Exam 27.2.2025 Name:

Applied Mathematics and Physics in Programming ID00CS50-3003

Answer to all six questions.

1. Match each of the differential equations

(E1) " +4xy’ +4y =0
(E2) v"+4y +4y=0
(E3) v/ —tan(z)y =0
(E4) y" + zsin(y) =y
(E5) ' + xy + 4y = 2?

with one of the following properties. (One equation for one property. No need to justify the
answer. )

a) Which equation is separable?
b)
(¢) Which equation has constant coefficients?
(d)
)

(
(b) Which equation is of order 37

d) Which equation is linear and non-homogeneous?

(e) Which equation is nonlinear?

2. Match each of the differential equations

with one of the following physics phenomena. (One equation for one phenomenon. No need
to justify the answer.)

(a) Which equation is about radioactive decay?

(b) Which equation is about pendulum?

(c) Which equation is about free fall?

(d) Which equation is about harmonic oscillator (mass and spring) without damping?
)

(e) Which equation is about harmonic oscillator with damping?

3. Find the general solution of ¢y = 6x + 2.

Find the particular solution which satisfies the initial condition y(0) = 3. For this particular
solution, find y(2).



4. A mass (m = 1 kg) lies on a frictionless rail. The mass is connected to the end of the rail
with a spring (k = 25 kg/s?). The position of the mass at time t is described by the function
z(t) = Acos(wt) + Bsin(wt).

A person pulls the mass 0.25 m from the neutral position. At the moment ¢ = 0, we have
z(0) = 0.25 and 2'(0) = 0. The person releases the mass and the mass will oscillate back
and forth.

Tasks.

(a) Express w in terms of k and m.
(b) When does the mass for the first time return to the starting position?
(¢) What is the maximum velocity of the mass?
5. Consider the equation
y — 2tan(x)y = .

Solve it, for example, by following the instructions.

(a) Identify p(z) and ¢(x).
(b) Calculate [ p(z)dx. Don’t add a constant C' yet.
(¢) Simplify pu(z) = e/ P@)d= and ﬁ
(d) Calculate [ u(x)g(x)dz.

)

(e) The solution is y(x) = % + ﬁ [ u(x)g(x)dz.

6. Consider the 27 periodic function f which satisfies f(z) = |z| for —7 <z < 7.

Which of the Fourier coefficients ag, ai, as, by, by are zero?



Formulas

Differentiation and integration

Differentiation
Dz" = nz"!
De® =e”
Db* = b"1In(b)
Dln(z) =1
Dhnlz| =1
Dlog,(z) = xlr}(a)
Dlog, sl = ot
Dsin(z) = cos(z)
D cos(z) = —sin(z)
Dtan(z) =1+ tan?(z)
Dzln(z) —x =lIn(z)
D arcsin(x) 11_902
D arccos(z) = —#
D arctangx; = ;}:;M
Dsinh(z) = cosh(z)
D cosh(z) = sinh(z)
Dtanh(z) = coshlz(x)
Differentiation

Df(g(x)) = f'(9(x))d (v)

Special cases

Dln(g(x)) = 2]

Ded@) = e9@) g/ ()

Dfg
D(f/9g)

Integration
[ a™dx
[ etdx
[ b dx

[ Lar

Integration

(x)dx

[ f'g
'(x)
] Sad

[ ¢/ (@)e @ da

[ f'gda

:xln(x)—x+C'

= arcsin(z) + C
= arccos(z) + C
= arctan(z) + C

= flg(x)) +C

=In(g(z)) +C

=fg— [ fgdx



Differential equations

Second order linear ODE with constant coefficients
e ODEY" +by +cy=0
e Characteristic equation 72 4+ br +¢ =0

Cases

e 1,75 € R solution
y(x) = Aexp(riz) + Bexp(ryz)

e 1, = ry = r solution
y(x) = Aexp(rz) + Brexp(rz)

e r = a + bi solution
y(x) = exp(ax)(Acos(bx) + Bsin(bx))

Integrable ODE

The solution of

is y(z) = [ q(z)dx

Separable ODE

If you can arrange the equation as

then you can integrate to obtain

First order linear ODE

The solution of

is

x:i L x)q(z)dr, where z) = el P@de
o) = s+ [ (et where (o)
Trigonometry
sin(a + b) = sin(a) cos(b) + cos(a) sin(b)
cos(a + b) = cos(a) cos(b) — sin(a) sin(b)
2sin(a) sin(b) = cos(a — b) — cos(a + b)
2sin(a) cos(b) = sin(a — b) + sin(a + b)
2 cos(a) cos(b) = cos(a — b) + cos(a + b)



Fourier series

If f is periodic with period 27 and f, f" and f” are piece-wise continuous, then

+ Z an cos(nx) + by, sin(nz),

n=1

/_: f(z)dx

/_: f(z) cos(nz)dz
/_ Z £(z) sin(na)dz

%
2

where

S
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S
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Moreover, if f is odd, that is, f(—x) = —f(x), then

= Z b, sin(nz),
n=1

and if f is even, that is, f(—xz) = f(x), then
=20 i a,, cos(nx)
2 n=1

Discrete Fourier transform / FFT

Transform and inverse transform

1
Yo = To+T1 Yo = 5(zo+ 1)
) 1
Y1 = Tp— T Y1 = 5(950—331)
Transform and inverse transform
_ 1
Yo —370+$C'1+332+$C3 Yo —Z($0+$1+$2+l’3)
Y1 =T — 1T — To + 13 Y1 = 1(960-1-2961 — Xy — iT3)
J 1
Y2 =To—T1+ T2 — T3 Yo = 3(v0 — 21 + 79 — 3)
. . 1 . .
Y3 = T+ iry — X9 — iT3 ys = g(wo —iry — w3 +iw3)



