f) = f(¢) for f € Fé and ¢ € C. It follows from [5] that the
point evaluation L; is a bounded linear functional in Fi And there exists a reproducing
kernel K; € qub with || K¢ ”Fi = ||L¢ || such that

f©©) =Le(f(2) = [C f(@K (2)e @ dm(2).
Moreover, if
= {en(z) = z”é;l : ne N}

is an orthonormal basis of Fé, where §2 = 27 fooo r21+1e=2¢( dr, then

Ke(2) = Y (Kg,en)en(l) = Zen@)en(z)
n=0 n=0

Similar to the weighted Fock space, we can define the weighted Fock-Sobolev space as
follows.



COMPLEX VARIABLES AND ELLIPTIC EQUATIONS e 197

Forp € [1,00),9 € Rand ¢ € 7, the weighted Fock-Sobolev space Fg’q consists of those
entire functions f, for which

1/p
fllgpa = ( / If(2)Pe P @i () dm(z)) < 0.
C

The weighted Fock-Sobolev space is the weighted Fock space when g = 0.

In this paper, the above-mentioned spaces are uniformly called weighted Fock spaces
for convenience.

In [16,23], they studied the sufficient conditions for solutions of the linear complex dif-
ferential equation in Hardy type space and the F(p, q,s) space by the characterization of
higher derivatives respectively. In [15], a characterization of the entire function f € F? is
obtained by the higher derivative f", where p € [1,00) and m € N. Similarly, we give the
following Theorems 1.1 and 1.2.

Theorem 1.1: Let Aj(z) be entire functions, j = 0, 1,...,k. Suppose that for every p > 1
there exist positive constants C and Dy, depending on p and k, such that

k—1
|Ai1(2)]
CZDlsup{—kl <1
— e La+1an

and the kth order primitive function ¢y (z) of Ax(z) belongs to FP. Then all solutions of
Equation (1) belong to FP.

Theorem 1.2: Let Aj(z) be entire functions, j = 0, 1,...,k. Suppose that for every p > 1
there exist positive constants E; and Cj, depending on p and k, such that

k k—1 |Aj|
C supy —————— ¢ Ei | <1
262 p{<1+|z|)k—l—f} J

=0 \j=072€C

and the kth order primitive function ¢y (z) of Ax(z) belongs to FPk Then all solutions of
Equation (1) belong to FPX,

In [24], one sufficient condition such that all coefficients of the homogeneous linear
complex differential equation belong to Fock-type spaces is obtained. Thus, we try to find
sufficient conditions such that all coefficients of Equation (1) belong to some weighted Fock
spaces. However, it is difficult to deal with this problem. Here we only obtain the following
Remark 1.1 and its proof is omitted.

Remark 1.1: Suppose that Aj(z) are constant functions,j = 0, 1,...,k — 1 and Ax(2) isan
entire function. If Equation (1) has a solution f € FPK then Ay (2) is in FP.

Next, the ideas of Theorems 1.3 and 1.4 come from [7, Section 7], and sufficient condi-
tions for the coefficient A(z) such that all solutions of Equation (2) belong to some weighted
Fock spaces are shown by the Bergman reproducing kernel.
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Theorem 1.3: Let ¢,¢ be in the class I and A be an entire function. Suppose that
| [y A©) dg le=?®@ is bounded in z € C and

z 4 e 20 (m+p(n) q
K.(nA B —
/(C</O ¢ (MAZ) C) At m)? m(n)

Then the derivative f' of each solution f of Equation (2) belongs to F°.

Tx(A) = sup
zeC

e“’(z)} < 1.

Theorem 1.4: Let ¢ be in the class T and there exists ro > 0 such that ¢'(r) # 0 for r > ry.
Moreover, assume that ¢ satisfies

re_p¢ (r)
lim =
oo /(r)

and

r—>oo r

—O0 < Ilim intr — 1m sup — <P,
o) =P \em) =F

where p > 1. If A is an entire function and

ZK(A)=/ </ e 20
C C

is sufficiently small, then all solutions f of Equation (2) belong to Fé

/ Ky (mA(g) d¢

0

2d o—20(12) ;
") | g an @

The structure of this paper is arranged as follows. Sufficient conditions for coefficients
such that all solutions of Equation (1) belong to some weighted Fock spaces are obtained in
Section 2. Furthermore, sufficient conditions for the coefficient A(z) such that all solutions
of Equation (2) belong to some weighted Fock spaces are shown in Section 3.

2. Sufficient conditions for solutions of Equation (1) to be in some weighted
Fock spaces

In this section, we consider sufficient conditions for coefficients of Equation (1) such that
all solutions belong to some weighted Fock spaces.

The following lemma is the characterization of the Fock norm ||f ||, needed in the proofs
of Theorems 1.1 and 1.2.

Lemma 2.1 ([15]): Suppose that p € [1,00) and m € N. Then, for any entire function f (z),
there exists a positive constant C, depending on p and m, such that

! @ oy €~ A/DIEE P 1p
Cfllp = Z [0 + /(C (Z)m dm(z) < Clflp.

a<m—1

We now start to prove Theorems 1.1 and 1.2.
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Proof of Theorem 1.1: It is known that if A;(z) are entire functions, j = 0,1,...,k, then
all solutions f of Equation (1) are entire functions [17]. By Lemma 2.1,

y 1 B el /p
fll, <C| > I ’(0)|+</(C L/“‘)(z)(H—We (/20 dm(z))

a<k—1
p 1/p
dm(z)) ,

1 2
=C+C </ p(k) (2)————e W/
: c (1 + |2k

where C; = C(Zagk—l [f(“)(0)|). By Equation (1) and the Minkowski inequality,

P 1/p
m(z)

—(1/2)lz?

k—1
Dy ¢ _
i <§Al(z)f ) Ak(z)> a7

P 1/p
dm (z))

”f”p <G +C

e~ (1/2)z)?

k—1
Ci+C
= g([ (1+ 2D
p 1/p
+C<f dm&»
C
A1) } / 0 &
<G +C A
1 ;iﬁc"{uﬂznk—l ( P”(HH)I

p 1/p
+C</ dm&» .
C

Using Lemma 2.1 again,

A@f V(@) ——

Ap(z)e= 1/l
(1 + |z*

p 1/p
dm(z))

Ak(z)e_(1/2)|z|2
(1+ Izk

-— A1)
Ifl, <Ci+C (Z sup {W} Dilifll, +Dk||<ﬂk||p) ,

1 OZG(C

where @i (2) is the kth primitive function of Ax(z). Then,

S Ai(2)]
I 1l (1 -C (Z sug {W} Dl)) < C1 + CDxllgkllp-
1=0 ze

If |fll, = oo, it is in contradiction to the condition of Theorem 1.1. Therefore,

Ci + CDxllgkllp
k—1 |A1(2)]
1 - CZZ:O Dl SupZEC {(I_HIle)k—l

Ifllp <

}<+oo,

and then f € FP. n
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Proof of Theorem 1.2: If f is a solution of Equation (1), then f is an entire function. By
Lemma 2.1, Equation (1) and the Minkowski inequality,
ko [k PVRIEE Ve
f@llpx = ) Ci )] + f Vo) ——mg| dm(@
@l =2, G 21 c (14 [2hk!

=0 a=I
P 1/p
dm(z))

Aj@R)f D (2)e /1P
(1 + 2D

=0 =0
k 2 |p 1/p
Ag(z)e= /2l
C —| d
3 l(/c e+t | @

Ja (z)e= /212
(14 |2y

P 1/p
dm (z))

<D —I—Xk:CkZisu {—'Aj(Z)l } /
= IR la+ i\ e

1=0 j:() zeC
p 1/p
dm(z)> ,

el

where D = Z;(:o CI(ZI;;II [f®(0)]). Using Lemma 2.1 again,

Ak(z)e_(1/2)|z|2
(1+ |zh*!

k—1 " L
i =004 Y6y (ZGC {%} 5lf ||p> +3" el

I=0 j=0 =0
k k—
|Aj(2)] 0
<Di+) G Z == ||f||Fpk+Zcze||qo Ip
=0 =0 % =0
k k—
|4j(2)]
<Di+) G Z {W Ej | Ifllpox + Gllokll poss
=0 =0 %

where G = max<;<x{CiF;}. Then,

k—1
|Aj(2)]
IF 1l o 1—261 > sup {m E | | < D1+ Gligkli s

1=0 ] 0 zeC
If |f l| ok = 00, it is in contradiction to the condition of Theorem 1.2. Therefore,

D1 + Gll@kll pek

< 400,
k k—1 |4;(2)]
- leo Cl (Zj:o Ej Sup,cc { (1+|;|)k—1—j })

Ifll ok <
1

and then f € FPK,



COMPLEX VARIABLES AND ELLIPTIC EQUATIONS e 201

In [11], the growth of solutions of Equation (1) is obtained as follows. In order to state
the following Theorem A, the notion is needed
5 — 0, if Ay =0,
|1, otherwise.
Theorem A ([11]): Let f(2) be a solution of Equation (1) in the disk AR = {z € C: |z| <
R}, where 0 < R < 00, and 0 < k. < k be the number of nonzero coefficients Aj(z), j =

0,1,...,k — 1. If Ry is a positive real number such that there exists some AJ-(ROe"e) #0,
then, forall Ry < r <R,

f(re”)] < C <Omax |Ar(xe®)| + 1) exp ( / (8 +ke max |Aj(se"9)|1/<’<—f>) ds) ,
<x<r 0 i

Sj=k—

where C is some positive constant depending on the values of the derivatives of f (z) and the
values of Aj(z) at Roe?,j=0,1,...,k

Here we give an application of Theorem A in weighted Fock spaces.

Example 2.1: Suppose that A(z) is a nonconstant entire function and there exists a non-
constant function among entire functions Aj(z), j =0, 1,...,k — 1. If ¢ is in the class 7
and there exists a sufficiently large ro such that for r > ro,

. 1/2
e < 20 ok
r

then all solutions of Equation (1) belong to Fg’q.
The following lemmas are important in the proof of Example 2.1.

Lemma 2.2: Suppose that ¢ is in the class L. Then

e 0
m —— =0

r—-00 Tt
Proof: By LHospitals rule,

o) . $)

I . () . (rg'(n)
im — = lim = lim = lim ———

r—>00 T r—>oo 2r r—o00 2 r— 00 4r

¢/(r)> _ ,1520 iA¢(T)-

r

1
= lim - (d)”(r) +
r—00 4
Since C"1(A¢(|z]))™Y/? < 1(2) and 7(z) decreases to 0 as |z| — o0,

P
m — =00

r—oo r
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Lemma 2.3 ([8]): Suppose that ¢ is in the class L and f(z) is an entire function. Then, for
any R > 0, there eixits a constant C > 0 such that

/ If(2)PeP?@pd(2) dm(z) < C If (2)|Pe 7@ p(z) dm(z).
C

[z|>R

Proof of Example 2.1: If f is a solution of Equation (1), then f is an entire function. By
Theorem A,

r
[f(re’9)| <C ( max |Ag(xe)| + 1) exp (/ (8 + k. max |Aj(se’9)|1/(k])) ds) .
0<x<r 0 0<j<k-1

5=

Since Ak(z2) is not a constant function and there exists a nonconstant function among A;(z),
j=0,...,k — 1, for sufficiently large r > r1,

r
[f(re’9)| <C (2 max |Ak(xele)|) exp (/ <2kc max |Aj(se’9)|1/(k_f)) ds) .
O<x=<r 0 0<j<k—1

Since IAj(reiG)I < ¢'2(r)/rfor r > rg, for r > R = max{rg, r1, 1},

1/2 rosal)2 1/(k=j)
If (re?)| < 2CD¢ ) exp <2kc max / (¢ (S)> ds),

0<j<k—1 JR N

R
D = exp </ (2kc max IAj(sele)ll/(k_f)> ds) .
0 0<j<k—1
Since

v 1y2g o k=) ;
m [(S0) T a st [ a9 S
: -

0<j<k—1JR S

where

we have
1/2

[f(rei0)| < D1¢ L exp (qubl/z(r)rl*l/k), R<r< oo

where D1 = 2CD and D, = 2k.(k/(k — 1)). By Lemma 2.2 and ¢ € Z, there exists R" > 0
such that ¢ (r) > r? for r > R’. By Lemma 2.3,

IIfIIqu / f@Pe PP pl(2) dm(z)

<M If (2)Pe P @ p(2) dm(z)

|z|=R;

2r  poo 1/2 p
<M / / <D1¢ D exp (D2¢>1/2(r)r1—1/’<)) e PO i(ryr dr o
R;

21 /2+
<MD’ / f (¢p D ep (p(le/z(r)rl—“k—¢(r)))) drdo
Ry

rP—1
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0 p/2+
< 27 MDD} (d’—q(r) exp (p (Dz¢1/2(r)r1*1/k - ¢<r)))> dr,

-
R rP

where R; = max{R, R'}. Since Dor' =1k — ¢1/2(r) < —1forr > Ry,

00/ pp/2+q
11000 < 22MD0 [ (oD 0200 gy < oo,
Fy Ry rp—1

P-q
Therefore, f € F¢ . [ |

3. Sufficient conditions for solutions of Equation (2) to be in some weighted
Fock spaces

The research of Equation (2) in function spaces has been widely concerned. Sufficient con-
ditions for the coeflicient function A(z) such that all solutions of Equation (2) belong to
Hardy spaces are first found by Pommerenke [22]. Later, many results of sufficient con-
ditions on all solutions belonging to some other function spaces are obtained and see
[12-14,16] for details.

In [7], sufficient conditions for the coeflicient A(z) such that all solutions of Equation (2)
belong to Bloch spaces are shown by the reproducing formula of weighted Bergman spaces.
Thus, we try to generalize the method of [7] to weighted Fock spaces. Luckily, the following
Littlewood-Paley type formula of some weighted Fock spaces is obtained in [5].

Littlewood-Paley Type Formula Suppose that ¢ is in the class Z and there exists ry > 0
such that ¢’(r) s 0 for r > ry. Moreover, assume that ¢ satisfies

re_P¢ (r)
lim =0,
r—00 qﬁ/(r)

and

o1 r ! . 1 r !
—0o0 < liminf - < limsup — <p,
EENAICY R 0
where p > 1. Then for any entire function f(z),

o—P(12))

—1y 7P p "
T Ifll, < O +/le(2)' TETIE

(2) < Cllfllig ,

where C is positive constant only depending on p.
The following lemma is essential in the proofs of Theorems 1.3 and 1.4.

Lemma 3.1 ([5]): Suppose that ¢ is in the class T and f,h € Fé Then
(f,h) = f(0)h(0) + / f@H @1 +¢'(2) % @ dm(2).
C

Now we start to give the proofs of Theorems 1.3 and 1.4.
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Proof of Theorem 1.3: By all solutions f of Equation (2),
fl@) = —f f@OAQ) e +f(0), zeC.
0

If g satisfies the reproducing formula, g € Fé Since f is an entire function, there exists a
finite Taylor expansion f(z) = Z]?io aj@ such that f, = Z?:o ajd € Fé Thus,

@ == [ lim f©OAQ & +1©), zeC
By the reproducing formula, Fubini’s theorem and ¢ € Z,
f@== (i, [AoReme o anw ) a© dc +50
=~ [ Jim fone 0 ([ Rema) dc ) aminy 450
Using Kz (0) = 3°0%  ,(¢)en(0) = 85 % and Lemma 3.1,
ﬂ@:—Lg%ﬁm([@GM@mQO+dwr%Zwmwm
—gg&ﬁ«n(ﬁzﬁiﬁA@nk>+f%m
=—Aﬁm&ﬂﬁﬁﬁmoa>a+¢M»*aw@mmm
o ([T52a@ ac) 470
It follows that

U‘/(Z) |e—§0(z) < e ¥

z___ d e 20m~+e(n) d
K’ A _—
uL<1; a @)§>(1+¢%mﬁ n

e @+ |f(0)].

e %@ }

eW)} + If'(0)].

-wﬁWmmww}+%mA6ﬁmo@

neC

Then,

2 L) e
K A _
zd:t£<f; < @)g)(1+¢%mf o

-Wm§+m%{%m(ﬁaﬁmod0

|[f/||Fg° < sup {
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Thus,
N =20 (+9 ()
If Il e (1—22(18{ /C(/O Kg(n)A(g)dg) de(n) e—W)})
< sup Hf(O) (/zao‘zA(;) dg)
zeC 0

If ||f|| F = 00, itisin contradiction to the condition of Theorem 1.3. Therefore,

/ 1 ‘ -2
Wl = g (s o ([ 970

and ' € F°. n

eW)} + If'(0)1.

e¢<z>} + v’(0>|) < 00,

We have two natural corollaries by Theorem 1.3 and their proofs are omitted.

Corollary 3.2: Let ¢ be in the class 1 and A be an entire function. Suppose that
| J§ A(Z) d¢|e?@ is bounded in z € C and

Xk (A) = sup {
zeC

[C ( /0 Kg(mA(od;) (1+¢' () > e dm(n)

e¢(z)} < 1.

Then the derivative f' of each solution f of Equation (2) belongs to Fg.

Corollary 3.3: Let ¢ be in the class T and A be an entire function. Suppose that
| [§ A) d¢le= V212 is bounded in z € C and

z =20 +1/2)Inl?
/(/ Kg(n)A(g“)d§> ——————dm()
C \Jo

=R { 1+ ¢/

zeC

e—<1/2>|z2} <1

Then the derivative f' of each solution f of Equation (2) belongs to F*°.

Proof of Theorem 1.4: By the proof of Theorem 1.3,
f@=- /C Jim_ £, (e ( /0 K (A() df;) dm(n) +£'(0)
=- /C fOne 2™ ( fo K (MAQ) d;) dm(n) +£'(0).

Then,

If (@) <2 (' fc f(e 2 ( fo K:(mA(©) d;) dm(n)

2
+ tf’<0>|2) :
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Since the condition of Theorem 1.4 satisfies the Littlewood-Paley type formula,

~26(12)
|[f||12% <C ([f(o)|2 + /C lf/(z)|26—dm(z))

1+ 6(2D)?
<2 (Lf<0>|2 +/
C

e—2¢(12)
(1 + ¢/(|2]))?

2

/C f(p)e2®m ( /0 K;(n)A(C)d§> dm(n)

—2¢(|z])
d ! 2/ e—d .
m@ O | giae m(Z))

By the Littlewood-Paley type formula,

HED -
- < .
[c A+ ¢/(anpm@ = Cliele
2

By Lemma 2.2, there exists a positive number M such that ||z|| o < M. Thus,
¢

2 2002
————dm
(14 ¢'(l2]))?

z 2 —2¢(l2)
~2601) ¢
<P+ ZC/(C </(C }f(n)e /0 K (MA(2) d(‘ dm(n)) Y TERE dm(z),

where P = 2C([f(0)|2 + |f'(0)|CM). By the Cauchy-Schwarzian inequality,

IFIZ, < P+2C / ( / [f<n)|2e—2¢<">dm<n)>
¢ C C

i 2 e—20(12)
. /C 260 dm@) | ——————dm(z)

- de
(1 +¢'(Iz]))
< P+2CIfl% / / e 200
o Jc \JC
Since

2 e 202D
dm(n) | ————5dm(2).
ZK(A):/ </ e 20
C C

dm
1+ ¢'(|z1))?
then

(2)

Ifl7, <P+2C / ‘ / flne 2 ( / Kg(n)A(C)d;“) dm(n)
[ clJC 0

/0 K, (mA(£) d¢

fo K (mA(g) d¢

/0 Ky (mA(5) d¢

Zd D
m | T g an

172 (1= 2CZk () < P.
If |[f||12DZ = 00, it is in contradiction to the condition of Theorem 1.4. Therefore,
¢

p
_— <
1 — 2CZk(A)

>

If1I2, <
[fpi

2
and f € Fy. |
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