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CHAPTER 1

Introduction

In these notes we consider the paper of Yamanoi [19].

1.1. Notation

We denote the Riemann sphere by P! = C U {oo} = C. The
spherical area form w on P! is defined, as in [2], by

V=1 dzNdz

2 (L P
where z is a local coordinate. The name spherical area form stems
from the fact that if the set D satisfies D C P!, then the integral [ 1N

is proportional to the area of D considered as a subset of the sphere
P! C R3. The form w is normalized® so that

/ / / rdrdf /°° 2r
w = =7 ——dr = .
p1 (1+ 7“2 o (L+72)2

Let f be a meromorphic function in the complex plane, and define
C(t)=4{z€C:|z| <t}
Then the spherical characteristic function T(r, f) is defined by

100 =7 [ AT,

™

= w = #(2))2 dm(z
A= [ po= [ e )

where f*w is the pull back of w by f and f# = |f'|/(1+ |f|?). Hence,
A(t, f) is the area of f(C(t)) on the Riemann sphere, counting multi-
plicity.

For a € P!\ {oo} the counting function N(r,a, f) is defined by

" d
Nira.f) = [ nita .

with

where

n<t7a7 f) = Z Ordj(f - CI,)

z€D(t)

1Hence, in our case, the radius of the Riemann sphere is R = 1/2. Surface area
is dmR? = 47(1/2)? =
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is the number of zeros of f(z) —a on D(t) counting multiplicity. The
reduced counting function N(r,a, f) is similarly defined by

— " d
Nra.f)= [ tta.ng,

where

n(t,a, f) = Z min{1,ord} (f — a)}

z€D(t)
is the number of zeros of f(z) = a on D(t) ignoring multiplicity. If
a = 00, then we define

n(t,co, f) = ) ordf
z€D(t)

and the rest of the counting functions in an analogous way. We also
define

Nl(r7a7f) - N(T,a,f) _N(Tua)f)'
The chordal distance between a,b € P! is defined by
.t il

IRVARRCIRVARR S
if a,b € P'\ {00}, and by

1

T

if? b = co. Then the proximity function m(r,a, f) is defined by

2m 1 d
m(r,a, f) :/0 log —[f(rew),a] o

With these notations the first main theorem of Nevanlinna theory
takes the following form.

THEOREM 1.1. Let f be a meromorphic function in the complex
plane, and let a € C. Then

T(r,f) = N(r,a, f) + m(r,a, f) —m(1,a, f)
for all r > 1.
PROOF. Let .
R

be the classical Ahlfors-Shimizu characteristic function, and let
" dt
No(raf) = [ (it 0. )~ n0.0. 1) +n(0.a. ) logr
0

2Hence, [0,00] = 1. This is how it should be, since in our case the radius of the
Riemann sphere is 1/2.



1.2. YAMANOI'S THEOREM AND MUES’ CONJECTURE 3

be the corresponding counting function. Then

T(r, f)=T°(r, f) = T°(1, f)
and
N(r.a,f) = N°(r.a, f) = N°(L,a, )
for all » > 1. On the other hand, by the first main theorem (see, e.g.,
[2, Theorems 1.3.1 and 1.11.3]) it follows that there exists a constant
cimi(f,a), depending only on f and a, such that
T°(r, f) =m(r,a, f) + N°(r,a, f) + crm(f, )
for all » > 1. Therefore
T(r, f)=T°(r, [) =T°(1, f)
= N°(r,a, f) = N°(1,a, f) + m(r,a, f) = m(L,a, f)
= N(r,a, f) +m(r,a, f) —m(1,a, f)

for all » > 1. U
Theorem 1.1 implies that the Nevanlinna defect
I T m(r7 a, f)
Oa, f) = liminf ==
can be also written as
. N(r7 a7 f)
o(a, f) =1—limsup ———=.
D)= G )
We also define .
N(r, f)

Oa, f)=1- linisup T )

Finally, we introduce an important modification of the proximity
function due to Yamanoi.

DEFINITION 1.2 (Yamanoi). Let f be a transcendental meromor-
phic function in the complex plane. Then
o 1 df

Maq(r, f) = sup max log . —
! (a1,..,aq)E(Ra)2 JO 1<j<q [f(re“’), a’j(rew)] 2m

where R4 be the set of all rational functions of degree less than or equal
to d including the constant function which is identically equal to oco.

1.2. Yamanoi’s theorem and Mues’ conjecture
Hayman [5] observed that

(1.1) > d(a, f) <

aeC

[\CRGV]

using the fact that the derivative function f’ has only multiple poles.
This follows immediately by the following theorem due to Hayman [5].
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Mues’

Thm 1.6
/
conjecture: T
o(a, f') <1 T
200 f) < Thm 1.7

FiGUuRE 1.1. Yamanoi’s Theorem 1.5 implies Goldberg
and Mues’ conjectures.

Goldberg

THEOREM 1.3. Let f be a non-constant function meromorphic in
the complex plane. Then

3
1.2 C) <=,
(12 Se )<
acC
In particular f' assumes every finite value with at most one exception
infinitely often.

ProoF. If f(z) has a pole of order p, then f’ has a pole of order
p+ 1 > 2. Therefore,

/ 1 / 1 /
N(Taf)§§N<T7f)§§T(T7f)v
and so
. _ N(r, f) 1 1
O(o0, f') =1 hf«risgjp T ) = 1 5= 3

Therefore, by the Nevanlinna defect relation,

Z@(aaf/) SQ-@(OO,f/) <

aeC

DN o

g

Ishizaki [9] and Yang [20] showed that (1.1) holds with the constant
3/2 replaced by 4/3 (see also [15]). Mues [10] conjectured that the best
possible upper bound is, in fact, 1.

THEOREM 1.4 (Mues’ conjecture). Let f be a meromorphic func-
tion in the complex plane such that the derivative function [’ is non-
constant. Then
(1.3) > 6(a, f) < 1.

acC

Mues’ conjecture was shown to be true by Yamanoi [19], who proved
the following extension of the Gol’dberg conjecture.

THEOREM 1.5 (Yamanoi). Let f be a transcendental meromorphic
function in the complex plane, let k > 2 be an integer, and let € > 0.
If A is a finite set of complex numbers, then

(k= D)N(r,00, f)+ Y _ Ni(r.a, f) < N(r,0, f¥) + eT(r, f)

a€A
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for all r > e outside a set E C (e,00) of logarithmic density 0, where
E depends only on f, k, € and A.

Theorem 1.5, in the special case where k = 2 and A = (), implies
the Gol’dberg conjecture. We will now show how Theorem 1.4 follows
from Theorem 1.5.

PrROOF OF THEOREM 1.4 USING THEOREM 1.5. Suppose first that
f is rational. Then, since §(a, g) = 0 for any rational function g and for
all a € C such that a # g(c0), it follows, in particular, that d(a, f') = 0
for all a # f’(c0). Therefore (1.3) holds in this case.

Suppose now that f is transcendental, and let a;, as,...,a, € C be
distinct. By the second main theorem, it follows that, for any tran-
scendental meromorphic function g,

Z m(n Qg g) < QT(Ta g) - TTL(’T’, 00, g) - N(T, 07 g/> + N(h 0, g/)
1<i<q
- 2N(Ta o, g) + O(T(T7g>>
=T(r,g9) = N(r,0,¢') + N(r,00,9) + o(T(r, 9)),

where r — 0o outside of an exceptional set E of finite linear measure.
Hence, in particular, we have
(1.4)

> m(roai, f') <T(r, f') = N(r,0, f") + N(r,00, f') + o(T(r, "))

1<i<q
asr — 0o, r & FE. Let € > 0 be arbitrary. Then, by Theorem 1.5 with
k=2 and A =0, it follows that
(1.5) N(r,00, f) — N(r,0, ") = N(r,00, f') — N(r,0, f") < eT(r, f)

for all » > e outside of an exceptional set E’ of logarithmic density
zero. Now, by combining inequalities (1.4) and (1.5), it follows that

(1.6) Z m(r,a;, f') S T(r, [') + T (r, f) + o(T(r, [))

as r — oo outside of the set £ U E'.
According to a theorem due to Hayman and Miles [6], there exists
a set B C (e,00) satisfying

- 1 dt
log dens E” = lim sup / — <1
r—oo” 1087 Jle,r] N E" T
and such that
T
lim sup M < 3e+ 1.

/
g T f)
Therefore, by (1.6), and using the fact that
logdens (FUFE' UE") < 1,
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it follows that

S S f) < lmsup

- 7—>00
1<i<q r¢ EUE'UE"

Zlgigq m(r, a;, f')
T(r, f")

Since € > 0 is arbitrary, we can allow ¢ — 0 to obtain

Z 5(ai7f/) S 1a

1<i<q

<1+¢e(3e+1).

which proves Theorem 1.4. O

Following [19], we will next introduce upper and lower estimates
for the Yamanoi’s proximity function m, and show that they can be
combined to prove Theorem 1.5.

The following theorem implies a lower estimate for m.

THEOREM 1.6. Let f be a transcendental meromorphic function in
the complez plane, let k € N and let € > 0. If v : (e,00) = N is a
function such that

T(r, 20
(1.7) v(r) ~ (log+ %) :
then
2T(r, f) + (k = 1)N(r, 00, f) < Tig1,00 (1, f) + N (r,0, f)
+ Ni(r,00, f) + T (r, f)
for all r > e outside an exceptional set of logarithmic density zero.

The following theorem gives an upper estimate for m.

THEOREM 1.7. Let f be a transcendental meromorphic function in
the complex plane, let d,q € N and let ¢ > 0. If B C C is a finite set
of points in the Riemann sphere, and if p = #B, then

gl £) + Y Nalra, £) < 24 270 )+ LD )08y
acB

for all r > 0 outside a set of finite linear measure Er 4 only depending
f7
on [ and d.

We will now show that Theorem 1.5 follows by combining the lower
and upper estimates for m of Theorems 1.6 and 1.7, respectively.

PrROOF OF THEOREM 1.5. Let A be a finite set of complex num-
bers, let € > 0 and let v : (e,00) — N be a function satisfying (1.7).
By applying Theorem 1.7 with B = AU{o0}, d =k —1 and ¢ = v(r),
it follows that

M1,y (1, f) + Ni(r, 00, f) + Z Ny(r,a, f)
(1.8) acA

< 24T f) + EFHEDT

21 ) o )7
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for all r > 0 outside a set of finite linear measure Ey ;1. On the other
hand, by Theorem 1.6, we have

2T(r, f) + (k — )N (r,00, f) = N(r,0, f¥) + > " Ny(r,a, f)

a€A

< M) (. ) + Ni(r,00, f) + > Ni(r,a, f) + T(r, f)

acA

(1.9)

for all r > e outside an exceptional set of logarithmic density zero. By
combining (1.8) and (1.9), it follows that

(1.10)
(k - 1)N(r,oo,f) + ZNl(TaCL?f)

acA

(p+ ()"

< N(T,O,f(k)) +2eT(r, f) + = T(r, f)4/5(10gr)1/5

for all » > e outside an exceptional set of logarithmic density zero.
Since f is transcendental, it follows that
T
(1.11) tim L0 o
r—oo logr
Therefore, and using (1.7) and the fact that p = #A + 1 is finite, it
follows that

(p + v(r) T (r, [} (log )

lim

r—oo T(r. f)
This, together with (1.10), proves the theorem. U







CHAPTER 2

Growth results on real functions

This chapter consists of a number of growth lemmas of Borel type
and other similar results on the growth of real functions.
Some terminology. Let E, FF C R. If

/—<+oo dt < 4+
F

then FE is of finite logarithmic measure, and F is of finite linear measure.
In every case,

—_— dt
log dens(E) = lim sup / —,
raoo 1087 Jle r|NE T

log dens(E) = lim inf / @,
- rooo logr Jle,r]NE t

are well-defined, and are clalled the upper logarithmic density and lower
logarithmic density of E. If these quantities are equal,

1
logdens(E) = lim / dt
rooologr Jle r]NE 1

is the logarithmic density of E.

The original Borel lemma [12, p. 245] will be used in the proof of
Theorem 3.1. Lemma 2.1 says that inequality 2.1 holds for all r > r,
where r ¢ E such that [, dr < +oc.

LeMMA 2.1 (Borel). Let T : [rg, +o00[— [1,400[ be continuous and
non-decreasing. Then

(2.1) T (r + T(1r>> < 27(r)

holds outside a set of finite linear measure.

The error term £7'(r, f) in Theorem 1.5 may be replaced by o(T'(r, f))
by applying Lemma 2.2 with the function

S(r) = (k—1)N(r, 00, f) + ZNl r.a, f) — N(r,0, f®).
acA

LEMMA 2.2. Let T be a non-decreasing real function, and let S :
(r,00) = (0,00) be a function such that logarithmic density of the set

E.={r>e:S(r)>el(r)}
9
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is zero for all ¢ > 0. Then S(r) = o(T(r)) as r — oo outside of an
exceptional set of logarithmic density zero.

The following results are used in the proof of Proposition 4.1.

LEMMA 2.3. Let g(r) be a continuous, non-decreasing function in
(19, 00) with g(ro) > 2, where ro > 1. Suppose that

lim g(r) = oo.

r—00

Given a fixed positive constant s > 1, we put

1
) = Hoglg))y
Set

E = {r >0, g (63“"(”7“) > 29(r)} .

/ dt
— < Q.
EN[rg,o0] t

-3

with a suitable 1 < o < 00, it is seen that Lemma 2.3 fails for s = 1.
Namely, in this case

Then we have

By choosing

We obtain

oe0r) = g (L57) = 907 7) = exp <<1og<1/§><1 - s>) =2 (12) |

for sufficiently large r, when a > 1.

PROOF. Suppose that E is bounded, then our lemma is trivial.
Thus in the following, we assume that E is unbounded.

We define a sequence of positive numbers 71,79, ... by the following
inductive rule:

ry =inf K,
riy1 = inf (E N [63‘0(”)7"2-, oo)) :
Since F is closed, we have r; in E. Hence we have
g(riy1) > g (6@(”)7”2‘) > 2g(r;).
Thus, we obtain

(2.2) g(rn) > 2"
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This shows that limr,, = co. By the construction of the sequence (r,,),

we have
E C U Th, € n )

Using (2.2), we obtain

[ sy s <
w0 T o) = Ty

Thus, we conclude

390(771) oo
n dt
\/Eﬂ[ro o] t N Z / t 10g2 z;

This proves our lemma. U

COROLLARY 2.4. Let f be a transcendental meromorphic function
i the complex plane and set

A(r) = min {1, <1og+ %) _1}

T(e’r) < 3T(r
for all v > e outside a set E C [e,00) of
[p(dt/t) < 0.

We have

)
finite logarithmic measure

Proor. For r > 1, the function 7'(r)/logr is a continuous, non-
decreasing function. Since f is transcendental, we have lim, ., T'(r)/logr =
0o. We apply Lemma 2.3 to obtain (set ¢ = \?)

T(e3)r) _ T(r)
log(e3X()?r) log 7

for all » > e outside a set of finite logarithmic measure. Here

r 2
log (63)\( ) T) _ logr + 3A(r)? 14 3)\( )2

logr N logr logr
Hence we obtain

T(ePMr) <2 (1 + 32) g?) T(r)

for all r > e outside a set of finite logarithmic measure. Since

A(r)? 1 T ?
lim (r) = lim min { ——, [ (logr) ( log™ AGT)) =0
r—oo logr  r—oo logr logr

we complete the proof of our corollary. O
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LEMMA 2.5. Let F' C R, be a measurable set. Let ¢ : [e,00) —
(0,00) be a positive continuous and non-increasing function. Assume

that the set
dt
E.=<r>¢ / — >ep(r)
FNr,ef®r] t

has finite logarithmic measure for every € > 0. Then the logarithmic
density of F' is zero.

These Borel type lemmas can be generalized in many ways. One
example with auxiliary functions is [2, Lemma 3.3.1].

LEMMA 2.6. Let
F: [TOaOO) — [67 OO),

23) & [, 00) = (0,00),
€ le,00) — (0,00)

be non-decreasing and continuous. Let C' > 1 be a constant and set

(24) E= {7’ € [ro,00); F (r + é(ﬁ%)) > 0F<7~)} .

dr 1 1 F(R)
<
/E N [ro, R] ¢(r) — &(e) * logC/e

ExXAMPLE 2.7. Choose ¢ = 1, £(r) = r, F = T in Lemma 2.6.
Then we see that

T (r + T(lr)) <CT(r), r€rgo00)\E,

Then

where

/ /T(R)dml 1 <1 _1)
Eﬂ[ro,R T logC logC\T(R) €]
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In February 2019, we discussed the previous Borel-type lemmas. In
Yamanoi’s manuscript “On a reversal of the second main theorem for
meromorphic functions of finite order”, there are two other Borel-type
lemmas:

LEMMA 2.8. Let g be a continuous, non-decreasing function in
le,00) and g(e) > 0. Suppose that

— 1
(2.5) M = Tim 2290 _
r—oo logr

Given 0 < e < 1, put
Cle) =2 82M/e
E. ={r €le,00); g(8r) =2 C(e)g(r)} -

Then we have

logdens . < e.

It is clear, that if ¢ grows faster (the condition (2.5) is relaxed),

then C' cannot be a constant.
e if (2.5), then g <M, C(e) =2 - 82M/5;
o if

glr) = ),
then

gl8r) = el 1)

and perhaps C' can be taken a constant.
e perhaps

1
M) = B e ) = O

e g(r)=c¢€",Cle) >e™.

LEMMA 2.9. Let F C R, be a measurable set, and let o > 0. We

define a set E by
dt
E = 7’;/ — > .
Fnir2r] t

logdens F' < - + logdens E.
log 2

Then we have

Proof of Lemma 2.8 If E. is bounded, then our lemma is trivial.
Thus in the following, we assume that E. is not bounded.
We define a sequence of positive numbers 71,79, ... by the following
inductive rule:
ry = inf F.,

riv; = inf(E. N [8r;,00)).



14 2. GROWTH RESULTS ON REAL FUNCTIONS

Since E. is a closed set, we have r; € E.. Hence, we have

(2.6) 9(riv1) = g(8ri) > C(e)g(r:).

Now given large R with E.N[e, R] # (), there is a positive integer n(R)
such that
n(R)
E.Nle,R] C U 14, 814]

i=1

and
70n(R) S R
Then since
n(R) .&r
dt td
E.Ne,Rl t — = Jr
we have
1 dt
n(R) > / -
log8 JE.N[e,R] 1
and
log2 + M 1og 8 (1 ZM) dt
n(R)logC(e) > < =|-+— / —.
(7) (¢) log 8 3 € E.N[e,R] T

Hence by 2.6, we have

log g(R) > log g(ru(r))
> log(C(e)" M g(r))
=n(R)log C(g) — log C(e) + log g(r1)

1 2M / dt
>(=-+— — —logC(e) +log g(ry).
(3 5) E.Nle,R) t ) )

Hence we have

1 / dt
lim -
Roolog R JE_ e, R] 1
< 3e T log g(R) + log C(e) — log g(1) <&
6M + € ) R—oo log R

This proves our lemma. U

Proof of Lemma 2.9. Put G = [e,00) \ E. Then G is a closed set.
Suppose that G is bounded. In this case, the upper logarithmic density
of E is equal to 1, so our lemma is trivial. Hence, in the following, we
assume that G is unbounded.
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7o 1 9 rqs € B T4 s T6

e e e

G

log(z)

FIGURE 2.1. Sequence {r,}.

We define a sequence of positive numbers {r,} by the following
inductive rule:

o = ¢€

S 27"1', r;, € G
e inf[r;,0c0) NG, 1 ¢G.

Since we are assuming that G is unbounded, this sequence is infinite.
We observe that

(27) Tito Z 27"1‘.

Indeed, this is obvious if 7; € G. Suppose that r; ¢ G. Then since
G is closed, we conclude ;41 € G. Hence 7,49 = 2r;11, and we con-
clude (2.7) for r; ¢ G. From (2.7), we see that the sequence {r,} tends
to infinity.
Now given R > e, there is a non-negative integer n(R) such that
Tor) < B < Tnr)41-
We put
A={i€Zsp;1m,€G and <n(R)-1},
B={i€Zsy;ri¢G and i<n(R)-1},
so that ZN[0,n(R) — 1] = AU B.
Claim. For the cardinality of A, we have
Al < o0
log 2

Proof of the Claim. We consider the case, where |A| is large, com-
pared to a fixed (small) R. We will have |B| = 0. (In general, |B| < |A|.
This is because r; ¢ G implies 1,11 € G, and hence ¢ € B implies
i+1leA)

First, let A contain all the integers ¢ and B = (). By the definition
of the numbers 7;, we have r; = 2% for all 7.

Second, take R = 2Fe. Now, R optimally small in that sense that
just barely r, = R € [0, R].
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Now |A| =1[{0,...,n(R) —1}| =|{0,...,k —1}| = k. We obtain
R R
ok = — implying klog?2 = log —
e e

which implies

1
A o LoBB/e)
log 2
O
We have
G C U[ﬁ;ﬁﬂ]‘
icA

In other words G lies below the blue curve in Figure 2.1. Therefore,

U[Thri—&-l] Cc E.

ieB

Hence, we have
n(R)—1

J SR N S 0
le, R] ﬂFt 74, Ti1) ﬂFt [Py, RINF 1
dt dt dt
SO/ B o) N S
cadlrrialnF b g i N E ot [ra(ry, RJNF T
dt
sa(\Ay+1)+/ =
e, R]
1
a(og(R/e) +1) o dt
log 2 e, RINE 1

NE t
log R dt
_a(og +1>+/ @
log 2 e, RINE t

Hence we have

IN

AN

Fm — / < o Tm + T / a
R—oo log R e, RlNF t = R log2 logR R—oo log R e, RINE t

- + log dens E.
log 2

This proves our lemma. Il




CHAPTER 3

Estimates in Nevanlinna Theory

This chapter contains a number of basic estimates needed in the
proof of Theorem 1.5, and results related to it.

3.1. Uniform second main theorem

The next result due to Yamanoi [19] is an inverse inequality to
the Nevanlinna’s second main theorem with Yamanoi’s proximity func-
tion m.

THEOREM 3.1 (Uniform second main theorem). Let f be a tran-

scendental meromorphic function on the complex plane, let ¢ > 2 be an
integer, and let aq,...,a, € C be distinct. Then

(3.1)

2 1 do
max log ————— ZN1Taf)<2T(T f)+3logT(r, f)

0 1<j=<q [f(r629)7 a; ] T
a

+ 2loggq

for allr > 1 outside an exceptional set E of finite linear measure, which
depends only on f.

The g-dependence of right-hand side of (3.1) is explicit - this is
clearly a good thing.

We first need the following lemma! in order to prove the uniform
second main theorem. Define the spherical derivative as f# = |f/|/(1+

|/1%).

LEMMA 3.2. Let f be a transcendental meromorphic function on
the complex plane. Then

_/%lo f#(rew)de =2T(r, f) — ZN ra, f)— /%10 f#(ew)ﬁ
0 & 2m ! & 2m

acC
for all r > 1.

PROOF. Since

N(r,0,f") ZNlraf

aeC

IThis lemma is used in Yamanoi’s “Reversal paper” and can be found from |2,
Proposition 2.4.2].

17
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for all » > 1, it follows by the Jensen formula (see, e.g., [2, Corol-
lary 1.2.1]) that

27 ) d@ 27 ) de 27 ) de
—/0 logf#(rew)% = —/O log |f’(rew)|% —i—/o log (1 + ]f(rew)|2) o

27 4 9
= Nroe, ) = N0, )+ [ log (14 17(re)?) o2

o dé
- [ oelreig
0
= N(r,00, f) + N(r,00, f) — ZNlraf

acC

27 " d9
T 2m(r.00. f) - / log |'(¢)] 2
0 2

for all » > 1. Therefore, Theorem 1.1 yields

do

— [ og e = Niroo, )+ Niroo, ) = Y Nt f

aeC

+2T(r, f) — 2N(r, 00, f) + 2m(1, 00, f)

2 ) de

_ 1 ! i0 _

| ol
do

=2T(r, f) — ZNl r.a, f)— / logf#(eie)%

aeC

/e

for all r > 1. O

PROOF OF THEOREM 3.1. Letting 1l <r <pand 0 < a < 1, it
follows by the Gol’dberg-Grinshtein estimate (see [2, Theorem 3.2.2])
[

that
2
/0 f(re?)

where C'(a) = 2% + (8 + 2*"!) sec(ar/2) and Co = sup,.zm(1, f, a).
By using the the estimate

do P “ o
5 < Cl0) (25 ) @rn) + 2050,

it follows that

[ (D{f(—))])gsom)( L) 2o, 1) + 2070
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forall 1 <r < pand 0 < a < 1. Hence, for a € C, using a rotation of
Riemann sphere

1—%2 y
Z a # oo
Z+%7 b
1
Z -, a = 00,
z

which takes a to 0 and with respect to which the spherical derivative
is invariant (see, e.g., [4, p. 19]), we obtain

/ (%) &< Cl) (T(Pp— r>>a (2T(p, f) + 2Cr0)"

Thus using the concavity of log, and

(x+y)a§$a+ya7 l’,yE(O,OO)7 O<o¢<17

we have

27 ) d 1 27 # @9 d
= —/ log f#(re’(’)—e + —/ log ( / Ze —9
0 2« Jy eZ 2T
1<z<q

2 0 d0 1 [ f# re“’ “dy
< — log f#(re")— + = lo
e [t [y (S
i0

w
>1

1<i<q

f#(rei?y \* db
< _/o log f7# (re®) ——I— —lo Z / ( (re). ) o
P

1<i<q

27 o do
<= [ lomsF(re) I+ 10a(Tp. ) + Cpa) + 1o

1 1
+ —log C(a) + —log ¢ + log 2.
o a

Since by Lemma 3.2

_/%lo f#(re® )dH =2T(r ZN (rya, f) / lo f#(eie)d—e
o g ot 1 g 27T7

aeC
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we conclude
27 1

[ clon [y + M)
aeC

<201, ) + 1o8(T(p. ) + Co) +log L
a6

1 1 2m )
+—logC(a)+—logq+log2—/ log f# (") —.
Q@ « 0 2m

Now let @ =1 and p =71+ 1/T(r, f). We set

E = {7"> 1;T(T+T(:,f)’f) >2T(r,f)}.

Then by Borel’s growth lemma [12, p. 245], the set F is of finite linear
measure, which only depends on f. There exists ry > 1 such that

1
log(27'(r, f) + Cyo) + log (1 + + o log C(a)

TT(; f))

(3.2) o 70
# (i
+log2—/ log f7 (e )2—<210gT(r,f)
0 s

for all r > 5. Now we obtain (3.1) for all » > 1 outside the exceptional
set F' U [1,ro] of finite linear measure, which only depends on f. O

The next result is an application of Theorem 1.6 and of the uniform
Nevanlinna’s second main theorem.

THEOREM 3.3. Let f be a transcendental meromorphic function on
the complex plane, and let v : (0,00) — N be a function that satisfies
(1.7). Then

mO,u(T)(T7 f) + Z N1<7n7 a, f) = QT(’F, f) + O(T(T7 f))
acC
as r — oo outside a set of logarithmic density zero.
PRrROOF. First note that by definition
n 1 df

Mog(r, f) = log ———————.

mo,q(r f) (ahilif)e@q 0 fgfgq og [f(reze),aj] o
By applying Theorem 1.6 with £ = 1, and Lemma 2.2, we have
(33) QT(Ta f) S mo,y(r) (Tv f) + N(ﬁ 07 f/) + Nl(rv 00, f) + O(T(Tu f))
as r — oo outside of a set of logarithmic density zero. Since

Ny(r,00, f) + N(r,0, ) ZNlraf

aeC
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inequality (3.3) becomes
(3.4) 27(r, f) < Mow(r, )+ D Ni(r,a, f) + o(T(r, f)),

acC
where r — oo outside of a set of logarithmic density zero.
By Theorem 3.1 we have, for any collection of ¢ > 2 distinct points
ai,...,a, € C, the inequality (3.1). Therefore, by choosing ¢ = v(r)

and taking the supremum over all such collections ay,...,a, € C, it
follows that

(3.5) Mowir(r, /)+>_ Ni(r,a, f) < 2T(r, f)+3log T(r, f)+2log v(r)
acC
for all » > 1 outside of an exceptional set E of finite linear measure
that depends only on f. Since by (1.7), we have
3log T'(r, f) + 2logv(r) = o(T'(r, f))
as 7 — 00, the assertion follows by combining (3.4) and (3.5). O

3.2. Basic inequalities

Let f(z) and a(z) be meromorphic functions in the complex plane
such that f # a. We will next extend the definitions of the Nevanlinna
functions for f and a. First, the proximity function is defined as

2 1 do
iriaf) = 108 7y oy

In order to define the counting function, let f = g/h be a reduced
representation of f, meaning that g and A are entire without common
zeros. Similarly, let @ = b/c be a reduced representation of a. Then

n(t,a, f) is defined by
n(t,a, f) = Y ordf(ge—hb),

z€D(t)

and the counting function as

N(r,a, f) = /IT n(t,a, f)%

Similarly, the reduced counting function is defined by

Nraf) = [ attan

where
n(t,a, f) = Z min{1, ord} (gc — hb)}.
z€D(t)
In addition, we define

Nl(raaaf):N(Tvaaf)_N(Taaaf)'
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LEMMA 3.4. Let f and a be meromorphic functions in the complex
plane such that f £ a. If r > 0 > 0, then

1" L\dt 1T . dt
%/5 </D(t)fw> t +7T/5 (/D(t)aw> t
:/6 n(t,a,f)%—i—m(r,a,f)—m(é,a,f),
and
T(r,f)+T(r,a) = N(r,a, f) + m(r,a, f) —m(1,a, f).

LEMMA 3.5. Let a € Ry, and let f be a meromorphic function such
that f & Rq. Then
m<17 a” f) S C7

where C' > 0 is a constant depending only on d and f.

PROOF. Suppose, on the contrary to the assertion, that there exists
a sequence a,(z) € R4, n € N, such that

(3.6) m(1, a,, f) = oo

as n — 0o. By taking a suitable subsequence, if necessary, we may as-
sume that (a,(z))nen converges locally uniformly to a(z) € R4 outside
a finite set of points in C. We can therefore choose a constant 6 € (0, 1)
such that (a,(z))nen converges to a(z) uniformly on {z € C: |z| = 4},
and

min [f(6¢”),a(6¢)] > 0.

0<0<2n
Therefore,
(3.7) supm(0, a,, f) < oo.
neN

On the other hand, by Lemma 3.4, we have

1 /1t L \at 1 [t . ) at
;/5 (/D(t)fw>7+;/5 (/D<t) anw) t
1
:/5 n(t,an,f)%er(l,an,f)—m(évamf)’

for all n € N. But since a,, € Ry for all n € N, it follows that
/ a,w < dm
D(t)
for all n € N, and so

1
—/ (/ a;‘lw)ﬁg—dlog5
T Js \Jp) t

for all n € N. Therefore, taking into account that

! dt
/ n(taa’naf)_ Zoa
5 t

(3.8)
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equation (3.8) yields

1
m(3,an, f) > m(1, an, f) — %/6 (/D()f*w) L+ dtogs,
t

and so, by (3.6), m(d,a,, f) — oo as n — oo. This contradicts with
(3.7), and thus the assertion follows. O

Now we can prove the following lemma, which shows that Yamanoi’s
proximity function is finite.

LEMMA 3.6. Let f be a meromorphic function such that f & Ry,
and let ¢ € N. Then g ,(r, f) is finite for all r > 0.

PRrOOF. Let a € R;. By Lemma 3.5, it follows that
m(h a, f) = m(L a(rz), f(TZ)) < Cf(?“z),dv

where
Cra = sup m(1,a, f).
a€ERy

Therefore, for (a1, ...,ay) € (Rq)?, we have

2 q

" 1 do
! ] ] 5o = y Uy <qC rz),d>
0 1252 08 [f(re?), a(re?)] 2r — m(r, aj, ) < 4Cr2)a

j=1
and so, by taking a supremum over (R,)?, it follows that
md,q(r7 f) S qcf(rz),d
for all » > 0. Thus the assertion follows. O

Next we prove the following lemma [19, Lemma 2.4].

LEMMA 3.7. Let f be a meromorphic function with f ¢ Ry4. For
ai, as, as,ay € Rqg — {oo} with ayay — asas # 0, we have

T (7’7 o) = @ GQ) <T(r, f) +2Cs2q + 8dlogr.
azf — ay

Before proving this lemma, we shall recall the Nevanlinna theory for

holomorphic curves F : C — P* into the projective space [13, p. 101].

The case k = 1 reduces to the theory of meromorphic functions. Let

[X; :...: Xiy1] be homogeneus coordinate for P*. Let F' : C — P* be
a holomorphic curve with a reduced representation [g; : ... : gr+1]. By
definition, g, ..., gr+1 are entire functions with no common zero. We
set

. k+1 g
3.9 T(r, F :// dd®log al* | —.
(39 o=/ [ (ZH :

i=1
Let H C P* be a hyperplane defined by {X; = 0}. We set
N(r,H,F)= N(r,0,q).
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We define the Weil function Ay : P*\ H — R for H by

3.10 Ag = —1 1 : .
( ) = 2 8 + ZZ:; |X’1’2
We set

1 27 )

m(r,H,F) = — / M (F(re®))do.

21 Jo
Then we have the first main theorem
(3.11) T(r,F)=N(r,H,F)+m(r,H,F)—m(1,H,F).

Proor or LEMMA 3.7. By Lemma 3.4 we have
T(r, f)+T(r,a) = N(r,a, f) + m(r,a, f) = m(1,a, f)
for distinct meromorphic functions f(z) and a(z). Setting a(z) = 0, it

follows that
T(?",f> = N(r707f> +m(r707f) _m<1707f)7

for any meromorphic function f. Similarly, by Lemma 3.4 it follows
that

T <7~, ) =0 a2> — N (r,o, )~ o a2>+m (r,o, ) = 6 a2)—m (1,0, ) = 0 a2> .
a3f — a4 a3f — a4 Gsf — a4 a3f— Q4
Now
arf — as

asf — ay
only if f = ay/a; or a3 = oo or ay = co. Therefore

=0,

N (71707 M) < N(Ta f,ag/G1> +2d10g7’
azf — as

and we have
(3.12)

T(r, alf—az)
asf — ay
arf —ap arf — as
< N(ryay/ay, f)+m|(r,0,———— ) —m (1,0, —— | + 2dlogr.

asf — a4 Cl:),f — Q4

We next estimate the proximity functions on the right-hand side. Let
a,b,c,d € C with ad — bc # 0. Setting

| WP 1P 1. (laf - b+ e + ld?
Aa,b,e,d) = =log [ 14+ 11 2
(@,b,¢.d) = 3 Og( TlaFrpE) T 28 PR

we have

(3.13)
A(a, b, c,d)—log

< A(a, b, c,d)+log

1
w.djd = log [(aw — b)/(cw — d), 0] [w,b/d]’
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In order to show that inequality (3.13) holds, we will use the inequalities
jew — d|* < (lef* + [d*)(1 + [w]*);
jaw —b* < (la]* + [b]*)(1 + [w]*),
which hold by Cauchy-Schwarz inequality. We see that

e jew — dJ?

and hence
1 1 2 + |d|? lcw — d|?
Afa,b,c,d) -1 =glog |1
(a,b,¢,d) —log [wd ~ 2% [( TlaP o2 ) \ T TP (IeP + dP)
<1 (1+ jew = df* )
=3 % (la]2 + [B]2) (1 + [w]?)
1 lcw — d|?
< Zlog (14 —0-—
=3 Og( * Iaw—blz)
1
= log

[0, (aw —b)/(cw — d)]’

where the last equality follows from

1 1+]e/B? _ |af + 18P :1+ﬁ
0,a/B]? oo/ BI? | |af?
Similarly,
1 1 lc[? + [d” ((L+[w]*)(Jal* +[b[*)
Aa,b,c,d) + log —— = ~1 1
(b 08 7T = 5 0g{< T laP [P [aw — b
1 (el + [d) (A + |w]?)
> “log (1
=208 ( * law — b|?
1 lcw — d|?
> _log (14—
—2°g('*Mw—bP>
1

|
—

S)

0e

0, (aw —b)/(cw —d)]

This shows that (3.13) holds.
Now by (3.12) and (3.13), we have

TQGJ ) N(r,as/a, f) + m(r, as/as, ) + m(1, ai/as, f)

asf — az /
o

do

a17 az, ag, a4)(7“6 >27T

0\ d
(ay, a9, as, a4)(619)% + 2dlog r.
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By Lemmas 3.4 and 3.5, we have
N(Ta af?/ala f) + m(r, CL2/6L17 f) S T(Tu f) + Cf,?d + 2d10g7"
Hence, we obtain

. 27 ) d9
T <7‘ M) <T(r, f) +2Cs2q + A(aq, as, as, a4)(re’9)—

Tazf — ay 0 27
27 0 d@
— A(aq, az, az,a4)(e”)— + 4dlogr.
0 27

Finally, we claim
(3.14)
de

2m ) 2m _db
/ A(ay, ag, as, ag)(re?)— — / A(ay, ag, as, ag)(e?) = < 4dlogr.
0 2 0 2m

T
2 ! | 1
—5 og +
We define F; : C — P3 and F;, : C — P! by
Fi(z)=la1 :az: a3 : 4], Fo(2) =lay : asl.
Let H C P3 be defined by {X; = 0}, where [X; : X5 : X3 : X4] is a
homogeneous coordinate of P2. Let H' C P! be defined by {Y; = 0}

where [Y; : Y5] is a homogeneous coordinate of P!. Then by the first
main theorem (3.11), we have

A=m(r,H, F\)—m(1,H, Fy)+ N(r,H, F}) < 4dlogr,
B=m(r,H' | Fy)) —m(1,H Fy) + N(r, H F) > 0.
By N(r,H', F5) < N(r, H, F}) we have
2 2
i A(al,a2,a3,a4)(r6i9)% -/ A(al,ag,ag,(u)(ew)%
=m(r,H, F1) —m(1,H, Fy) —m(r, H', F3) + m(1, H', F3)
< A—-B<d4dlogr.

and thus obtain (3.14). O

Indeed we have
2

+

2 2

as Qy a2

1
A(ay, as, a3, aq) = élog (1 +

a2
a1

N——

ay a1 a1



CHAPTER 4

Proof of Theorem 1.6

4.1. Beginning of the proof of Theorem 1.6

The first step in our proof of Theorem 1.6 is the estimate of oscil-
lation of meromorphic functions on circles centered at the origin. For
a meromorphic function f, we put

v(r, f,0) = sup ( sup log|f(re")| — inf loglf(re“)\),

T€[0,27] \ te[r,7+0] te[r,7+0]

A(r) = min {1, <1og+ f)g) _1} .

PROPOSITION 4.1. Let f be a transcendental meromorphic function
in the complex plane. Let € > 0. Then we have

v(r, fAr)™) <eT(r, f)

for all r > e outside a set of logarithmic density zero.

To prove this proposition, we begin with the following lemma:

LEMMA 4.2. Let f be a transcendental meromorphic function in the
complex plane. Let 1 < o < e. Then we have

for r > 1, where c is a positive constant which only depends on f.

dt < 647(log o)*(T(c>r, f) + ¢)

7”6i<T+9)

@ re'”
/>

FiGURE 4.1. Circular arc of angle 6.

27
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(Claim 1 (a, P) ]

claim 2 (5, g) }

Thm 1.6
Lem 4.3 (ug)

Lem 4.4 (uy)

FIGURE 4.2. Structure of the proof of Theorem 1.6.

The structure of the proof of Theorem 1.6 is explained in Figure 4.2.

First, in Lemma 4.2, oscillation of log | f(rei)| is estimated by oscil-
lation of the Green function and Poisson kernel. Second, the function
uy, is a generalization of the spherical derivative. By f027T ug(re®)df, the
important inequality (4.24) is established.

Compare with Figure 5.1, which explains the structure of the proof
of Theorem 5.1.
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PROOF. We apply the Poisson-Jensen formula ([12]). Let P(z,0)
be the Poisson kernel for the unit disc given by

1— 2
Pzg) = L1

- |ei6 _ z|2’

and! let g(z,a) be the Green function on the unit disc, namely

1—az a—z
=1 =—1 a ) a = .
g(2,0) = log|"—=| = —log (=), palz) =
Suppose that ay,...,a, are the zeros and that b,...,b, are the poles

of f(2) in |z| < p, where we put p = o%r. We apply the Poisson-Jensen
formula to obtain

(4.2)

m , do & Z ag z z by
log | f(= _/ log | f(pe™® P(f,9>—— (—,—>+ (—,—>
glf@)N = | loglf(ee)IP (2.0 ) o= ;g 5 ;g i
for |z| < p.

In the following, we shall estimate the oscillation of log | f| in terms
of the oscillations of the Poisson kernel and the Green functions.
For 0 <t <1, we put

a(t,0,7) = sup ( sup P(te™,0) —  inf P(teix,9)>

T0€[0,27] \ z€[10,T0+7] x€[T0,70+T]
and
B(t,a,7) = sup sup  g(te”,a) — inf  g(te" a) | .
T0€[0,27] \ x€[70,70+7] x€[T0,70+T]

Set a(t,7) = a(t,0,7). Since P(z,0) = P(ze~%,0), we have
(4.3) a(t,0,7) = alt, 7).

'In [19], there is an extra factor 1/27 in the definition of P(z,6). We can check
our constants by a trivial example. If f(z) # 0, 00 for |z| < p, then (4.2) reduces to

o v 1 — |2 db
mmﬂ@w:A log | (pei?)| L1

|eif — 2|2 o
If f(z) = e, then we get
2 2 27
1—-0° do db
oalfOl= [ 1 imse = [
as it should be.
To visualize things, perhaps it is useful to calculate that

. 1 — (ax/p)(2/p)
a/p—z/p

1— 2 2 1.2
P(Z,e) _ 2/pl* _ p* — 7]
P

TIE =P TP

_ ’ p? —arz
plai — 2)

and
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Now by (4.2) and (4.3), for 0 < t < p, we have

de

t o ;
ey <a( L) [T oslee

& t Qg - t bk
_'_ZB (_7_7T> +ZB (_7_77-) :
— PP 1 P p
Using the first main theorem, we obtain

e <a (L) eri+o

& t Qg a t bk
+ 5(_7_77)+ B(_7_7T)7
where ¢ is a positive constant which only depends on f. After dividing

this estimate by ¢, we integrate the resulting estimate from p/o? to p/o
to obtain

r/o ~
[ et 1.0F < T 0) + () + (n+ )3,

/o?

where we put

1o
a(t) = /1 O((t,T)%

/o?
and )
1/o0
~ dt
6(7—) = sup B(taa77—)?'
jal<1 J1/02

Using the definition of the counting function and the first main
theorem, we have

w4 v=n(p,o00, f)+n(p,0, f)

(4.4) = IO;U(N(%OOJ) + N(op,0, f))

<
~ logo

(T'(op, ) +0),

where ¢ is a positive constant which only depends on f. Thus we obtain

@) [ o < S0 op ) + @) + Bir))

t = logo
Claim 1. We have
4e31 < 427t
(logo)? ~ (logo)?

a(r) <

Proof of Claim 1. Since

o 24(1+ £)(1 — ) sin @
_p 6 — _ '
gyttt 0) TRSOTE




4.1. BEGINNING OF THE PROOF OF THEOREM 7? 31

we have 3
—P(te?,0)| <
g’ (e ’0)’ =

Hence, we obtain

Thus, we have
1o dt 4703
a(t) = a(t,7)— < —logo.
() // R

Since logo < 0 — 1 and? 03 < €3 < 27, we complete the proof of the
claim. U

Claim 2.
~ (e + 1)1 107
< >~ 7
0= ooy (log 0"
Proof of Claim 2. We denote 6 = (logo)*. For |a| < 1, we set
[1/0°,1/0] = I(a) U J(a),

+10e*(log 0)* < +90(log 0)®.

where
I(a) = [1/0*,1/0] N [la| =6, |a| + 4]
J(a) = [1/02, 1/0] \  [la] =4, |al +4].
Then we have

1/o dt dt
(4.6) B(t, a,r)7 < o2 ﬁ(t,a,T)dt—{—/ 5(t,a,r)?
J(a)

2
Lo <e?<9 I(a)

First, we estimate the first term on the right hand side of (4.6). Since
we have

: 1 —t|al 1
B(t,a,7) < max g(te”,a) = <lo ,
(ta,7) < max glte”, a) = log p—yor < log oy
by
_ 2
el A e la*) (X — [2*)
= . ’
z—a |z — al
we obtain

5
1
/ B(t,a,7)dt < 2/ log — dz = 2(log o)* + 8(log 0)* log ,
I(a) 0 x log o

by

1 1
/log— =z + xlog —.
x x
By
1 1
log— < —, z€(0,00).
r T

2recall: 1<o<e<3
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we have log(1/logo) < (1/logo), and obtain
(4.7) / B(t,a,7)dt < 2(logo)* + 8(logo)* < 10(logo)?,

since 1 < o <e.
Next we estimate the second term on the right-hand side of (4.6).
Since

ﬁ(tJ a” T) = 5(t7 |a|77—)7

it is enough to consider the case 0 < a < 1. Since

8g<t i)y _ at sin at sin 0
00 |1 —ate®|?  |a— te?]?’
we have
09 1 1 1 |
te”)| < < .
7R e s Rl s I s A

Hence, we obtain
T T

A—t2  (a—02

B(t,a,7) <

Hence, on t € J(a), we have

0'2’7' T

plta,7) < o 1E  logo)

Since logo < o0 — 1, we obtain

B(t,a,7) <

0'27' T

(log0)? ' (log o)™

Thus, we obtain
o’T T (e2+ 1)1 107
(4.8) t, < < .
/ bit,a,7) t - loga - (logo)” = (logo)” — (logo)”

From (4.6)—(4.8), we complete the proof of our claim. O

Now Lemma 4.2 is an obvious consequence of (4.5) and the claims
above. (Recall that p = o%r.)
Namely, set 7 = (logo)!? and p = or to obtain

a(r) < At = 4e*(log 0)® < 4e*(log o)?
~ (logo)? -
and
B(r) < % + 10e*(log o) < (e* + 1 + 10e*)(log 0)?
and
1+logo

QT (09 £)+0) < e (T(0™r f+e/2) < (Tl f)).

log o log o



4.1. BEGINNING OF THE PROOF OF THEOREM 7? 33

Hence, inequality (4.5) yields
ar dt
/ v(t, f, (log 0)10)7 < 4(4e® +e* + 1+ 10e*)(log o)*(T(or, f) + ¢)
< 647(log o (T (0%r, f) + ),
as desired.? U

Proof of Proposition 4.1 We apply Lemma 4.2 for 0 = exp(\(r)?)
to obtain

/: exp(A(r)?) w gt < GATA(r)! <T <€3A(r)27~, f) + c) )

By Corollary 2.4, we obtain

rexp(\(r)? 20
/‘ P<<>)ﬁ5L%&Llﬁ<xwm@f@TMf%+@

outside a set of finite logarithmic measure.
Now given positive constants € > 0 and & > 0, we have

/r exp(A(r)?) u(t, £, A(r))

. dt < e \(r)*T(r, f)

outside a set E.. of finite logarithmic measure. Set
Fo={r>ev(r, f,Ar)*) > eT(r, f)}.

Then we have

A(r)?
[ L (A
rr™nE t T Uy eT(t, )t

. e )?
< —2 P dt < ENr)?
_6Tmf%A t < €A

for all r outside E... Thus, by Lemma 2.5, we establish Proposi-
tion 4.1. Ul

3In the original paper [19], a factor 4 was missed and the corresponding estimate
was 4(e3 +e? + 1+ 10e?) < 4(27 + 10 4+ 90) = 4 - 127 = 508.
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LEMMA 4.3. Let f be a transcendental meromorphic function in the
complex plane, and let k be a positive integer. Put!

(4.9) up = (k+1)log™ |f| +log|1/f®)|.

Then given a positive integer q, we have for all r > 1

(4.10)

2w 0 do L
| e <yt g) + (5= D oc, )
0 ™

+o(r, f,27/q) + v(r, f(k), 27 /q) + klog(27r) + 2kqlog 3.

Proor. If f has a pole on the circle |z| = r, then v(r, f,27/q)
is infinite. So the estimate is trivial. In the following, we show the
estimate for r with the property that f does not have a pole on the
circle |z| = r. We fix such r and work on the circle |z| = r.

reioit

,r,e’LO'l

F1GURE 4.3. Circle divided to ¢ arcs.

Set 0, = 2wl/q. For | =0,1,...,q — 1, we put
Iy = [0y, 0041].

We define a polynomial a;(z) of degree less than k by
k-1

1 . . L
a)(z) = Z _—‘f(])(re“”)(z —re ).
— j!

j
Then we have

f9 (refor) — &l(j)(rei‘”) =0

4We note that

f®]

wp = log™ [f1FF +log |1/ P | < log(1 + | f|F) +log|1/f*)| = —log T

For uy, replaced by —log f#, Lemma 4.3 reads

2m
/0 logf#((rew))% < my(r, )+ v(r, f#.21/q) + log(27r/q),

see Lemma 5.6.
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for 0 < 7 <k — 1. Thus, we have

s atrey = [ " [ g e e i)
o Jop oy
Thus, for 6 € I;, we have
|f(re”) —ai(re”)| < e™(2mr)",
where we put .
m = maxlog |f ®)(re)|.
Since we have

1
- - < (k)

for 6 € I;, we obtain

1 1
log ———— < log +u(r, f® 27 /q) + klog(2nr)

|f 8 (re?)| |f(re??) — ai(re)]

for @ € I;. Hence, we obtain

/%1 1 do
o BB (rei®)| 27

q—1 o141 1 de
-~ lzz; /Ul Og ’f‘(,r.ez@) _ CLl(T’ew)‘ 27_(_ _I_ U(r, f 5 7T/q) + Og( 7-(-,,,.)

Thus, using

P 0y 40
log™ | f(re®)|5— < m(r, 00, f),
0 2m

we have
(4.11)
27 db a—l o 1 ) do
07 < 1 : : 2log™ N —
[ et < 30 [ (18— + 2108 00 32

1=0
+ (k= )m(r, 00, f) + v(r, f, 27 /q) + klog(2m7).
We estimate the right-hand side of (4.11).

Claim 1. Let a(z) be a polynomial of degree less than k. Then we
have ot afre™)| - "
26 e )« / log™ |a(re?)|— + 2klog 3.
q oy 27
Proof. 1t is enough to prove this claim assuming a(z) # 0. We consider
the following function:

0(a(2) = 2L [ g o) 52
Then we have
(4.12) U(Xa(z)) = Ula(z))
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for non-zero \. If
CL(Z) ZQO(Z_QI)"'(Z_ak’)v (k/< k)?

then we have

(4.13) Ula(2)) =U(z—a1)+ -+ U(z — ag).
Now we observe that
(4.14) U(z —a) < 2log3.

Indeed if |a| < 2, then we have
log |e’ — a < log 3

q q
and
71 . df : do
—/ log e —a|— = —log™ |a|—|—/ log e —a|=— < log 3.
o) 21 [0, 27] \ [00, 1] 2

This shows (4.14).
Next we consider the other case || > 2. By (4.12), we have

Ulz—a)=U(z/a—1).
Using
| o 3
logg <logle” /o —1| < logé
we obtain (4.14). Thus we have proved (4.14).
Combining (4.13) and (4.14), we obtain
Ul(a(z)) < 2klog3.

Now for a polynomial a(z) # 0 of degree less than k, we consider
the polynomial b(z) = a(retz). Then we have

log |a(re®t)| /”i“ v, d0 log |b(e™0)] /Ul 9v A
— 1 w0y = == log |b(e")|—.
. : og la(re”)l5 . 3 og [b(e")l5
Hence, we have

1 ioy Ol4+1 )
logJa(re™)] < / log |a(reze)|g—9 + 2klog 3
T

q o
(4.15) j,m »
< / log™ |a(re®)|— + 2klog 3.
oy 2m
Our claim is an obvious consequence of this estimate. U

Claim 2. Let a and b be two points in C. Then we have

1 1
4.1 log ——— + log™ log™ [b] < log ——.
(4.16) o8 T, 108 |a| + log ||_og[a’b]

Proof. Since
|a —b]

VI PYTEP

[a, b]
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we obtain
1 1
log[ 0 :log| 0 +log+/1+ |al? 4 log v/1 + |b|?
a, a—
> log + log™ |a| + log™ |b].
ja — 0]

We go back to the proof of Lemma 4.3. For 0 € I;, we have

log™ [ f(re”)] < log™ | f(re'™)| + v(r, f,2m/q)

(4.17) = log™ |ay(re'™)| + v(r, f,21/q).

Hence, we obtain

Tt 1 o) dO
lo A —— + 2log™ | f(re® ) —
[, (s =y 2o 00 52

</JM lo ! Flog* |f(re®)| + log™ [a(re®)|| )
= E1F(re®) — a(re®)] T8 B 21

o

n o(r, f,2m/q)
q

+ 2k log 3.

We use the two claims above to obtain
Ol+1 1 ) do
lo 4 —— + 21ogt | f(re'? >—
[ s ey + 216" 1) 55
0141
q

log + 2k log 3.

o [f(re?), ay(rei?)] 2n

Combining this estimate with (4.11), we obtain

1
o a0 1 041 1 0
Joe )2”120/@ (Og [f(?“e“’)—az(re”)]>27r

+ (k— 1)m(r, 00, f)
+u(r, f,2m/q) + v(r, f®, 21 /q) + klog(2nr) + (2klog3) - q.

Now since

=1 o, 1 y
ZZ:O /Ul (10g [f(re®) — az(rew)]) o < Mi-14(7 f);

we complete the proof of Lemma 4.3. U
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LEMMA 4.4. We have®
(4.18)

27
| e 5L = b+ DT ) = N0, £9) = kNG00, 7) + O(1),
0

PRrOOF. Put
U= (k+1)log|f|+log|1/f®].

Then we have

27 B ) d@ 2 ) d@ 27
/ u(re’e)Q— =(k+ 1)/ log |f(7’619)|2— —i—/ log
0 0 ™ 0

T

1

do

%.

By the first main theorem, we have
(4.19)

21 ) de 2m ) do
1 =1 1 #—==N - N
/O og |f(re”)|5 / og |f(e”)|5- = N(r,0, f) = N(r,00, /),
1

/27r10 L d_e_/27r10 ; d_e
N FIOT=0 ) I N FIOT e

2m
Combining these estimates with
N(r,00, f®) = N(r,00, f) + kN (r, o0, f),

= N(r, o0, f(k)) — N(r,0, f(k)).

we obtain
(4.20)
27 _ ) d@ 21 . d9
[ tren g = [N = (D60, ) = Moo, ) + Voo, )

_ N(r,O,f(k))
= (k+1)N(r,0, f) — N(r,0, f®) — kN, (r, 00, f).
We note that
(4.21) up = u+ (k+1)log® [1/f].
By the first main theorem, we have
(4.22) /027T log™ |1/f(rei9)|§ + N(r,0,f) =T(r, f) + O(1).

Now, by (4.20)-(4.22), we obtain

o o+ d0
/ up(re"’)o— = (k+ DT (r, f) = N(1,0, f) = kNi(r, 00, f) + O(1).
0
Thus Lemma 4.4 is proved. U

SFor uy, replaced by log f#, we have (4.18) in the form

27 27
| st e gt = 21y + N )+ [ o #()
0 n 0

See Lemma 2.8, that is, [2, Proposition 2.4.2].

d79
o
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By Lemmas 4.3 and 4.4, we obtain
(k + 1)T(’l“, f) - N(’I“,O, f(k)) - kNl(ra 00, f)
S mk—l,q(ﬁ f) + (k - 1)m(7“, 0, f)

+u(r, f,21/q) +o(r, f, 27 /q)
+ klog(27r) 4+ 2kqlog 3 + C,

(4.23)

where C' is a positive constant which only depends on f. By the first
main theorem, we have

T(r, f) = m(r,00, f) + N(r,00, f) + Ni(r, 00, f) + O(1).
Hence, we obtain

(4.24)

2T(r, f) + (k = 1)N(r,00, ) < Tig1,4(r, f) + N(r, 0, f) + Ny (r, 00, f)
T o(r, £,27/q) + olr, [, 27 /q) + klog(2r7)
+ 2kqlog3 + C.

Proof of Theorem 1.6. Let f be a transcendental meromorphic
function and let € > 0. By Proposition 4.1, we have
€

ﬁT(Tv f)

outside some exceptional set of logarithmic density zero. For r suffi-
ciently large, we have 27 /v(r) < 7TA(r)?. Hence, (since § — v(r, f,0)
is increasing), we have

v(r, [ Ar)*) <

(4.25) v(r, f,2r/v(r)) < %T(r, f)

for all » > e outside of a set E; of logarithmic density zero. Again by
Proposition 4.1, we have

v (T,f(k),X(r)%) <

3

mT(ﬁ )

for all r > e outside some set Es of logarithmic density zero, where we

set
-1
X(r) = min {1, (logJr T(T’—f(k))) } :
log r

By Nevanlinna’s Lemma of the logarithmic derivative, we have
T(r, fO) < (k+2)T(r, )

for all » > e outside a set Ej3 of finite linear measure. Hence, we obtain

v (r,f(k),X(r)%) < 25—1T(7"7 1)
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for all » > e outside the set Fy U F5 of logarithmic density zero. We

find a positive constant 7 such that A()% < 2X(r)2 for r > ry outside
FE5. Hence, we have

(4.26) v (r,f(k), /\(r)20) < iT(r7 f)

21
for r > e outside an exceptional set F, of logarithmic density zero.
Since f is transcendental, we find a positive constant r; such that

(4.27) klog(2mr) 4+ 2kv(r)log3 + C' < %T('r, f)

for r > ry.
Now we put
E = [6,7“1] UE1 UE4
Then E has logarithmic density zero. By (4.25)-(4.27), we have

v <r, f %) +v (r, f®) %) +klog(2mr)+2kv(r) log 3+c < €T (r, f)

for all » > e outside E. Combining this estimate with (4.24), we
complete® the proof of Theorem 1.6. O

6end of 5t seminar in 2019



CHAPTER 5

Finite order functions and asymptotic SMT

This chapter follows the manuscript “K. Yamanoi - On a reversal
of the second main theorem for meromorphic functions of finite order”.

pf of Lem 2.2

FIGURE 5.1. Structure of the proof of Theorem 5.1.

The structure of the proof of Theorem 5.1 is explained in Figure 5.1.

First, Lemma 4.2 is restated Lemma 5.5, a special case with o = 2.
Lemma 2.8 yields T'(8r, f) < C(e, p(f))T(r, f).

Second, the important inequality (5.8) is proved. Inequality (5.8)
is a special case of (4.24). Now, we are dealing with f’ instead of f*).
Therefore, we estimate the spherical derivative f# = |f'|/(1 + |f|?)
instead of the function wuy, which was needed in the proof of (4.24).

Compare with Figure 4.2, which explains the structure of the proof
of Theorem 1.6.

THEOREM b5.1. Let f be a transcendental meromorphic function of
finite order. Let v : Rs. — Nyg satisfy v(r) — oo and logv(r) =
o(T(r,f)) as r = oo. Then we have

(51) ml/(r)(ra f) + Nl(ra f) = QT(Tv f) + O(T(Tv f))

where r — 0o outside a set of logarithmic density 0.

By Theorem 3.3, (5.1) holds for general transcendental meromor-
phic functions, including the case of infinite order, provided that the

41
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function v satisfies the growth condition (1.7). Theorem 5.1 shows that
v(r) may be arbitrary slow growth if f is of finite order.

If v : Ro. — Ny satisfies logv(r) = o(T'(r, f)), then Theorem 3.1
says that

(52) mV(T)(T7 f) + Nl(rﬂ f) é QT(T, .f) + O(T(ﬁ f))

for all » > e outside an exceptional set of finite linear measure, and
the following theorem. Thus the issue is to prove the reversal of (5.2).
This is contained in the following theorem.

THEOREM 5.2. Let f be a transcendental meromorphic function of
finite order \. For 0 < e < 1, there exists a positive integer qr. and a
set Ey. C le,00) with

logdens By, < ¢

such that for all r > e outside Ey., the following inequality holds:
20(r, ) < Mg, (1, ) + Ni(r, ) +€T(r, f).
Here gy depends only on X and €.

The proof of Theorem 5.2 shows that we may take gy . = [220327680A/<*]

where [z] is the smallest integer which is not less than x.
REMARK 5.3. Let ay,...,a4 € C be distinct points. We have

2 1 db

q
Zm(’r, a;, ) = max log
i=1 0

1<i<q W%—FO(U < m(r, f)+0(1),

where O(1) only depends on ay,...,a,. Thus we may recover usual
estimate of Nevanlinna’s second main theorem

(5.3) Z m(r,a;, f) + Ni(r, f) < 20(r, f) + o(T(r, f))

from 5.2, provided v(r) — oo as r — 0.

The question of reversal of (5.3) is already discussed in [12] and
[16, Chapter 4]. For many familiar functions, (5.3) is known to be an
asymptotic equality rather than inequality. For instance, this holds for
meromorphic functions with finitely many critical and asymptotic val-
ues, provided {ay,...,a,} contains all critical and asymptotical values
(cf. [14]). See also [3] for other investigations of this problem from
potential-theoretic view point.

For a meromorphic function f, we put

v(hfﬁ)ZSUP( sup log|f((re”))| — inf 10g|f((?“6”))|>-

T te[r,7+0] te[r,7+0]

We first show
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PROPOSITION 5.4. Let f be a transcendental meromorphic function
of finite order . Let 0 < ¢ < 1. Then there exists a positive constant
0. such that

U(’I", fa 9}\,8) S ET(’F) f)
for all r > e outside an exceptional set Ey. with logdens Ey,. < €.
The proof of Proposition 5.4 shows that we may take

2
Oy = £20 /91409120\/2%
To prove Proposition 5.4, we need several lemmas.

LEMMA 5.5. For 0 < e < 1, there exists 7. > 0 such that
2r
3 e
/ Mdt < eT(8r, f)

forr > ry, where ro > 1 is a constant which only depends on f.
The proof shows that we may take 7. = £!0/2110.

PrROOF. By Lemma 4.2, we have the following: Let 1 < o < e.
Then

(5.4) / ol /. (ltog ) 4t < 647(log o A(T(0*r. ) + c).

for r > 1, where c is a positive constant which only depends on f.
Now given 0 < ¢ < 1, we take a positive integer [ such that

S 2 647(log2)*  1294(log2)*
- 5 B £ '

We take ro > 1 such that T'(ro, f) > ¢. Then for i =0,...,l — 1 and
r > 1o, (5.4) yields

2(i+1)/l

l

"u(t, f, (log 2/1)'7)

i , dt < 1294(log 2V T (2301 f)
,

1294(log 2)?
< HOED s, )

Thus we obtain

/ ot f, “Otg 210%) gy < cr(s, )

for 7 > ro. We set 7. = (log 2'/1)!° to conclude the proof. d

For the constants, we have
1 €

< - -
I =~ 1294(log 2)?

and

1 glo

110 = 120410 (Iog 2)20
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Therefore
1 610
. = (log2/M'1" = —(log2)"* < .
7 = (log 27) 7 = 755108.2) 7 < 15 i log 210
Now,
1 1

1294°0Tog )0 < — — < |
(log2)™ < o= < o

Hence, we can take 7. = ¢'9/2%. Of course, the claim is true for a
smaller constant 7. = ¢'9/2'1% (Yamanoi’s original constant here.)

In order to deal with the term 7'(8r, f), we use the Borel-type lem-
mas Lemma 2.8 and Lemma 2.9. (In the beginning of the seminar in
spring 2019, we proved a few Borel-type lemmas. Now, we need two
more such results.)

Proof of Proposition 5.4. Let 0 < € < 1. First we apply Lemma 5.5

for
e2/4
C(e?/2)

where C(£2/2) = 2 - 8*V* is the constant from Lemma 2.8. Then we
obtain a positive constant 6, . such that

o U(t, fa 9)\,5) 52/4
/T ; dt < 0(52/2)T(8T’ f)

for 7 > ro. Here 0. = 7(g2/23+(12V/<%),
Next we apply Lemma 2.8 for £2/2 to obtain a set E such that

T(8r, f) < C(e*/2)T(r, f)

for all r outside E. Here we have

- 52
logdens E < 5

Thus we have

2r 2
/ —”(t’{;%’f)dt < %T(r, f)

for all » > ry outside E.
Now we set

F = {T; 'U(T, f, 0>\,€) > ET(T‘, f)} .

Then we have

/ @</2rv<taf79>\,s)@
r2rfnFt — ) Tt f) ¢

1 r U(t,f, 9>\5) €
< LAt < =
=T f) / i <1

for all r > ry outside E. Thus by Lemma 2.9, we have
N g2 L €

—=c.

4log2 2 2loge 2

log dens F' <
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We conclude the proof of Proposition 5.4. O

LEMMA 5.6. Let f be a non-constant meromorphic function and
q > 0 a positive integer. Then

o 1 dy
(5.5) /0 log (o) 2 < my(r, f) +v(r, f#,27/q) +log(27r/q).

PROOF. Let o = 27k/q. Forl =0,1,...,q—1, weset [; = [0}, 0y41]
and a; = f(re').
In general

[aa b] S dspherical(aa b) = 1nf/ ’dZ’ < / |dZ|
5

v, 122 T 1+ 2%

for any piecewise smooth v : [0,1] — C with v(0) = a,v(1) = b.
Therefore, we have

[f((re)), a] S/ f#((re)) rdo.

Set

7 = max log f#(re™).
sel;

Then for 6 € I;, we have
(5.6) [f((re")), a] < em2mr/q.

In terms of v(r, f#,0), for 6 € I we have

—1 —T v\r # ™
f#(('r’e“’)) S 1+ (7f 72 /Q>

Combining this estimate with (5.6), we obtain

log

; < log
f#((re?)) —

for 8 € I;. Thus

i L dh R~ [T 1
/o 8 ((re?)) 2w = /0 (), a] 27

log +u(r, f7,27/q) + log(2mr /q)

.
[F((re?)), a]

we conclude (5.5) O
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We recall Lemma 3.2, which states that for a transcendental mero-
morphic function f on the complex plane, we have

(5.7)
27 ] do 27 _db
| ot ey g = <2 )+ M+ [ oS

Now we prove Theorem 5.2. Let ¢ > 0 be a positive integer.
By (5.5), (5.7) and
o(r, f#,2m/q) < 20(r, f, 21 /q) +o(r, f', 27/ q),
we have!
2T (r, f) < mg(r, f) + Ni(r, f)
+2u(r, f,2m/q) +v(r, f',27/q) + logr + C
for all » > 1, where C' is a positive constant which only depends on f.

Now let 0 < e < 1. Set qx. = [27/0,./s]. By Proposition 5.4, we
have

(5.9) o(r. f.2n/gp2) < ST f)

(5.8)

for all r > e outside E; with
(5.10) logdens Fy < %
Since f’ has the same order A\, Proposition 5.4 yields that

o(r, f', 21 /qpne) < %T(r, I8

for all » > e outside Fy with
—_ €
log dens sy < 3
By Nevanlinna’s Lemma on logarithmic derivative, we have

T(r, ) < 2T(r, )

for all » > e outside Ej5 of finite linear measure. Hence we obtain

(5.11) o(r, f1.21/qae) < %T(r, f)
for r > e and r ¢ Ey U E3, where we have
(5.12) Tog dens(E, U Ey) < %
Since f is transcendental, we find a positive constant r; such that
(5.13) logr +C < %T(r, f)
for r > ry.

Now we put
E = [6,7"1] UE1UE2UE3

1A more general inequality is (4.23).
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Then by (5.10) and (5.12), we have
logdens E < ¢.
By (5.9), (5.11), (5.13), we have
20(r, f,21)qpe) +o(r, f', 21 /qne) + logr + C < eT(r, f)

for all » > e outside E. Combining this estimate with (5.8), we conclude
the proof of Theorem 5.2. O

We prove Theorem 5.1. Let n be a positive integer. We recall
E(f,1/2") and ¢q(A,1/2") from Theorem 5.2. By v(r) — oo as r — o0,
we may take ¢, > e such that v(r) > ¢(\ 1/2") for all r > ¢,. We
define F'(1/2") C [e, 00) such that r € F(1/2") iff

_ 1
2T(T7 f) > mu(r)(ra f) + Nl(/r? f) + 2_nT(7,.7 f)
Then we have
F(1/2™) N [en,00) C E(f,1/2") N [en, 00).
Thus we have logdens F'(1/2™) < 1/2".
Now we take r,, > e such that
dt
JFa2ynle,n © 1
log r 2n’

for all » > r,. We may assume without loss of generality that the
sequence 71, 7a, . .. satisfies 1 <1y <rg <--- and r, = 0o as n — oo.
For r € [rp,Tni1), we set e(r) = 1/2". Then e(r) is defined for all
r>rpand g(r) — 0 as r — oo.

We define F' C [rq, 00) such that r € F iff

QT(ﬁ f) > mu(r)(ra f) + Nl(/ra f) + 8(7“)T(7“, f)
Then we have
FnN [T’l,Tn+1) C F(l/Zn) N [Tl,rn+1].

Thus we have W

JFap,n% 1

. A E— < —_

logr 2n

for r, <r < r,11. Thus F has logarithmic density 0. Thus we have

where r — oo outside a set of logarithmic density 0. Combining this
estimate with (5.2), we conclude the proof of Theorem 5.1. d






CHAPTER 6

General form of Theorem 1.4 and its local version

In the rest of this paper, we shall prove Theorem 1.7 in the following
general form.

THEOREM 6.1. Let f be a transcendental meromorphic function
in the plane and let d be a positive integer. Then there exists a set
E;q C Ry of finite linear measure with the following property: Given

an arbitrary q-tuple of distinct a1, ...,a, € Rq and an arbitrary € > 0,
we have
2 1
max log . Ni(r,a;, f
0 1<i<q [f(re””) a;j(rei)] Z (ra
(6.1) 1<j<q

17
< (2+)T(r )+ qg—4T<r>4/5<logr>1/5
for all v > 0 outside Ey 4.

Derivation of Theorem 1.7 from Theorem 6.1 Let aq, ..., a, be dis-
tinct points in the Riemann sphere. Let by,...,0, € R4. We apply
Theorem 6.1 to the subset

{al,...,ap,bl,...,bq}CRd.

Then we obtain, for arbitrary ¢ > 0,

2 1 d
max log . + Ni(r,aq, f)
(6.2 o 1<ia O [f(re®), b;(re?)] 2x 1;}) i
17

<2+)T(r f)+ q€—4T(r)4/5(10g o

for all » > 0 outside Ey4. Taking the supremum for (by,...,b,) on the
left-hand side, we obtain

17
Maa(r. )+ D Nilriai, f) << @+ )T f) + LT() P log )

1<i<p

FIGURE 6.1. Theorem 1.7 has a more general version
Theorem 6.1, which in turn has a local version Proposi-
tion 6.3.
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for all r > 0 outside of Fy 4, as desired. O

We introduce a local version of Theorem 6.1. Some notation are
needed.

DEFINITION 6.2. We denote by 7,4 a constant such that v; > e so
that the following estimates hold for all r > ~,:

(1) logr < T(r),

(1) T(r,cr(f,a;,a;,ar)) < 27(r) for all distinct a;, aj, ar € Ra.
Here cr denotes the cross-ratio:
(w1 — wa)(ws — wy)
(w1 — wy) (w3 — w2)'

cr(wy, we, w3, wy) =

Note that by (1.11), that is,
T(r)

lim = 00,
r—00 log T

condition (1) is valid for all sufficiently large r. By Lemma 2.4, (2) is
true for all sufficiently large r. Thus v, exists.
For distinct ay,...,a, € Rq, where d > 1 and ¢ > 3, we set

X(a,...,ay) ={z€ C\{0,1} ; a;(2) # a;(z) for i # j}.
Then X (ay,...,a,) is a p-punctured sphere with
3<p<2dxq(qg—1)/2+3.

Namely, since
X(ay,...,a,) € C\0,1,00,
we have 3 < p. On the other hand, we have

<g> " (¢ —Q!z)!zl - q<q2_ :

pairs (a;,a;). For each pair the equation

a;i(z) = a;(z)
has atmost 2d solutions, since a;,a; € R4. Since none of the a; needs
to be the constant function 0, 1, 0o, we have

(q—1)
2

p<2dx? +3.

Since X (ay, . .., a,) has at least 3 holes, X (ay,...,a,) is a hyperbolic
Riemann surface, that is, the universal cover of X (a4, ..., a,) is the unit
disc (or the upper half plane). On the contrary,

exp:C — C\ {0} =C\ {0,000}

is conformal (analytic bijection) and therefore the universal cover of
C\ {0} is C. We say that C\ {0} is a parabolic Riemann surface.
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For the hyperbolic area of X (ay,...,a,), we have (cf. [12,p. 233])
T
(6.3) App(X(ay,...,a4)) = §(p —2) < 2dg*.

Here and what follows, we always normalize the hyperbolic metrics so
that its curvature is equal to —4. Thus the hyperbolic metric on the
unit disc is |dz|/(1 — |z]?). For a curve vy on X(ai,...,a,), we denote
by lx(as.....ay) its hyperbolic length.
Let 2 C C be an open set. We set
10,0 = [ A £.9)7,
T )y t

Alt, £,9) = / Fum = /D B VAC]

DN wna (L+]f(2)]?)?
(Hence T'(r, f,Q) = T(r, fxq), where xq is the characteristic function
of Q.) Let a(z) be a meromorphic function on the plane which is distinct
from f(z). Let f = g/h and a = b/c be reduced representations. We
put

where

_ r dt
Nira, .0 = [ mtt.o f,0)F,
1
where 7(t, a, f,2) is the number of solutions of gc —hb = 0 on D(t) N2
ignoring multiplicity.

PROPOSITION 6.3. eich Let f be a transcendental meromorphic
function in the complex plane and let ay,...,a, € Rq be distinct with
a, = 0o, where d > 1 and ¢ > 3. Let zinX(ay,...,a,) be a point and
let Q C X(aq,...,aq) be a neighbourhood of x which is a topological disc
or an annulus with Cx(ay,...,a,)(0) < 1/(2%¢q). Let 0 < m < 273,
and let Qx € ) be a relatively compact domain such that each connected
component of 2\ Q* is an annulus of modulus greater than or equal to
m. For each 1 <i < q—2, we takei® € {i+1,...,q— 1} such that

(64)  Jaf(z) — ai(2)] < Ja(2) —ai(@)], je{i+1,....q—1}.

Then we have

q—2 f —a 7

ZT(r, - Q) <> N(r, f,a:,9)
- i=1

+ 270WT (r + m) (logr)Y/*

for all r € 4.






CHAPTER 7

Derivation of Theorem 4.1 from Proposition 4.3

In this section, we shall derive Theorem 6.1 from Proposition 6.3.
We first introduce a smooth (1,1)-form on the plane, which plays im-
portant role in the derivation. Let aq, ..., a; € Rq\{infty} be distinct
rational functions, which are not identically equal to co. We define a
non-negative, smooth (1,1)-form (f, as,...,a;) by

. 1 1
) = o [ b )
outside the singular set which consists of zeros and common poles of
f—ai,..., f—a,. Weremark that x(f,ai,...,ax) extends to the whole
plane as a smooth (1,1)-form. To see this, we take a meromorphic
function A and entire functions gy, ..., g without common zeros such
that

1 1

= hgi,...,
f_al & f_ak

Then we have
K(frar, ... ap = ddlog(lg1(2)]* + ... + |gr(2)]?) + dd°log |h(2)[”

= dd*log (|1 (2)[* + ... + |gw(2)]*)
outside the zeros and poles of h, since log |(2)]? is a harmonic function.
Now the function log(|g;(2)|*+. . .+|gx(2)[?) is a C> subharmonic func-
tion. Hence dd®log(|g1(2)]* + ... 4 |gx(2)|?) is a non-negative, smooth
(1,1)-form on the whole plane, which proves our claim. For an open
set U C C, we set

" d
T(r,/i(f,al,...,ak),U)—/l (/D(t)mU/i(f,al,...,ak)) %

The derivation of Theorem 6.1 from Proposition 6.3 consists of three
steps. The first step is to derive Proposition 5.1 from Proposition 6.3.
The issue is to show that

jij (r, g,m))

is comparable with T'(r,x(f,a1,...,ax),(t)) modulo a small error,
where Q* C Q(t) C Q is defined by (5.2) (cf. Lemma 5.2). A non-
integrated version of this estimate is first proved (cf. Lemma 7.4),
where the error term depends on the length of cr(f, an, ag, a,)(9(2(t) N
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54 7. DERIVATION OF THEOREM 4.1 FROM PROPOSITION 4.3

D(t))), then we apply length-area method to show this length is rela-
tively small (cf. Lemma 7.5).

In the second step, we globalize Proposition 7.1 to show Proposi-
tion 7.7, which works on D(r) which Proposition 7.1 works on €. The
derivation is based on thick-thin decomposition of the punctured sphere
X(ay,...,aq). On the thin parts of X(a4,...,a,), which consist of an-
nuli or punctured discs with short boundaries, we may apply Proposi-
tion 7.1. On the thick parts of X(ay,...,a,), we apply Proposition 7.1
over all embedded hyperbolic discs with a fixed small hyperbolic radius
and average the resulting estimates. Summing these estimates for the
thin parts and the thick parts, we establish Proposition 7.7.

In the final step, we estimate T'(r, k(f, a1, ..., ax)) from below by

I ax 1o 1 do
o 122 [f(re), ai(re)] 2m

+ Y N(r, f,a;) — 2T(r, f)

with a small error (cf. Lemma 7.10). This and Proposition 7.7 yield
Theorem 6.1.

7.1. The first step

We derive the following proposition from Proposition 6.3.

PROPOSITION 7.1. Let f, a1, ..., a, be the same as in Proposition 6.3.

LetQ) C X(aq,...,a,) be atopological disc or an annulus with {x (aq, . .., a,)(002) <

1/(2%q). Let 0 < m < 272 be given, and let * € Q be a relatively com-
pact domain such that each connected component of Q\Q* is an annulus
of modulus greater than or equal to m. Then we have

T(r,k(f,a1,...,a00-1,") < ZW(T, fra;,Q)
(7.1) =1

273_T 1 1/4
20T () s
for all r > ~,.

To derive this proposition from Proposition 6.3, the most impor-
tant task is to compare the left-hand sides of (6.5) and (7.1). This is
contained in Lemma 7.2.

Let {Ai}le be the set of connected components of  \ Q*. Here
k=1 if Q is a topological disk and k£ = 2 if €2 is an annulus. Let p; be
the modulus of the annulus A;. Then p; > m. Let

hi i {1 < |z| <e®™i} — A
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(7.8)
(7.12)

(10.14)

FIGURE 7.1. The first step: Proposition 7.1 is de-
rived from Proposition 6.3 with the aid of Lemma 7.2.
Lemma 7.3 is not used in this point, but later in the

paper.

be a standard conformal map with h;(|z| = 1) C 9Q*. For 0 < t < m,
we set

(7.2) Q(t) = ul Jin({1 < |2 < >},
Then () is a domain with Q* € Q(t) € Q. For r > 0, we set
Q(r,t) = Q) N D(r).

Now we claim the key estimate in our derivation.

LEMMA 7.2. Let z € X(ay,...,a,) and Q* € Q be the same as in
Proposition 6.53. For each 1 <1i < q—2, we takei® € {i+1,...,q— 1}
such that
3

(7.3) 716 (@) = ai(2)] < laj(z) — ai(2)]

forallje{i+1,...,q—1}. Then we have
m |32 f —
/ or (r,.—’,mt)) —T(r,6(f, a1, ..., a,),Q(t)))| dt
0 Ji=1
1\ 3/
< 2B45T (1 + —) (logr)M/*

a; — a;
27 (r)

(7.4)

forr > 4.

This lemma is stronger than we need in our derivation, since the
assumption for * is weaker than that of 1. We shall apply Lemma 7.2
in Section 8 in this stronger form.
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The proof of Lemma 7.2 is rather lengthy. We first remark that by
the definition of i®*, we have

| er(a;(2), ai(x), a7 (x), ag (X)) = %

forall j € {i+1,...,q}. The next lemma immediately implies

|er(a;j(2), ai(2), a5 (2), aq(2))| =
forall ze Qand j e {i+1,...,q}.

LEMMA 7.3. Let Q C X(ay,...,a,) be a topological disk or an an-
nulus with (x(ay,...,a,)(0Q) < 272°. Then, for z,w € Q, we have

[er(ai(2), a;(2), ar(2), ai(2)), er(ai(w), a;(w), ap(w), a(w))] < 27%,
where i, 7,k and | are distinct elements in (1,...,q.

PROOF. Let ¢ : X — C be a map defined by

p(2) = cr(ai(2), a;(2), ak(2), a(2)),
where X = X(ay,...,a,). We remark that ¢ omits 0,1, 00, since
a;, a , ay, a; are distinct. We set Xq = X /Im(m () — m1(X)), where
X denotes the universal covering of X. Namely, Xq — X is the cov-
ering space corresponding to 7(m(2)) C m(X), where 7 : m(Q) —
m1(X) is the induced group homomorphism (cf. [28, p.71]).

Then © C Xgq. Note that Xq is an annulus when @ C X is an
essential annulus, otherwise Xg = X. We denote by ¢ : Xq — C\
{0,1, 00} the composition of the covering map Xq — X and ¢ : X —
C\ {0,1,00}. We consider two cases, whether lift b : Xq — D of ¥ to
the universal cover D — C \ {0, 1, 00} exists or not.

If the lift b : Xq — D exists, then we have dp(b(z),b(w)) < 2726,
where dp is the hyperbolic distance function on . Hence, we have

d@\{o,l,oo}(go(z)a (p(w)) < 2_267

where dg, (91, is the hyperbolic distance function on C\{0,1,00}.
By [6,p.267], we have

(75) dspherical<X7 y) < 5d@\{0,1,oo} (iC, y)

for z,y € C\ {0,1,00}, where dypherical is the spherical distance func-
tion on C with respect to the line element |dz|/(1 + |z|?). Hence, we
obtain our estimate.

We next consider the case when the lift b : Xq — ID does not exist.
In this case, X is an annulus. For each £ € (), there exists a loop
v C Xgq passing through £ such that v is homotopically non-trivial and
(x () < 27%°. We remark that

(i) the image ¥(v) does not lift to the covering D — C \ {0, 1, 00},
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(i) l=((y)) < 2722 by (7.5), where ¢z denotes the length func-
tion with respect to the spherical line element |dz|/(1 + |z]?).

Hence, we have dspnerical(1(€), {0,1,00}) < 272 for all £ € Q. Hence
©(Q) is contained in the 27?3-neighbourhood of one of 0,1 and co. We
establish our estimate. O

Next we prove the following non-integrated version of (7.4).

LEMMA 7.4. [19, Lemma 5.4] We have

q—2
1
K(f,a1,...,a4-1) — —/ cr(f,ai, a3, a,) we
/Q(r,t) ! ; T Ja(rt) v

S 210(]2 Z f@(Cl"(f, Qq, ag, a’y)<aQ(T7 t)

a,B,y

Here the summation is taken over all distinct triples («, 8,7) in the

set {1,2,...,q}.
Proof. To prove the lemma, it is enough to show

1 [ ] *
/ H(f>a17"'7aql)_/ 'Li(faai+17"'7aq1>__/ Cr(f>ai7ai7aq) W@
Q(r,t) Q(r,t) T JQ(r,t)

<219 37 te(er(f, an, ag, a,)) (021 1).

a8,y
Namely, the idea is that if

K1 — Ky — x| <gq, |Ky—Ks3—u1|<gq,

then
|K1—2ZZ'|:|K1—K2—QJ+K2—K3—QJ‘<2q

Here, we remark x(f,a,—1) = 0.
We have outside the singular set

q—1
ddlog (Z

2
) =r(f,ai,...,a0-1),

et
and
q—1 1 2
ddﬂog(Z T )m(f,am,...,aql),
Jj=t+1
and

7

dd‘log (1 +

2\ 1

> = —cr(f,a;,a], a,) we.
™

Hence denoting

YL/ —ay)P
(L+1(ap —a)/(f = a)P) (XI5 [1/(f — ay)?
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we have outside the singular set

1
dd°log G = k(f, aiy...,a0-1)—K(f,ais1,. .. ,aq,l)—; cr(f,a;, a7, a,) we.
Set
1 1
G, = =
L+ |(af —a;)/(f —ai)|* 1+ BJ/A;
and
. 1 B 1
P -l el = aP)/(If —al?) (A + B)/As
and
G 1 1
3= — = . )
L+ 300 e l(f—a)/(f—ap)]? 1+ 22 A4
Now
1 1
GyGs =
_ T A+ B)/AT T+ T A/A
(7.6) o 1 B 1
(A +B)1JAT+ > 1/A;  (Ai+B)Y.1/A;
Then
A, 1
G+ GG = !
S T B T L B S /A,
O AQC1/A)+1
(A;+B)> 1/A;
XA
(A;+B)> 1/A;
_ > 1/4; _C
(1+ BJ/A;) > 1/A,;
Since G7 <1, Gy <2, G3 < 1, we have
G < 3.
Claim[19, page 731]. If z € Q, then
1

Let z € Q) be fixed. For brevity, we denote
CR(f,4,1% q) = er(f(2), ai(2), a7 (2), ag(2))

Proof of Claim. We consider two cases.
Case 1: |CR(f,4,4%,q)| > 1. Note that G;(z) = (0, CR(f,1,1%,q))".
Thus we have G > G > %7
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Case 2. |CR(f,1,7%,q)| < 1

First,

. CR(f,i,i*,q) —14 1
|CR(f727Q7l)| CR(f,i,i',C])—l _1/4—1 3

Second,
1 1 4
C eV < = —.
|CR(f7Q7laz)| 1—CR(f,i,i.7Q) - 1—1/4 3

Hence,

1 1 J
Gs(z)

~[CR(f.inq. )P + | CR(F.q.0.m)F = (/37 + (147 17
By (5.4), we have

1
| CR(s,1,q,i%)| > Y s=i+1,...,q—1.

Thus, we have for s =i+ 1,...,¢— 1 and s # i*",
CR(f,i,i* q) — 1 _ 1145/

|CR(J#,0,9)] = ’CR(f,z’,i‘,q) —CR(s,i,i%q)| = 1/2—1/4  1/4
Hence, the sum
q—1
Y. ICR(fii%q,9)f
s=i+1,s#£i1°

contains at most ¢ terms, which are all < 5.
Hence, we obtain

Gs(2) 1 o1
z) = > '
3 1 + Zg;il+1,57éii' CR(f’ 7:.7 q, 5)|2 1 + 25q
Thus, we have
9 1 1
G > GG > — - > '
TP TIT 14250 T 2450

On combining these two cases, we obtain (¢ > 3)
1 1 1

G > min<{ — > —.

—mm{l7’2+50q} 2%

Now log G is a smooth function on 2. Hence, we have

d°G
/ ddlog G = dlog G = :
Q(r,t) oQ(r,t) oQ(r,t) G

Thus by the claim above, we have

/ dd‘log G
Q(r,t)

< 2% / 4G,
OQ(r,t)
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Hence, by (5.7), we have

1
/ (’%(fa Ay oo Jaq—1> - "i(fa Aig1y - - - 7aq—1) - CI'(f, A, Age, aq)*w(c) ‘
Q(r,t) pr

< o0 / &G,
OQ(r,t)

We will estimate |d°Gy|, |d°Gy| and |d°Gs|. In each case, we will
use the fact

|d°|z]? < 2|z]|dz]
which refers to the fact that

= ‘2 Rep ()¢ (1) < 2le(t)]l¢'(1)]

d 2
()

and the inequality
2x <2x—|—(x—1)2_ 1
(1+22)2 = (1+22)2  1+a2
First, we have
c 2|(af — ai)/(f = ai)[[((af — ai)/(f — a))'|
S [ 8 { e O

which gives

((at — a)/(f — a))]
< T (@ = a) T = a4

which yields
[ 106 < teferl it ) 020 0)
oQ(r,t)

For w € C, we have
1 2
ul? + 11— wf? > o+ (1 fuf?) > 2
since

h(z) = 3(z*+(1—2)*—(14+2%)/3) = 5x*+2—6x, K (z) = 102—6 = 0,

satisfies
3 1
hi-|]==->0
(3)-+
Let
f a; a; — z.
w = —w =
f—a’ [ —a;
so that
1
GQ_
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Now
G| < 2[ww'| + 2[(1 — w)(1 — w)'| < 2ww'| 2[(1 —w)(1 —w)|
jw]? + |1 — w|? (1+ |w[*)? (1+ 1 —wp)?
9w'| 9[(1 —w)'|
T 14w 141 —w|*
Hence,

/ |d°G1| < 9(cx(f, ai, aq, a?)(0Qr, )+ (cr(f, aq, ai, al) (02, 1)).
oQ(r,t)

Denote
1 1

G -
RS o —a)(F—a)P Lt e

Now we have

. 3 2]ay ||| ||
|d°Gs| < - )|d|_2—”|dz|.

1+ |2 1+ |oy]?
Hence
q—1
[l Y t(alfatana)@000)
8Q(T,t) ‘]:z—‘rl,j?&l.

Hence, we have

/ 4G = / d°Gh + Glad® Gy + Glyd? G|
oQ(r,t) oQ(r,t)

<9 Z ls(er(f, an, ag, ay)(0Qr, t)).
@,8,7)

(7.7)

This proves (5.6). We conclude the proof of Lemma 5.4.
Now we integrate both sides of the estimate of 7.4 to obtain

(7.8)
/
< 21042 2/ / le(er(f, ag, ag, a,)(0Q(u, t)))—dt

a,B,y

q—2

ZT( T Q(t)> —T(r k(f, a1, ... a4-1),Qt))| dt

To estimate the right-hand side, we need the following.

LEMMA 7.5. Let p(z)|dz| be a conformal metric on Q. Set

Avt = [ gl
Q(r,t)

Ur.t) = / o(2)ldz].
oQ(r,t)
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Let A, A R>1 — Ryg be functions with

A(r) > max{/er(u m)d logr}

A(r) > max {A(r),A (r + ﬁ) } .
Then we have

(7.9) /

forr >e.

R(r)"/ 4 (log )/

PROOF. Set
il <T7 t) = aQ<r7 t) N aC(T)a 72<7a7 t) = aQ(T, t) \ 71 (T’, t)?

Ur ) = / p(2)[dz], o t) = / p(2)|dz).
~1(r,t) 2 (r,t)

Using the Schwarz inequality, we have
d
Oi(r,t)? < 2777“%14(7’, t).

We define 11 € [1,r] according to three cases:
(i) if A(1,¢) > 1, then r, =1,
(ii) if A(r,t) <1, then r; =,
(iii) otherwise, we may take r; € [1,7] such that A(r,t) = 1.
Then we have

/lrfl(u t)? /r1 01 (u, t)d— _|_/T£1(u t)du
<\/_/ \/u—utfmcduu—i-\/_/ d;.
We have

dA du " qu\'Y? o d 12
= =< = il
u— (u,t) = (/1 " ) (/1 duA(u,t) du)

1/2

< (logr)"* <logr,

dA/du u,t)

< (/ %du) (/ @du)m

< (log* Ar,1))? ( /1 ' @ du) "
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Hence, we have

" du i e 7 Alu,t) 12
O (u, t)— < V2r(log™ A(r,t)) ——du + V2w logr.
1 u 1

u

Let r < R < er. Since A(r,t) is increasing, we have

d
A(rt)log—— rt/ —</ (u,t)— -

Hence, using log z < 24/x, we obtain

f d
log A(r,t) < —loglog A + log (/ Alu, t)—u)
r 1 u
(7.11) 12

f d
< —loglogE +2 </ A(u,t)—u)
r 1 u

The last term is non-negative, hence

R d 1/2
logt A(r,t) < —loglog i + 2 (/ A(u, t)—u> :
r . u

Thus, by /= +y < /& + ,/y, we obtain
T R 1/2
/ El(u,t)d—u < V2 —loglogE (/ A(u,t)d—u)
1 u r 1

u

R du\ >
+ 2/ (/ A(u, t)—) +V2rlogr.
1 u

Hence, we conclude

du 2
/ /ﬁlut—dt<— —loglog—( )
u

[(10@‘)1/4 (/1 A(um’b)%)g/4 \/:_Wlogr.

We set R =r+ 1/A(r). Since (log2)x < log(l+ z) for 0 < z < 1, we
have

R 1
— loglog? = —loglog (1 + rA—(r))

A
< log qog(;g < log(2rA(r)) < 2logr + log A(r)

< 2(A(r))1/2(10g 7")1/2 + 2A(r)1/2 < 4A(r)1/2(10g 7“)1/2'

Hence, we have

vV ?2 2/t ~
/ /Elut—dt<3 ”8+ \/ﬁA(r)3/4(logr)l/4.
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Next, using the Schwarz inequality, we have

d
62(7“, t)2 S 2@14(7‘, t)
We have

/Omég(r,t)dtgﬂ/omq/%(r,t)dt
< ﬁ(/om dt) (/Om%A(r,t}dt)l/2

< V2A(r,m)Y2

r d r d 1/2
[ Aty < iogr ([ awm ™)
1 u 1 u
we obtain
meorr du " du\ /2
lo(r,t)— dt < V/2+/logr A(u, m)—
0 1 u 1 u
< VBR(r)¥/4(log ).
Since 3v/27424/pi < 3v/9+2v4 = 13 < 2%, we obtain our estimate. [J

Since

Applying Lemma 7.5 to the case A(r) = 27T (r) and A(r) = 27T (r+
1/2T(r)) for r > 4, we obtain

COROLLARY 7.6. Forr > 74, we have
(7.12)

/Om /1 Ce(er(f, ai, az, ar) (0Q(u, 1)) < 2°T <7“ + %@))3/4 (log r)"/*.

Now we obtain (5.3) by substituting (7.12) to (7.8). Thus, we have
proved Lemma 5.2.

Derivation of Proposition 7.1 from Proposition 6.3 Let Q* € Q C
X(ay,...,a,) be the same as in Proposition 7.1. We take a point z € )
and choose ¢ for each 1 < ¢ < ¢ — 2 as in Proposition 6.3. The
estimate (7.4) implies for r > 74

q—2 ,
T(r,6(f,a1,...,64-1),") < ZT (r, %, Q(m/Q))
i=1 i

)

dq® 1\
72 T 1/4
for r > ~4. This proves Proposition 7.1. U

Leonstants: 22(27)3/4 < 4.2.22 =2°



7.2. THE SECOND STEP 65

(Cor 7.9HLem 7.8}

Prop 7.1
(722)

(Prop 7.7, (7.13)

FIGURE 7.2. The second step: Proof of Proposition 7.7.

7.2. The second step

In Proposition 7.1, we treat a local value distribution of f over a
topological disk or an annulus whose boundary is short. In this step,
we consider global value distribution. We shall derive the following
proposition from Proposition 7.1.

PROPOSITION 7.7. Let f, a1, ..., a4 be the same as in Proposition 6.3.
Given € > 0, we have

(1—=e)T(r,k(f,a1,...,a,))

(7.13) CE d? ¢
<> N(r, f,a) +21537T T+
=1

3/4
ogr)H/4
) (e

for all r > ~4.

To derive this proposition from Proposition 7.1, we use thick-thin
decomposition of the punctured sphere X = X (ay,...,aq) (cf. [7,The-
orem 4.4.6]): For § < arcsinh(1)/2, let Ay,..., Ax be the connected
components of X_s, where X_s5 denotes the subset of X with hyper-
bolic injectivity radius less than §. Here the hyperbolic injectivity ra-
dius at a point x € X is the radius of the largest embedded hyperbolic
ball centred at X. Then each A; is either a horoball neighbourhood
of a cusp or a collar neighbourhood of a closed geodesic of length less
than 20. The number k satisfies the bound k < 2p — 3, where p is the
number of the punctures of X. Since p < dg?, we have

(7.14) k< 2dq°.
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LEMMA 7.8. Let § < 411 and let A be a connected component of X 5.
Let C be a boundary circle of A. Then

(7.15) x(C) < 46.

PrROOF. Let w : X¢ — X be the covering space corresponding to
(C') € m(X). Then X¢ is an annulus or a punctured disk. We identify
Xe with A(R) = {z;1 < |2| < R} and A with

(o< )
zys < |z| < — ¢,
s

where 1 < s < vR. When A is a cusp neighbourhood, then R = cc.
The hyperbolic metric on A(R) is given by
7w/log R |dz|
2sin(mlog|z|/log R) |z|
We note that this metric converges to the hyperbolic metric of the
punctured disc as R — oo:

7/log R |dz| mlog|z|/log R |dz| |dz|

2sin(mlog|z|/log R) |z| - 2sin(mlog |z]/ log R) |z| log |#| - 2|z| log | 2|

as R — oo, since lim, ,¢sin(z)/z = 1. For 1 < r < R, we denote by
C, the circle |z| = r in A(R) and by n(r) the hyperbolic length of C,.
Then we have

w/log R
sin(rlogr/log R)

We may take s < t < v/R such that n(t) = 26. We claim that

n(r)=m

t
(7.16) log - < 7.
s

To show this, we take a point a € (s and a closed essential loop
gamma C A(R) passing through a such that the hyperbolic length
satisfies £(y) = 26. If v and C; do not intersect, then ¢() > 26, which
is a contradiction. Hence, v and C} intersect. This shows

dist(C,, Cy) < 6,

where dist(Cy, Cy) is the hyperbolic distance of Cs and C;. On the
other hand, we have

| L (' 7/lgR  da
dist(Cs, Cy) = 5/5 sin(rlogz/log R) =
1 t dx
-3/ n(z)—

1 t
> —1(t)log —.
5, 1(t) log
This shows (7.16).
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Now by (7.16), we have
(7.17)

1 1 1 1 2
ain [T ogt < sin mlogs) 7 og(t/s) < sin mlogt LT
log R log R log R log R log R

since

sin(x +y) = sin(z) cos(y) +sin(y) cos(z) < sin(X)+sin(y) < sin(z)+y
<

for 2,y € R. Since 7(t) < 3, we have

72 <1s' mlogt
log R 9 o logR )’

Thus,

Hence, we obtain

g

For x € X, we denote by p(x) the hyperbolic injectivity radius at
X.

COROLLARY 7.9. Let § and A be the same as in Lemma 5.8. For
)< < %, let A" be the connected component of X o5 such that A C A’.

Let B be a connected component of A'—A. Then B is an annulus whose
modulus p satisfies

)
45
PROOF. Let @ : A(R) — X be the covering as in the proof of

Lemma 7.8. We identify A with {z;s < |2| < R/s}, where 1 < s < V/R.
Then A’ corresponds to

{z; e7?™s < |z| < ¥™R/s}.

(7.18) >

We may assume without loss of generality that B corresponds to
{z; e7?™s < |2] < ™5}

Then using the notation in the proof of Lemma 7.8, we have

1[5 log R d
dist(C 72, C,) = ~ / /1o &
2 Je—2mng sin(mlogz/log R) x
I dx
= or | —2mn X)—
T Je2mhg x

<mn (67271'“8) :
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By Lemma 7.8, we have 7 (e ?™s) < 40’. Hence, we have
. dist(Ce-2mus, Cs)
49’ '
On the other hand, we obviously have |p(z) — p(2')| < dist(x,2’)
for all z, 2’ € X. Hence, we have
(719) diSt(aX<5, 8X<5/) > 5 — 0.
Hence, we obtain (7.18). O

For § > 0 and &' > §, we set
Xs 5=1{r € X; p(X) > o}, X[5 5/>:{x€X;5§p(I)<5’}.

Derivation of Proposition 7.7 from Proposition 7.1 It is enough to
consider the case ¢ < 1, for otherwise the estimate (7.13) is obvious.

We take a large integer L such that
5 8

(7.20) -<L<-.
S £

Set o = 1/(2%¢q). Since
Xo+j(o/L),0+ (j+ 1)(o/L)) I = 0L L=

are disjoint, we have

L-1 q

> (T(r, £ Xo 4 j(o/L),0 + (j + 1)(o/L)) T D NG T, @ X o+ j(o/L),0+ (j+1)(0/L

7=0 t=1
q —
T(T, K) + Z N(T’ f7 at)'
t=1

Here k = k(f, a1, ...,a,-1). We choose 0 < j < L — 1 which minimizes

T0.5 Xl 1 jo/L), 0+ (G + D)(o/D) T2 N 00 X 4 io/L),0 + (G +1)(0/L))

=1
and set 7 =0+ j(o/L), 7" =0+ (j +1)(c/L). Then we have

T(r, IQ,X[T77_/)) + ZN(T, s ClnX[T’T/))

t=1

% (T(r, K) + ZN(T, fs at)> :

In the following, we shall prove the following two estimates for r > 7,:

(7.21)

q
T(Tu R7X< T < ZN<T7fuatuX< 7—/)
(7.22) =1

3/4
+ 280d2 11L2T 1 / 1 1/4
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and

(7.23)

3
(1—Z)TT/£X /<ZN , fraq)

3/4
2141d2 13L4T 1 / 1 1/4
+ q r+ o) (logr)

for > ~4. Hence by 1 —5/L < (1 —4/L)(1 + 1/L) and (7.20), we
obtain (7.13).
Now it remains to prove (7.22) and (7.23). We first prove (7.22).
Let Aq,..., A be the connected components of X~ . Then each
A; is either a horoball neighbourhood of a cusp or a collar neighbour-
hood of a geodesic of length less than 27. Let A. be the connected
component of X <7 such that A; C A]. Let p be the modulus of a

connected component of A} — A;. Then by (7.18), we have

-7 - 1
47’ 8L’

=

We first assume that A; is a collar neighbourhood of a geodesic.
By (7.15), we may apply Proposition 7.1 for Q@ = A, and Q* = A, to
obtain

T(T, K, Az) < N(’I", f7 Qj, A’/L)

3/4
279d 9L2T 1 / 1 1/4
+2%dq T+ o) (logr)

If A; is a horoball neighbourhood of a cusp, this estimate is still true
by a limiting argument; First we take a small constant 0 < § < 7, and
remove A;NX_ 5 from A; to obtain an annulus B;. Next, we remove a
small horoball neighbourhood from A’ to obtain an annulus B, so that
B; is relatively compact in B} and two connected components of B/ — B;
are annuli of the same modulus pu. Then we apply Proposition 7.1 for
Q= B, O = B; and finally let § — 0.

Thus, by (7.14), we obtain (7.22).

Next we prove (7.23). For z € X, we denote by D(z) the hyper-
bolic 1/(2%¢L)-ball centered at z. Then, for z € X~ -, D(z) is an
embedded ball. Let D*(x) € D(z) be the hyperbolic ball centred at z
such that the modulus of the annulus D(z) \ D*(x) is equal to 1/(8L).
For x € X~ ., the hyperbolic areas of D(x) and D*(z) are constants
independent of . We denote these constants by

a = Any(D(2)), o = Anyp(D*(2)).
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For z € X~ ., we apply Proposition 7.1 for Q = D(z) and Q* = D*(x)
to obtain

T(r,k,D*(x)) < ZN(T, frai, D(x))
(7.24) =

3/4
279d 9L2T 1 / 1 1/4
+ q r+ _T(r) (logr)

for r > 4. We set
- 1
QSOqL’

We integrate both sides of (7.24) over Y with respect to the hyperbolic
area of X. Then by (6.3), we obtain

/YT(T‘, K, D*(y))dAnyp(y)

(7.25) Y = {z € X dist(z, X, T,}

(7.26) < /Y ZW(T, > ai, D(y)) Anyp (y)

80 72 1172 L\ 1/4
+2%d°q LT 7’+m (logr)™/*.

We note that D*(z) is contained in Y for z € Xy . Hence, for
x € X _s, we have N

dAhyp :Ahyp D*(z)) = o.
[{yEY;MD*(yH (4) = Aup(D*(2))

We set k = k(X )dxAdz. Then k(z) is a non-negative, smooth function.
By Fubini’s theorem, we have

(7.27)
/Y T(r, 5, D* () dAuyp(y)

/Y /1T /D*(y) N D(t) A df%dAhyp(y)

T i
) /1 /ff € D(1) </{y €Y;zeD(y)} dAhyp(y)) e e

=a"T(r, K, X< -

Next, by (7.19), D(z) is contained in X~ . for x € Y. Hence, for
x € X< 7, we have N

d Ay (y) = 0.
/{y cY;zeD(y)} v
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Hence, by Fubini’s theorem, we have

[ 3N F DA )

- /y /1 /D(y) ncE) dy%dAh”’(y)
dt

- /1 /xeca) [{y €Y;x e D(y)} M) vy

< QZN(T, fs ai,Xz -
i=1

(7.28)

Here, v is a measure such that
q
v(A) =) #{z€A; f(2) = ai(2)}.
i=1
Hence, by (7.26)-(7.28), we obtain

q
T (r, K, X< o < aZN(r, fra, X>
- i=1 N

80 72 1172 LM 1/4
+2%d%q LT r+m (logr)™/*.

Now to conclude the proof of (7.23), what we need to prove is as

follows:
1 . 3
“ e *=\ITL)”

The first estimate follows from the fact that the area of the hyper-
bolic r-ball is greater than 772, For the second estimate, we note that
Abyp-p(D(r)) = mr?/(1 —r?) for 0 < r < 1. Hence, for 0 < r < %, we
have
_ me=2/Ly2
Anyp-n(D(e l/LT)) T e2Lp2

- 1—r?

= e_S/LAhyp—D(D(T))-
Thus, we have Ay, p(D(e™VEr) > (1 —3/L) Apyp_n(D(r)) for 0 < r <

%. This shows the second estimate.

7.3. The final step

We derive Theorem 6.1 from Proposition 7.7. We need the following
lemma:
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[holomorphic Curve}

F1GURE 7.3. The final step: deriving Theorem 6.1 from
Proposition 7.7.

LEMMA 7.10. Let ay,...,a, € Rq be distinct with ay =0 and a, =
oo. Then we have

u 1 4 &
720 Jo B e areman 2 N =20 8)

<T(r,k(f,ai,...,a,1)) +dg*logr + q(Cra+1).

Here, we recall the constant C'y4 from (2.3).

Proposition 7.7 and Lemma 7.10 imply Theorem 6.1. We take a
positive constant 7/, > 74 such that the following two estimates are
valid for all r > ~/:

dlogr + Cpq+1 < T(r)¥*(logr)/*

7.30
( ) 2180d2T(T)3/4(10g r)1/4 < T(r)4/5(log r)1/5.

We set

E:{r>1;T(r+Tgr)> >2T(r)}.

Then by Borel’s growth lemma, Lemma 2.1, E has finite linear measure.

We set
Erg={r;0<r<~}UE.

We note that Ey 4 only depends on f and d.
By Lemma 2.1 and (7.30), we have

m(r, f,a;) + N(r, f,a;)

(7.31) < T(r, f) + T(r)**(ogr)'/* < 2T(r, f)

for r > 7. Thus, the estimate of Theorem 6.1 is obvious if € > 2¢ or
q < 2. In the following, we assume that e < 2¢q and ¢ > 3.
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We first consider the special case that a; = 0 and a, = co. By (7.29)
and (7.30), we have

2 1 do q
1 . —— — N N — 9T
o 1550 S [f(re®), ay(re) 27 2 N fay) (r.f)

j=1

d2a'7 1 3/4
+ gr628 4 (T + —) (log r)1/4
r

for r > ~/. Here, we remark that 1/(1—¢/4q) < (1+¢/2q) < 2. Hence,
by (7.31), we have

o 1 1 L Xq:N (r, f,a;)
max : - R T a;
0 1§]a§q 8 [f(rele)a a]'<7n619)] 27 j=1 n
17
< (24T f) + q T(T)4/5(logr‘)1/5

2174

for all r > 0 outside Ej 4.

For the general case, we add two constant functions 0 and oo to the
set {a1,...,a,}, if necessary, to reduce to the special case above. Note
that in this reduction, the number ¢ is at most replaced by ¢+ 2, which
is smaller than 2q.

Proof of Lemma 7.10
We need some estimates involving chordal distance.
Claim. For w,aq,...,a; € C, we set

A( ) 1l ] Zk lwl|? ) 1 | 1
P O 2 — |lw — a;|? [w, 0] [w, 00]

Then we have:

A(U), ay, 7ak)
(7.32) k 1 1

< log —— + log + log + K,

; [ ) l] [w7 0] [w7 OO]
and
| ! +1 L +1 ! +1 L
m - -

(733 V%] B ] B w,0] T w, o)

SA(U},CLl,...,ak)‘i_Q
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PROOF. We first prove (7.32). We have

Aw,aq, ... ax)
1 |lwl|? 1 1 log k
< —1 1+ —— 1 1
—f?%{z Og( * ]w—ai|2>}+ %00 T % w00 T 2
1 log 2 1 1 log k
< log —— + —— log —— +1
_g?gﬁ{()g[w,ai]—i_ 2 }+Og[w,0]+0g[w,oo]+ 2

1 1 1 log 2k
< 1 1 1 .
< e ¥ e

Since log 2k < 2k, we obtain (7.32).
To prove (7.33), we first show that

(7.34)

1 1 w)? 1 1

[w, a]
for all w,a € C. Indeed since |w| > |a|/2 or |w — a| > |a|/2, we have
1
= af? + fuwf? > FlaP

Hence, if |a| > 1, we have

lw — al? + |w|? 1 |al|? 1
1+ > > -
1+ |al? |w|? 414 |al?) — 8

If |a| < 1, we have

lw — al? + |w|? 1 lwl|? 1 1
1 > 1 > —
< 1+ [af? Tr) = 2 U ) 22

Thus, we obtain

lw —a|* + |w|? 1 1 1
1+— | >=>—.
< T+ [a? Tp) =87 e

By this estimate, we have

1 14 |wl?)(1 + |al?
g L tog L1t

|w]? 2 1+ |af?
1+ — log(1 |
+ w—af? +log(1 + |w|?) + log =P & Jap?

w?

1
tia|2> +log(1 + |w]?) + log <1 + —) +4

|w]?

+ 21 1 + 21 ! +4
_ 0g ——— 0g —— )
al? & [w, 0o & [w, 0]
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Now by (7.34), we have

og < log (16 Y e b e b 4o

og ———— — 10 _— (0] O

Slwna] — 280 T w—al) T B w0 T " [w, o)
Aw,aq,...,ax) + 2.

This proves (7.33). O

(2

Now we prove Lemma 7.10. Define a holomorphic curve F' : C —

P4=2 by
1 1
R = [ e

Using the notation from (3.9), we have
T(r,k(f,a1,...,a4-1) =T(r, F).
Thus, by (3.11), we have
(7.35) T(r,k(f,a1,...,a9-1) = N(r, F,H) +m(r, F,H) —m(1, F, H).

We shall estimate the right-hand side of (7.35). By the definition of
the Weil function Ay, see (3.10), we have

Ao F(z) =A(f(2),a2(2),...,a,-1(2))

T O S
STEL0 T P G) 00

Thus, we have

m(r, F, H) = /%A(f(rew), &g(reie), . ,aq,l(rew))ﬁ
0

27
—m(r, f,0) —m(r, f,00).
Hence, by (7.32), we have

(7.36) m(1,F,H) <(q—2)Cfa+q—2.
By (7.33), we have
(7.37)
o 1 do
i g?éf;log e, a(re®)] 2n <m(r,F,H)+ m(r, f,0) + m(r, f,00) + 2.
By (7.35)-(7.37), we obtain
o 1 df
gy IS S [, e e

—m(r,f,O) —m(r,f,oo)
<T(r,6(f,a1,...,a40-1) + (¢ —2)Cra+q.

Next we claim
—1

(7.39) N(r, f,a;) < N(r,F, H) + dq*logr.

£

@
[|
N
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To show this, we take reduced representations f = g/h and a; = b;/¢;,
where b; and ¢; are polynomials of degree less than or equal to d. Since

C1 Cqg—1
F | [
(2) [clg —bih Cq-19 — bq_lh} ’

we have

(7.40)
C1 C;g — blh dt
N(r,F, H) / Z 2<I1}g}>§1{0,ordzclg_blh ¢ }?'

Hence, we have

(7.41)
Gig —
N(r,F,H) / 2221%X1{0,0rd C1g—b1 } ZNTCw
zeC(t
Since
min {ord,(c;g — b;h),ord.(c;g — bjh)} < ord,(bic; — bjc;),

we have
q—1
Zord (cig — bih) < [ Jpax {ord,(c;g — b;h)} + Z ord, (bc; — bjc;)
=2 2<i<i<q—1

< {o dcig_bih}+ 3 orda(bics — bye)

S Imax ,Ordy——— ora;\v;¢; — 0;¢;).

c1g — bih 1<i<j<q—1

Combined with (7.41), we obtain
g—1 qg—1
ZNrfa,)<N7“FH Z N(r,bicj—b;c;, 0)+ ZN(T,CZ',O).
=2 1<i<j<qg—1 =2

This shows (7.39).
Now by (7.38) and (7.39) and

m(r, f,0) + N(r, f,0) + m(r, f,00) + N(r, f,00) < 2T(r, f) + 2C} 4,
we obtain (7.29). O



CHAPTER 8

Holomorphic motion and quasiconformal
perturbation

We begin the proof of Proposition 6.3. Our goal of this section is to
perturb f quasiconformally and construct a quasimeromorphic function
g over €} which has appropriate properties to show Proposition 6.3. Our
main tool is holomorphic motion, which we introduce below.

A holomorphic motion of a set A C C over a connected complex
manifold with base point (Y,%) is a mapping ¢ : Y x A — C, given by
(A, 2) = ¢a(z) = P(A, 2), such that

(1) For each fixed z € A, ¢,(z) is a holomorphic function of A,

(2) For each fixed A € Y, ¢,(z) is an injective function of z,

(3) The injection is the identity at the base point, that is, ¢,(z) =
z.

Prop 8.3(1) Lem 8.7 }—Lem 8.8

Prop 8.3(2) page 751
Lem 8.12

Lem 8.13 }—{ Lem 8.15

FiGurE 8.1. Structure of Chapter 8.

"
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ExaMPLE 8.1. (i) Let (Y,y) = (H, i), A =D and
A—i_
At+i
Then (A, z) — ¢ is a holomorphic motion of D over (H, ). We check
the conditions:
(1) For a fixed z € D, ¢5(2) is analytic in .
(2) For a fixed A € H, ¢,(z) is injective in z. Namely, if z,w € D
and z # w, then ¢,(z) = ¢,(w) implies
Z—w A—1
Z—w  A+i

dr(z) =2+

This is impossible since
A—1
A+

1=

Y

z—w‘

zZ—w
since for A € H the point 7 is more near than —i.
(3) We have ¢;(z) = z.

A fundamental result is that if ¢ is a holomorphic motion of the
whole sphere C, then for each fixed A € Y, ¢5(2) is a quasiconformal
map of z.

Given a Riemann sphere with finitely many punctures S with #(C\
S) > 3, we call a Beltrami coefficient g on S harmonic if

n(z) = 2

0s(2)
where 1)(2)dz? is a holomorphic quadratic differential on S and gg(2)|dz|
is the Poincaré line element! in S.

For 1(z)dz* to be a holomorphic quadratic differential, 1) just needs
to be an analytic function. The Poincaré line element cannot usually
be expressed explicitely.

The modulus of an annulus

Az, R) ={2€C;r <|z— 2| <R}

is the number log R/r. The modulus is preserved in conformal maps.
For example exp maps the rectangle

B={:=2+4+iyecC;0<z<r 0<y<2n}

IRecall the line elements from the exercises:

o |dz] ~ |dz] I |dz] g |dz|m/(2X)
=22 " 2Im(z)’ " 2cos(Im(z))’ " sin(r Im(z)/A)’
and
|dz|7/(2|z]log R) |dz| |dz|
A(0,1,R) : C\D: ———, D\{0}; ———
(0.1, R) sin(rlog |z|/log R)’ \ 2|z|log ||’ \ {0} 2|Z|10gﬁ
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(A) Not e-thick. (B) Is e-thick.

FIGURE 8.2. (A) The domain contains an essential an-
nulus. The separated components contain at least two
points. (B) The annulus is too thin.

to the annulus A = A(0,1,e¢"). We have Mod(B) = Mod(A) =
log(e"/1) =r.

DEFINITION 8.2 (e-thick). Let 0 < ¢ < 1. A g-pointed sphere
(C,by,...,b — q) is called e-thick if there is no annulus A C C\
{b1,...,b;} with Mod(A) > —(1/27)loge such that each connected
component of C\ A contains at least two elements of the set {b;, ..., b,}.

The annulus mentioned in 8.2 is called an essential annulus.

Let ai,...,ay € Rq, where d > 1 and ¢ > 3, be distinct with
a, = oo and let z € X(aq,...,a,). Over X(ay,...,aq,), we consider
{a1(N), ..., aq(N)} as a holomorphic motion ¢ of g-points {a; (), ..., a,(x)} C
C. Namely the map

¢ X(ar,...,a9) X {ar1(x),...,a4(x)} = C
is defined by
p(A ai(x)) = ai(A).
If g is quasimeromorphic, then its Beltrami coefficient is

5
po(z) = & ==
g % g-

PROPOSITION 8.3. Let f and x € Q C X(ay,...,a,) be the same
as in Proposition 6.3. Assume that (C,ay(x),. .., a,(z)) is 1/220-thick.

(1) There exists a holomorphic motion ¢ : Q x C — C which agrees
with ¢ on their common domain of definition, such that for each A €
the Beltrami coefficient 1(¢y) is harmonic on C \ {ay(z), ..., a,(z)}
and satisfies ||(x)]|oe < 1/50.

(2) We define a map g : Q — C by

~

(8.1) ¢(A, g(A) = f(A).

Then g is quasimeromorphic with
1

<

and real-analytic on the inverse image of C\ {a1(x), ..., a,(x)}.

|QZ|
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(3) Let Q* € Q be the same as in Proposition 6.3. We recall the
notation U(t) from (7.2). We have

L lrCazame) (o)

1\
< 22%d¢*T (1 + —2T(7“)) (log 7")1/4,

for r > 74, where i and j are distinct elements in {1,...,q— 1}.

The role of the motion (/5 in the proof of Proposition 6.3 is to convert
the rational targets as,...,a, into constants a;(z),...,a,(z), at the
price of replacing f by a quasimeromorphic function g. Indeed the two
equations f(z) = a;(z) and g(z) = a;(x) are equivalent over 2 as the
definition (8.1) shows. Thus

(8.2) n(g,a;(z), Qr,t)) = n(f, a;, Qr, 1)),

where we recall Q(r,t) = Q(t) N C(r). Proposition 8.3(3) claims that
the order functions of f and g are close. In the next section, we apply
Ahlfors’ theory to the quasimeromorphic function g with the constant
targets ai(z), ..., a,(z). The conclusion is Proposition [7.2], which is a
main result of Sections 8 and 9.

We remark that Proposition 8.3 is trivial if ¢ = 3. Indeed the
desired motion is given by a holomorphic map 45 : Q1 x C — C defined
by

~

CI“(QS()\, Z)a al(A)a a’2()‘)7 a3<>‘)) = CI‘(g(Z), al(z)a CI,Q(JT), ag(l’)).

Thus the left-hand side of the estimate of Proposition 8.3(3) is equal
to 0. Hence to prove Proposition 8.3, it is enough to consider the case
q =>4

Teichmiiller space. We review some facts from Teichmiiller theory
which is needed in the proof of Proposition 8.3. For details of the
theory, we refer the reader to [1, 7, 8, 11]. Let S be a g-punctured
sphere, where ¢ > 4. The Teichmiiller space T'(S) of S is the set of
Teichmiiller classes [¢] of quasiconformal mappings

0:8— ¢(S)cC,

where, by definition, two such quasiconformal maps ¢ and ¢’ belong
to the same Teichmiiller class if and only if there exists a conformal
map h : ¢(S) — ¢(S) such that the self mapping (¢’')~! o ho ¢ of
S is isotopic to the identity modulo the punctures C \ S. Let S* be
the complex conjugate of S. Let Q(S*) be the space of holomorphic
quadratic differentials on S* with at worst simple poles at the punctures
of S*. We have the Bers embedding 8 : T'(S) — Q(S*), which preserves
the base points, that is, 5([ids]) = 0. For each 1) € Q(*), we define a
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harmonic Beltrami differential p[i] on S by

1 4(2)
Z2)=—2 :
where pg(2)|dz| is the Poincaré line element in S. We consider Q(S*)
as a Banach space with a Nehari norm

lelooszlellS?IMM(Z)I-

For 6 > 0, we set

B(0) = {¢ € Q(S"); [[¢llse <3}

A fundamental result about the Bers embedding 2 is

(8.3) B(1) C p(T(S)) C B(3).
For the Carathéodory distance cg(s) on B(3), we have (cf. [10])
(8.4) cs3)(0,y) = da(0, [|yllse/3)-

To see this, we remark that for each z € S, the map y — uly|(2) is
holomorphic. This gives a holomorphic map u[-](z) : B(3) — A(3).
Hence by the definition of the Carathéodory distance, we have

cs(3)(0,y) > sup da(0, ulyl(2)/3) = da(0, [|ylloc/3).

On the other hand, there is a holomorphic map A — B(3) defined by
t — (3/]|ylloo)ty. Thus, by the distance decreasing property, we have

da(0, |yllse/3) = cB(3)(0,y).
Thus, we obtain (8.4).
Universal holomorphic motion. Let E = {by,...,b3,0,1,00} Cc C
be a set of distinct g-points in the Riemann sphere. Every t € T(C\ E)
is a Teichmiiller class [¢] of a quasiconformal mapping ¢ of C \ E
into C. Replacing ¢ by a composition h o ¢ with a suitable Mdbius
transformation h, we may assume without loss of generality that ¢ is
normalized in the sense that ¢ fixes 0,1 and oo.
The universal holomorphic motion ® : T(C \ E) x E — C over

<T(@\ E), [id@\ED is defined by

O([p, €]) = p(e),
2In the case S = I, we would have

2|ul](2)] = [¥(2)|(1 — [2*)%.
Recall that f : D — D such that f'(z) # 0 is univalent if f(z) = f(w) implies z = w
for z,w € D. Kraus-Nehari theorem says that if

sup [Sy(2)[(1 - [2*)* < 2N
zeD

holds for N = 1, then f is univalent, and if f is univalent, then the condition holds
for N = 3. These constants 1 and 3 are the same in this context.
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where ¢ is a normalized quasiconformal map. The universal holomor-
phic motion is well defined. Indeed if ¢ and ¢’ are two normalized
quasiconformal maps which belong to the same Teichmiiller class, then
there exists a conformal map h of ¢(C \ E) into ¢/(C\ E) such that
(@)t o hoy is isotopic to the identity modulo E. The map h is the
identity, for A must be a Mobius transform which fixes 0,1 and oc.
Thus, we conclude (¢')|r = ¢|g, which means that the map & is well-
defined. Note that the universal holomorphic motion is normalized in
the sense that 0,1,00 € E are the fixed points of the map ®(¢,-) for
every t € T(C\ E).

We extend the universal holomorphic motion ® to a holomorphic
motion ® : B(1) x C — T of whole sphere over (B(1),0). Here, we
identify T'(C\ E) with its image #(T(C\ E)) under the Bers embedding
and consider B(1) C T(C\ E). The motion is defined by

(L, 2) = w'l(z)

for t € B(1), where w*! is the normalized quasiconformal mapping
whose Beltrami coefficient is u[t]. By the Ahlfors-Weill theorem, we
have [w"l] = ¢, hence d(t,e) = B(t,e) for all (t,e) € B(1) x E. Since
p[t] depends holomorphically on ¢, the map ¢ + w*{)(z) is holomorphic
for each fixed z € C. Thus,  is a holomorphic motion of the whole
sphere.

We remark that the map t — pu[t](z) is holomorphic for each z and
the map (¢, z) — pu[t](2) is real analytic on B(1) x (C\ E). Hence, by
the following lemma, the map & : B(1) x C — C is real analytic on
B(1) x (C\ E).

LEMMA 8.4. Let M be a complex manifold. Let v(z) = v(t,z) be a
complez valued function on M x C with |v(t,z)| < 1 such that

(1) foreacht € M, v, is a measurable function on C and esssup,.¢ [1(2)] <

L,

(2) for each z, the mapping M — A given by t — v(t, z) is holo-
morphic,

(3) there exists a domain D C C such that v is real analytic on
M x D.

Then the normalized quasiconformal map w"(z) is real analytic on
M x D.

PrROOF. We first construct a local solution W (t, z) = W;(z) of

(8.5) %W(t, z) = v(t, z)%W(t, z)



8. HOLOMORPHIC MOTION AND QUASICONFORMAL PERTURBATION 83

on a neighbourhood of (¢y, z9) € M x D which is injective in z, holo-
morphic in ¢ and real analytic in (¢, z). This is achieved by the Cauchy-
Kowalevski theorem. We write as

V(tz) = Cai(t —to)*(z — 20)' (2 — %),

a7l7j

where « is multi-index. We set

v(t,(,§) = Z Caij(t = 10) (¢ = 20)'(€ — 20)’.
a,i,]
Then n(t, ¢, ) is analytic on a neighbourhood of (%, 29, 20 € M xCx C.
We consider the following differential equation with initial data:

6)  Zutce =, a&)%U(t,c,& Ut = C.

73
By the Cauchy-Kowalevski theorem, this equation has unique analytic
solution U(t, (, ) on a neighbourhood of U(ty, zo, Zp). The initial data
give
0
—U(t,(, %) = 1.
ag ( aCa ZO)

We set W(t,z) = U(t,z,z). Then W(t, z) is real analytic on a neigh-
bourhood of (g, zo), and holomorphic in ¢t. We note that

0 0 0 0

Hence, by (8.6), we conclude that W (t, z) is a local solution of (8.5).
Also, by (8.7), we obtain ZW (t,z) = 1. This shows that W(t, z) is
injective in z on a possibly smaller neighbourhood of (¢g, zg). Thus, we
have constructed the desired local solution W (t, z) of (8.5).

Next, we set h(t, z) = hy(z) = w”* oW, *(2). Then h is holomorphic
in z, since w”* and W; have the same complex dilatation. We claim
that h is holomorphic in t (cf. [18,p. 242]). To show this, we take
a small constant ¢ > 0 such that W;(z) is defined on the closed disc
{z; |z — 20| < 0}. Let Iy be the image under W; of the circle z =
29 + o€, where 0 < 6 < 27. Then I is a smooth Jordan curve, for
W, is real analytic. We note that, by the initial condition in (8.6),
W(t,zp) = zo. Hence z lies in the domain interior to I';. We apply
Cauchy’s formula to the holomorphic function h;(z). Then if z is close
enough to 2y, we have

e = o [ 28

(8.7)

271 (—=z
_ L T hy o Wiz + 0€) OWi(zo + 0(e")) do
2mi Sy Wilzo + o(ei?)) — 2 00

L w20+ 0e®) W20 + 0(e?))
27 Sy Wilzo + o(e®?)) — z 06

de.
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Since the functions w”t (2o + o(e?)), Wi(20+0(e?)), OW, (20 + 0(e?)) /dO
are holomorphic in ¢ and continuous in (¢, #), we conclude that the map
t +— hy(z) is holomorphic. Hence by Hartogs’ theorem, h is holomorphic
in (t,z). Hence w”*(z) is real analytic on M x D. O

THEOREM 8.5 (Hartogs). Let F': C* — C be analytic in each vari-
able zj, for 5 =1,...,n, when other variables are constant. Then:
(i) F is continuous;
(ii) F is analytic in n-variable sense: each x € C™ has an open neigh-

bourhood U such that
F(z)=> " > alky,....kn)(z— 2) - (2, — 2),

m=1ki+-+kn<m

forzeU.

8.0.1. Proof of Proposition 8.3(1). We prove a more general
statement.

LEMMA 8.6. Let Q be a neighbourhood of x € X(ay,...,a,). As-
sume that one of the following conditions s true:

(1) Q2 is a topological disk with {x(as, ..., aqs)(0Q) < 1/75, or

.....

18 e-thick, where 0 < e < 1.

Then there exists a holomorphic motion $ : Q x C — C which agrees
with ¢ on their common domain of definition, such that for each A € €2
the Beltrami coefficient u(¢y) is harmonic on C \ {ay(x),. .., az(z)}
and satisfies ||(x)||oe < 1/50.

We follow the proof of Bers-Royden’s 3-extension theorem cf. [4].
To normalize the motion ¢, we set a;(2) = cr(a;(2), ag—2(2), ag—1(2), ay(2))
fori = 1,...,q. Then oy = 0, ay-1 = 1 and o, = o0. Set
E ={o(x),...,04-3,0,1,00}. We denote by ¢ the holomorphic mo-
tion

{a1(2),...,04-3,0,1, 00}

of E over (X,z), where we write X = X(aq,...,q,) to simplify the
notation.

We denote by M, , the complex manifold of ordered (g — 3)-tuples
of distinct complex numbers (cq, .. ., ¢,—3) none of which equals 0 or 1.

Using the universal holomorphic motion ®, we may define a holomor-
phic map p: T(C\ E) — M,, by

t—= (O(t, a1(x)), ..., P(t, ag—3(x))).

The map p is a universal covering map [4,p. 268]. We consider the
motion ¢ as a holomorphic map ¢ : X — M, , defined by

(8.8) p(2) = (a1(2),...,04-3(2)).
The key lemma to prove Lemma 8.6 is as follows:
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LEMMA 8.7. Assume that §) satisfies the assumption of Lemma 8.0.
Then there exists a lifting @ : Q@ — T(C\E) of ¢ over Q which preserves
the base points @(x) = [id]. Moreover, we have @(€2) C B(1/50).

If we assume this lemma, we may prove Lemma 8.6 as follows. We
first remark that over €2, the motion ¢ is the pull-back of the universal
motion ® by @. Namely for (A e) € Q x E, we have

p(Ae) = ©(p(A), e).
We define a holomorphic motion ¢ :  x C — C of the whole sphere
by
(8.9) (0 2) = DB, 2)
for (A, z) € Q xC. Then ¢ is an extension of ¢. The Beltrami coefficient
satisfies (¢py) = p[p(N)] for each A € Q. Hence, by ¢(Q2) C B(1/50),
we obtain [|u(@x)[« < 1/50 for each A € €.

Now the holomorphic motion ¢ : Q x C — C defined by
(8.10)

Cr(a)(/\v z)? aq—Q(/\)7 aq—l(/\)7 aq()‘)) = 927()‘7 CI“(Z, aq—Q(x)v aq—l(x)a afI(x>))
has the desired properties. Thus we have derived Lemma 8.6 from

Lemma 8.7.
It remains to prove Lemma 8.7. For y € M, ,, we set

B5(y) = Bao,(4,0) = {w € Mog; dmo,(y,w) <3},
where d, , is the Kobayashi-Teichmiiller distance on My 4.

LEMMA 838. Let y = (y1,...,Yqs—3) € Mo, be a point such that
(C,y1s- -5 Yq—3,0,1,00) is e-thick, where 0 < € < 1. Then B, (v, e/(50q))
has an injective lift to the universal covering p : T(C\ E) — Mo,.

Lemma 8.8 has been improved by Hiroshige Shiga®
Yamanoi’s result reads

THEOREM 8.9. For any p € M,,

&

£ K

5on = TdlMn)

holds, if there is no essential annulus A in X(p) with Mod(A) >

—%logc‘fp.

Let p={p1,...,pa} and X(p) = C\ {p1,...,pn}.
An annulus A C X(p) is an essential annulus if the components

BUC of
X(p)\A=BUC

satisfy #p N B > 2 and #pNC > 2.

3Shiga, On injectivity radius in configuration space and in moduli space, Con-
temporary Mathematics Volume 590, 2013.
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If X (p) contains no essential annulus A such that Mod(A4) > —5-loge,
then X (p) is e-thick.
Shiga has shown

THEOREM 8.10. For any p € M,,,
0\ 2
min < log(2 + v/5), log (—p) +13 <r,(M,)
T

holds, where €, is the length of the shortest closed geodesic in X (p).
For the moduli space, Shiga has shown

THEOREM 8.11. Let Xy be a Riemann surface of type (g,n) with
29 —2+4n > 0. Then, for any p = [X,, f,] € M(X,), we have
2

M(g,n) ' min {log 2, log {% - 1}} <rp(M(Xy)),

where M(g,n) ={2-84(g — 1) +4n} (29 — 2+ n)! and ¢, is the length
of the shortest closed geodesic in X,.

Here the constant 84(g—1) is the same as in Hurwitz’ automorphism
theorem.

PROOF. Note that My, is a domain of C?®. Using the point
y € My,, we define a domain P(y) C C?973 by the following rule:
b= (b1,...,b—3) € P(y) if and only if

b; b — 1 b — b,
Re(—)>0, Re( )>O, Re( ]>>0
Yi Y — 1 Yi — Yj
for1 <i<g—3and 1< j <qg—3with j # . Then by the definition,
we immediately conclude that

P(y) C Mqu.

Next, we remark that P(y) is convex. Indeed if b = (by,...,b,—3) and
c=(c1,...,¢cq-3) € P(y), we have

(thy + (1 —t)eq, ..., thy—3 + (1 — t)cy—3) € P(y)
for 0 <t < 1. This follows from
Re((a + b)c) = Re(ac) + Re(be), Re(aa) = aRe(a),
for a,b,c € C and o € R, which implies that

th; + (1 — t)c; b; ;
Re (M) =tRe (—Z> +(1—t)Re <C—) > 0,
Yi Yi Yi

thi + (1 —t)e; — 1 b — 1 1
Re( it (=t ):tRe(Z —1)+(1—t)Re(C’ )>0,
yi — 1 Yi yi — 1
4 (1 =B —th: — (1 — tes b e
Re (ﬂ”( e = tb; = t)cf)ztRe (—bl b])+(1—t)Re(cl CJ) > 0.

Yi — Yj Yi — Yj Yi —Yj




8. HOLOMORPHIC MOTION AND QUASICONFORMAL PERTURBATION 87

Now P(y) is convex, hence simply connected. Thus there exists an
injective lift P(y) C T(C\ E) to the universal covering p : T(C\ E) —
Mo 4

We finish the proof by showing By, ,(y,€/50q) C P(y). For distinct
i,7,k and [ in {1,...,q}, we define a holomorphic map 7, j, k,] :
MO,Q —C \ {07 1} by

77[%7: ka l]((bl’ R bq—3)) - Cr<bi7 bj7 bk7 bl)a
where (by,...,bs_3) € My, and we set b_o =0, b_; =1, b, = oc0.
Claim. Let b = (by,...,b,—3 € B(y,£/50q). Then we have
nli, j, k, () ‘ ™
i, g,k 0(y) | 4
for all distinct 4, j,k and [ in {1,...,q}.

Proof. We assume without loss of generality that |n[i, 7, k, [](y)] < 1,
for otherwise we replace nli, 7, k, 1] by n[i, j, k, 1]t = nli, [, k, j]. We first
prove that if ¢ < |n[i, j,k,](y)| < 1, then

1,7, k, 1] (D
‘arg i, g, k00 | 7
i, g,k 0(y) | 4q
To show this, we take a hyperbolic geodesic v connecting n[i, 7, k, I|(y)
and 7[i,j, k,1](b) in C\ {0,1,00}. Then by the distance decreasing
property, we have (g (o1 o} (7) < ¢/(50q). We apply (7.5) to obtain
€

(C(y) < —.
™) < Tog
This shows that v C {|z] < 2}. Hence, we obtain

.. .. €
’77[27]7 ka l] - 77[27]7 ka l](b)‘ < EEUCIid(’y) < 56@(7) < 2_(]’

(8.11)

where
Cnetaly) = / dz].
y
Thus,
nlé, j, k, 1] (b) ‘ T
arg ———— | < =
nli, 7, k1) | 2
and
. nli, j, k, 1] (b) ‘ 1
sin larg ———————~1| < —.
nli, 7, k0|  2q

Hence, we obtain (8.11).
Next, we consider the general case. We order all numbers z in
Her(yn, g vk w)ls - L er(Yg, s vrs wi) 1}
that satisfy
ler(yn, yj, ks )| <@ <1
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in the form

Ler(Yirs Yjs U Y| < et Wiy Yo U, )| < o0 < lex(yis, vj, Y wi)| = 1,

where i; = i,i; = k and s < ¢q. Since (C,yy,...,y,) is e-thick, we
conclude that

<1

(8.12) e < | ex (i) Yi> Y 1)
B | Cr(yi(t""l)’ y]7 Yk, yl)|

fort=1,...,s — 1; otherwise, the annulus
{Z; ‘Cr<yz’(t+1)7yjaykayl)’€ <z < |Cr(yi(t+1)7yjayk7yl)‘}
separates the ¢g-points
(Y1, Y Yo Y0), (Yo Ygo Yoo o) - - - > T (Yo Yo Y o),
which is a contradiction. Since

cr(y(i(t), vy, Yr, wi)
Cr(y(l(t + 1)7 y]7 Yk, yl) ’

Cr(yi(t)a Yis Yi(t+1) u) =

we have
n[ituj?k?l]
n[itJrla.ja ka l] .
Thus by (8.12) and (8.13), we conclude for t =1,...,s — 1,

(8-13) U[it,j, it+17l] =

e < Inlis, g, iy, J(y)| < 1,
hence by (8.11)

77[% J bit1, l] (b)

(8.14) Nlie, 7, te41, U (y)

< —.

arg 1q

Using (8.13) again, we obtain
’ar 77[%,]} ka l](b) _ar 77[%+1=j7 Uk, l](b)‘ Q

n[ltajvzkal](y) n[it-l-laj?k? l](y) 4_(]
Summing both sides of this estimate for t = 1,...,s — 2 and (8.14) for
t = s — 1, we establish our claim. O

Now we go back to the proof of Lemma 8.8. Let b = (by,...,b,_3) €
B, (y,2/50q). We have

nli,q—2,q —1,¢)(b) = b;,
nli,g— 1,9 —2,¢)(b) =1

n[jaiaq - 27Q](b)
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Hence, by the claim above, we have?

()
arg | —
Yi

<

™
47

1— bz < ™

ar —

g 11—y 1

Yi b _bj> ™

arg — | < =,
<yi —Y; b; 4

where 1 < i <q¢—3,1<j<¢g—3andi# j. Thus, we conclude
(bi, ... bg—3) € P(y), hence B, (y,e/50q) C P(y). This concludes
the proof of Lemma 8.8 U

Hiroshige Shiga has improved Lemma 8.8, see Contemporary Math.
590, p. 183. N
Proof of Lemma 8.7. We set Xq = X /Im(m(Q) — m (X)), where

X is the universal covering of X. Then 2 C X,. Note that Xq is an
annulus when 2 C X is an essential annulus; otherwise, X is a disk.

We show that there is a lift ¢ : Q — T(C \ E) of ¢ over Q. Let
b: Xq = My, be the composition of the covering map Xq — X and

. Then it is enough to show the existence of a lift b : Xo — T(C\ E)

of b with b(z) = [id]. If X is a disc, this is obvious. Assume that Xq
is an annulus. there exists an essential loop v in X passing through x
with £x,(v) < €/(25¢). Then by the distance decreasing property, we
have b(y) C Bum,,(¢(x),£/50q). Hence, by Lemma 8.8, we conclude

the existence of the lift b : Xq — T(C \ E) with b(z) = [id].

Next we show ||3ob(y)| < 1/50 for all y € Q, where 3 : T(C\ E) —
Q((C\ E)*) is the Bers embedding. Since the hyperbolic length of the
boundary of 2 C Xg is less than 1/75, we have

1
(8.15) cxg(x,y) < 150

for y € 2, where cx,, is the Carathéodory distance of X,. We note

that the image of the map Sob : Xq — Q((C\ E)*) is contained in
B(3) (cf. (8.3)). Thus using (8.4), we have for y € Q

Cxo(T,) > ea(3)(0, 50 b(y)) = da(0, 18 0 b(y)]loe/3) = 118 © b(y)l|oo/3:

Thus by (8.15), we have || o b(y)|l < 1/50. Hence, we conclude

b(§2) C B(1/50). O
8.0.2. Proof of Proposition 8.3(2). Set

f = Cl"(f, Ag—2, Qg—1, aq)

(8.16) g= Cr(gaaq—2(‘r)7aq—1<x>’aq(x))‘

4by the properties of the cross-ratio
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Then by (8.1) and (8.10), we have

P G(N) = FN).
Hence, by (8.9), we have

(8.17) FO) = 2(@(N), GN)-
Let ¥ : B(1) x C — C be defined by

~

Oy, U(y,2)) =2
for each (y,z) € B(1) x C. Then we have

(8.18) G = (BN, F(N)-

Since the Jacobian of ® does not vanish (cf. [24,p. 37]), ¥ is real
analytic outside ¥~1(E). Hence g is real-analytic on the inverse image

of C\ {ay(2),...,a,(x)}.
By (8.1), we have

of ~ . dg - g
—=(A) = ox(A, g(A (A g(N) =+ ¢z(\, g(N)=(N).
2L (0) = 5300 90) + 90,900 22 + (0, 9(0) 22
Since f(A) is holomorphic, we have % = 0. Since ¢ is holomorphic in
A, we have ¢5(\, g(\)) = 0. Hence, we obtain
. g : 99
(A, g(N)=(A) + ¢z(\, g(N)=(N\) =0
300 90N 220 + 620 900 22 (1)
Hence, we have
%Mw: ﬁ@‘:éﬂhﬁﬂ)<3ﬂ
This shows Proposition 8.3(2). O

Proof of Proposition 8.3(3) We may assume wihtout loss of general-
ity that i = ¢—2 and j = ¢—1. Thus with the previous notation (8.16),
we are going to prove

/ U1 Fo0) - T(r5.000))] de
(8.19) 0 34
< 22dg*T <1 + %) (log 7)Y/

for r > 4. Here, f and § satisfy (8.17) as well as (8.18).
For (y,2) € B(1/50) x C, we set

A

H(y,2) = / 0z by, w)), welu] - / (00, &(y, w)), welwl,

where
77(27 ZI) == log[za Z/]2
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for z,2/ € C. By the Hélder continuity of the quasiconformal map
®(y, ), the two integrals in the definition of H(y, z) are bounded. See
the remark after Lemma 8.13.

The key lemma in the proof of Proposition 8.3(3) is as follows:

LEMMA 8.12. (1) On (B(1/50) x C) \ W~Y(E), H is smooth and
satisfies

(8.20) dd°H = pywg \ V*wC,

where py : B(1/50) x C — C is the second projection.
(2) Let (y,z) € (B(1/50) x C) \ U~Y(E) and let v = (v1,v2) €
Ty, (B(1/50) x C be a tangent vector. Then we have

|d°H (v)] < 2*(Jlv1lp@\g) + 020,

where ||vi|l7@\ g 18 the infinitesimal Kobayashi metric on T(C\E) and

|vo|| is the spherical line element on C.

Derivation of Proposition 8.3 from Lemma 8.12. We consider the
holomorphic map (¢, f) : Q — B(1/50) x C and the composite function
H(@(N), f(\)) defined over A € Q. By Lemma 8.12(1), H(3()), f(A))
is smooth outside (@, f)~1(®~L(E)). Here, (@, /)~ (®~1(E)) is the set
of Awith ®(@()), E) = f()), which is a discrete set on . We denote by
Q:(t) a subdomain of () C C obtained by deleting e-neighbourhood,

in the Euclidean distance, of the points where H(@(\), f(A)) is not
smooth.
Now by (8.18) and (8.20), we have

dd°H (@, f) = frws — §wg,

hence

| amei=[ Fee | 7
Q(r,t) Q(r,t)

e—0 QE (T‘,t)

Using Stoke’s formula and Lemma 8.12(2), we obtain

lim /Q dd°H (g, f)’

e—0

i [ (.0

< 1im 22 (L7, (@O0(r, 1) + (e F(00(1,1))))

where lp@\ g 18 the length function with respect to the infinitesimal
metric ||-[|@ - Since

lr@p(P(O2(r, 1)) < £x(0Q(r, 1)),
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we obtain

[ e[ e
Q(r,t) Q(r,t)

Taking the integral on both sides, we have
| 1meg.00) - 70, £ d
0
<2 [ [ (x000:0) + (el Fo000, 1) L.
0 1

To estimate the right-hand side, we remark that

m T d
/ / Cx (09Q(r, t))—udt < 2%dg* log .
0o J1 u

Indeed, by (6.3), we may apply Lemma 7.5 to the case A(r) = 2dg? log r
to obtain this estimate. By Corollary 7.6, we obtain the estimate 8.19.
Thus, we have derived Proposition 8.3(3) from Lemma 8.12. O

< 2% (€x (0, 1)) + t=(f(09)))).

It remains to prove Lemma 8.12. We begin with the following
lemma:

LEMMA 8.13. Let ¢p : C — C be a K -quasiconformal map which
fizes 0,1 and co. Suppose that K < 2. Then, for each z € C, we have®

/ ;w@[w] <74 2Mr——.
[ [Z7 @D(w)] 2-K
REMARK 8.14. Since K (®(y,-) < 55 for y € B(1/50), we conclude
1
(8.21) / —wglw] < 2®
T [z, ©(y, w)]

for (y,z) € B(1/50) x C. Hence, we have

0 1 19
/Cn(z,cb(y,w))wc[w] < Q/ém%[w] < 277

Thus the integrals in the definition of H(y, z) are bounded.

Proof of Lemma 8.13. We consider the inverse map ' : C — C,
which is quasi-conformal map fixing 0, 1,00 and satisfying K (¢~ 1) =

)

where D, (r) = {w € C; [w, 2] < r}. Then we have

[ ectu = [ Lot

SWhat happens if K = 1?
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Since
[0 (2), 97 (w)] < 128[z, w] K (cf.[5,
Lemma 4.1]), we have

W HD,(r)) C Dy-1(,)(128r15).
Hence, we have

o = 2% ¥/X,

plr g/ w
() Dw—1(z)(128T1/K) ©

Since K < 2, we obtain

[ eetul = [ Lot

=714 247 lim [TQ/K_I} 17
— d—0 =
=74 2Mr——.
T+ 7T2 K
O
Next we show that H is Lipschitz continuous.
LEMMA 8.15. For (y,2), (v, 2') € B(1/50) x C, we have
|H(y7 Z) - H(?/? Z/)| < 224([27 Z/] + dB(l)(y, y/))
PrROOF. First we show the estimate
1
(8.22) In(z,w) —n(z",w')] <2 ([ij] + [z’,w’]) x ([z, 2] + [w, w']).

Indeed, since logx < x — 1, we have
1o .
Zow] _ ]~ [l

77(27 w) - 77(2/7 U}/) = 210g

[z, w] [z, w]

Using [2/,w'] < [z, w] + [z, 2] + [w, w'], we obtain

n(z,w) —n(z,w') <2
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Similarly, we have

1 L 1
[z,w] [, W]

e uf) = (e < 2 ) x4 o),

Thus, we obtain (8.21).
We have

A

[H(y,2) — H(y',2)| < /(Cln(zaé(y,w)) —n(Z, (¢, w))|wg(w]

A

+LW®©%W%W@@WWM%M—

By (8.22), we have

~ 2 1 1
2, ®(y,w)) —n(Z, @y, w))| <2 E 0
(2, 2y, w)) = (=, Y, w))| ([z,@(y,w)] i [z’,@(y’,w)])

A ~

x([z, 2] + [@(y, w), Dy, w)]).

Since @ is holomorphic in i € B(1), using (7.5), we have

A

Py, w), ci>(y’,w)} < 5dpa)(y,y').

Hence, we obtain

n(z, ®(y,w)) — n(z', &y, w))| < 10 ( A(l y— )

x([2, 2] + dpy(y,9'))-
Thus, we have
(8.23) |H(y,2) = H(y',2)| < 101([z, 2] + dpy (y. ),

where

1 1 1 1
I = - - _ - w=|w|.
A(mwww+w@w@ﬁwm¢wm+@@wW»C”

(
By (8.21), we have I < 2?°. Thus, by (8.23), we have
|H(y,2) — H(y', )| < 2*!([z, 2] + dsy (9, ¥/))-

0

Proof of Lemma 8.12. We first show (1). By Lemma 8.15, H
is continuous on B(1/50) x C. Note that piws — ¥*wg is smooth on
B(1) x C outside ®~!(E). Hence it is enough to show (8.20) as currents
of degree 2 on B(1/50) x C.

For (y, z) € B(1/50) x C and w € C, we set

ha(y, 2) = log(1 + |2[%) = log |2 — &(y, w)|*.
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Then we have

H(y,z) = / oy, 2)wzlao].

)
By the Poincaré-Lelong formula [26,p. 171], we have for each w € C,

A

1
(8.24) dd‘h, = ;pZu@ —d(z — P(y,w) =0)

as (1, 1)-currents on B(1) x C.
Now let 1 be a test form. We have

/3(1/ o = /c (/8(1/50)X<C & ddcﬁ) well
/8(1/50)X<C Vg An = /we(c (A)_l(w) 77) welw]
- /we(C (/(z — by, w) = 0) 77) wew].

Hence, by (8.24), we have

1 —
Hddcn:/ / —p*wC/\n—/ . n | wglw
/8(1/50)><(C T ( B(1/50)xC T ? (z — ®(y,w) =0) clv)

:/8(1/50) x@pzw@/\n—/ Uwe A .

B(1/50)xC

This shows (8.20) as currents. We complete the proof of Lemma 8.12(1).
Next we show Lemma 8.12(2). Let v = (m,7%) : (-1,1) —
B(1/50) x C be an arc such that v(0) = (y, z) and ¥ = —Jv. Since

1
d°H(v) = EdH(—Jv),

we have
A H ()] = - |dH(~Jv)|
_ 1, HO®) = H((0) ’
(8.25) A =0 t

__d :
o (hm B (00)+ () 1) by Lemma 8.15
t—0 ‘If’

< 22([|=Jo1ll B+ -Jesles

where ||-||g(1 is the infinitesimal Kobayashi metric on B(1). For the last
estimate, see [21, p. 95, Lemma 3.5.33]. Using ||—Jv1|[sa) = ||v1ll501)
and ||—Jva||g = ||v2||g, we obtain

(8.26) |d°H(v)] < 2% (|[villsr) + lv2le)-
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Next we show

(8.27) [v1llsa) < 4flvillr@\ s
To show this, we first claim that
(8.28) {we T\ E; dye plid, w) < log vV2} < B(1),

where dr\ p is the Kobayashi-Teichmiiller distance on T’ (C\E. In-
deed using (8.4), we have

dyp @\ p([id], w) > cp(3)(0,w) = da(0, [[w]w/3).
Hence, if dp g p([id], w) < log v/2 = da(0,1/3), then ||w|/o < 1. Thus
w e B(1).
Now we set t = [|v1]|@ p- There exists a holomorphic map f :

A — T(C\ E with

) =y (t (%)0) o

Since da(0,47/149) = 5 log 2, we have

Sl = 1. 98
! (A (E)) C {w €T(C\E; dreply, w) < §loga}.
Since
. 1 51
dre\p([id],y) < dsa)(0,y) < da(0,1/50) = 5 log o

we conclude from (8.28)
47
f (A (ED C B(1).

(2 _ 149,
[villsay < (It EP 0||A(47/149) =S A vill 7@\ -

Thus, we have

This shows (8.27). Hence, by (8.26) and (8.27), we establish Lemma 8.12(2).



CHAPTER 9

Application of Ahlfors’ theory of covering surfaces

9.1. Introduction

We have constructed a quasimeromorphic function g over the do-
main 2 C X(ay,...,a,) which is described in Proposition 6.2. In this
section, we apply Ahlfors’ theory of covering surfaces to the quasimero-
morphic function g to prove Proposition 7.2.

Base surface. Let {by,...,b,} C C be a finite set of distinct points
with b, = co. Set = = {by,...,b,—1}, which is a set of distinct points in

Thm 9.2(1)

Thm 9.2(2)

-
Lem 7.5
et

/{Cor 9. 10HLem 9.9}

\

FiGURE 9.1. Structure of Chapter 9.

97
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C. For s >0 and i =1,...,q, we define a disc A;(s;by,...,b,) around
the point b; as follows; for i =1,...,q¢ — 1, we set

Ai(s;by, ..., b)) ={2€C : |z —b] < so},

where ¢; = mingez\ (5,3 |¢ — b;|. Thus for s = 1, the circle A; centered
at b; goes through the closest point b;. If s = 1/2, the discs A; are
disjoint.

For ¢ = q, we set

R
Ay(8;01,...,0y) = {z € C;lz —byq| > ;} ,
where R = maxXccz\(p,_,} [c—bg—1|- Given a constant s < 5, we remove
q disks A;(s;by,...,b0,) from the Riemann sphere to define the base

surface
q

@]

B(s:by,. .. b,) =

— UAi(S;bla ce ,bq).

=1

FIGURE 9.2. Base surface B(1/2;by,...,b,).

Figure 9.2 contains an example in the case ¢ = 6. Now bg = co. In
this case, s = 1/2 and the discs A;(s;by,...,b5), fori=1,...,6 don’t
overlap.

The base surface B is contained in the complement of

A6(1/2, b17 ey bﬁ)
which is the disc

D(bs,2R), R= = |bs — byl.
(o, 20, = 205, = e =

The closest point to b3 is by. Therefore

= min |c—0bs|=1|by —b
po= i o= bs| = by = by
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and the disc
A3(1/27 bla s 7b6) = D(b37p3/2)
is deleted from B.
For an arc v C C, we set

le = > (e,

(b,c)eExE\diagonal

[m

where the map ¢y is defined by
z—0b

z—a

(9.1) Poe(2) =
ExampLE 9.1. If
v={yt)=(1—=t)b+tc; 0 <t <1},
then ¢y,c(y) = [0, 1] and le(p.c(7)) = ([0, 1]) = 7.

For a subset D C C, we denote by A(D) the area of D with respect
to the spherical area form wg, that is,

A(D) = /D we.

Notation from topology. If a domain D is bounded by a finite num-
ber of simple closed curves, we denote by o(D) the negative of the Euler

characteristic of D. Since B(s;by,...,b,) is a sphere with g-holes, we
have
(9.2) o(B(s;b1,...,by)) =q— 2.

We set o1 (D) = max {o(D),0}.

We formulate the main results of Ahlfors’ theory in the following
form where the constants ‘A’ in [12] in the theory are controlled ex-
plicitely. The first statement should be compared with ‘Covering theo-
rem 1’ [12, p. 328] and the second statement should be compared with
‘Main theorem’ [12, p. 332].

THEOREM 9.2. Assume that {0,1} C = and set B = B(s;by,...,b,),
where s < 1/10 and g > 3.
(1) Let F be a finite covering surface of the Riemann sphere with a
covering map p : F — C. Then we have

AF) _ Ap~'(B)
T A(B)

(2) Assume that (C,by,...,b,) is e-thick, where 0 < e < 1. Let F be a
finite covering surface of B with relative boundary O'F. Then we have

(0.0 1-250) <o)+ 2

(9.3) < L=(9F).

(=(0'F).
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Here, area and length on a covering surface is measured using the
pull back metric on the base surface.

To state the main result of this section, we need to introduce the
following notation. Let D and G be two open sets in C. We define two
subsets Z(D,G) and P(D,G) of the set of connected components of
D N G in the following manner. Let D’ be a connected component of
D NG, then D' is contained in Z(D, G) if and only if D’ is compactly
contained in G, otherwise D’ is contained in P(D, G).

PROPOSITION 9.3. Let f be a transcendental meromorphic function
in the complex plane and let ay,...,a, € Rq be distinct with a, = oo,
where d > 1 and ¢ > 3. Assume that x € Q and Q* € Q) are the same
as in Proposition 6.3. Assume (C,a(x),. .., a,(z)) is 1/2%-thick. Set
B = B(s;a1(x),...,a,(x)), where s < 1/10. Set

x(rt) = > o(F) + > o' (F),
F eZ(g7(B),Q(rt) F e P(g'(B),Q(r,t)

where g is the quasiconformal perturbation of f defined by (8.1). Then
for each distinct i,5 € {1,2,...,q — 1}, we have

(¢—2) /m/QT (7‘, jj‘_Z,Q(t)) dt

(9.5) 0
m/2 r ¢ 267d 8 1 3/4
g/ / x(.t) >dudt+ T (7”+—) (logr)t/4
0 1 u m T(r)

forr > .

9.2. Derivation of Proposition 9.3 from Theorem 9.2.

We set © = Qa;(2),0;(2) to simplify the notation. We consider the
quasimeromorphic function gog on §2. The main issue in our derivation
is to derive

m/2
(4-2) / T(r. 0 9.Q1))dt

(9.6) 0
m/2 r t 266d 8 1 3/4
S/ / M0ludt+ 7 r4+ — (logr)1/4
0 1 U m T(r)

for r > 74. Once (9.6) is established, Proposition 8.3(3) immediately
implies (9.5). If ¢ is constant, then (9.6) is obvious. Thus in the
following, we assume that ¢ is non-constant.

We first derive the following non-integrated version of (9.6) from
Theorem 9.2:

Jogany(® o 9) we
T

(9.7) (g—2) < x(r,t) + 2% =(g(0Q(r, ).



9.2. DERIVATION OF PROPOSITION ?? FROM THEOREM ?7. 101

Let F be a connected component of g~(B) N Q(r,t). We consider
the restriction of p o g on F' as a covering surface

(9.8) poglr: F — ¢(B).

If F is compactly contained in Q(r,t), that is, F € Z(g~(B), Q(r,t)),
then the covering (9.8) does not have a relative boundary. Hence, by
the Hurwitz formula and (9.2), we have

Jr(@og)we
Apmy <o)

Next we consider the case F' € P(g'(B),Q(r,t)). Note that

p(B) = B(sip(ai(z)), .. ., plaq()))

(¢—2)

and
{0,1} c {plar(z)), ..., plaq(x))} -

Hence we may apply Theorem 9.2(2) to the covering (9.8), combined
with (9.2), to obtain

(¢ — 2)% < 0T (F) + 2¥¢%=(g(0Q(r, t) N F)).

Since
> (pog)'we = [ _| (pog)"we,
FeZg'(B),Q(r,t)UP(g *(B),Q(r,t)) /F /g (B)n(r,1)

we conclude

(q—2)
< > o(F)
FeZI(gH(B),W)

LY )+ 2 (g9 ).
FeP(g'(B),w)

By Theorem 9.2(1), we have

fﬂ(?’,t)(wg)*w@

Thus, we obtain (9.7).
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Now taking the integral on both sides of (9.7), we obtain

m/2 m/2 "
(q—2>/0 T(moog,Q(t))dt</ X( 1)

m/2
2404/ / aQ”)ddt.

We need to estimate the second term on the right-hand side. Let k& and
[ be distinct elements from Z. We put p; = @a, (2),a,(x) t0 simplify the
notation!. We claim that

(9.9)
m/2 pr /- 0 t 226 1,42 1 3/4
/ / c(priog(0 (u,t)) dudt < q T (7’—i— > (log,r)l/4
0 1 u m T(r)
for r > ~4. This estimate completes the derivation of (9.6), hence (9.5).
It remains to show (9.9). We set
oy = L2 9.9+ (s 09)(2)
1+ |(pra 0 g)(2)]?

dudt

Then we have

&K@mogﬁﬂﬁtﬁ)éuéﬂ(wp@ﬂdd

| POl <K [ (oo
Q(T,t) Q(T,t)

Hence, by Proposition 8.3(3), we have for r > v,

/ / |dz\2— < 7K, ,T(r,¢ri0g,2m/2))
Q(um/?
<K, T(r,cr(f,ag, ar, aq), 2(m))

230dg*n K, 1\
-7 — 1 1/4
A (1 ) e
232dq? 1
< —T — .
<20 (o)
Thus, we may apply Lemma 7.5 to
232 1 ~ 232 1
A(r) = T A(r) = T
=58 () A= ()

to obtain (9.9).

Lrecall that
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9.3. Proof of Theorem 9.2(1)

First we recall isoperimetric inequalities on the sphere. Let 7 be a
simple closed curve on the Riemann sphere C. Then v divides C into
two parts Dy and D,. The following inequalities are well known:

(9.10) min {A(Dy), A(D2)} < %Ec(y)
(9.11) min {A(D)), A(D2)) < ()

Equality holds if and only if 7 is a great circle.

We start the proof of Theorem 9.2(1). We decompose F' into the
sheets G, ..., G, as in [12, p. 323]. Namely G is the part of C where
the covering p : F — C has at least j preimages with counting multi-
plicities. Then we have

A(F) = 3 A(G).

Ap~'(B)) _\~A(G;NB)
A(B) =2 A(B)

lc(0F) = ifc(ﬁ(%’)-

Jj=1
Hence, it is enough to show

A(Gj) A(G,;NB)
— < f= ).
’ T A(B) — EC(aGJ)
Let D; be one of G or C\ G; which has smaller area. Then by (9.10),
we have

(9.12)

A(Dj) < 5:(0G;).

N —

Thus, by Lemma 9.4, we obtain

’A<Dj> _AD;N B>‘ < 2A(D;) < (£(0G;).

T A(B) -
If D; = G, this is what we want to show. If D; = C\ Gj, by
A(Gy) 1 A(D;)  AG;NB) 1 A(D; N B)
T T AB) A(B)

we obtain (9.12). Hence we conclude the proof of Theorem 9.2(1).

LEMMA 9.4. Let = and B be the same as in Theorem 9.2. Then we
have

A(B) > 1.
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PROOF. We remark that Ai(é; bi,...,b,) is contained in some hemi-
sphere for¢ = 1, ..., ¢. This is immediate from the definition if b; = 0 or
1 = ¢q. For the other discs, this follows from the fact that Ai(%; bi,...,by)N
{0,00} = 0.

We consider the annulus

1
RZ' = Al(g, bl, NP ,bq) \ A,L(S, b17 NP ,bq).

Then, for the modulus of R;, we have
log 2 1
> —.
2T 47
Let T' be the set of all closed curves in R; which separate the two
boundary circles of R;. Then we have

inf,yep 66('7)2 < 1
A(R)  ~ Mod(R;)

Hence, by (9.11), we have

A(R) 2 - inf (()* 2 SAs: b, ).
Since
AR = AWB(G3bs b)) \AB(siba, b))
we have

5

2 1
gA(AZ(—, bl, ey bq)) Z A(AZ(S, bl, PN ,bq)).
Since the discs A;(£;01,...,0,), 1

<1 < q, are disjoint, we have

A(B) = A((C) - A<A'L(sa b1> 7bq))
i=1
_ 2 1
> A(C) — 3 A(Ai(g; bi,...,by))
i=1
> 1A(@) SN
~ 3 -3
This proves our lemma. U

9.4. Minimal spanning tree

We recall the set = = {by,...,b,-1}. We denote by 'y, the minimal
spanning tree for =. By definition, a spanning tree I' is a collection
of line segments with end points in = such that I' contains a path
connecting every pair of points b;, b; € =, and such that I" contains no
closed path. The minimal spanning tree is a spanning tree for which
the total Euclidean length of line segments is minimal. We collect
elementary properties of I' .
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)
S~ —
oIy
S¥

FIGURE 9.3. Set K

LEMMA 9.5. Let ¢q,...,¢c, € = be distinct points. Then one of the
longest setments in ¢iCg, C3C3,. . . ,Cn_1Cn, CpC1 1S not contained in I'yiy.

PROOF. Assume contrary that all longest segments are contained
in ['yin. We may assume without loss of generality that ¢,¢7 is a longest
segment. Then ¢,¢; is contained in I'y,;,. We remove the segment ¢, ¢;
from I'y,;,. The resulting graph consists of two connected components
I’ and I: one, say I" contains ¢; and the other, say I, contains c,.
Now let i, 1 <7 < n, be the largest number such that ¢; is contained
in . Then ¢;; is contained in I'. Hence the segment ¢;¢;1; is not
contained in I'y,;,. Thus, we have ¢;¢; 11 < ¢,¢1.

Now we add the line segment ¢;¢;;1 to ' UT”. Then we obtain a
new spanning tree for =. Since ¢;¢;;1 < ¢,¢1, the total length of this
new spanning tree is strictly smaller than I';,,. This is a contradiction.
Thus we have proved our lemma. O

LEMMA 9.6. Let a,b,c,d € = be distinct four points such that the
line segments ab and cd are contained in I'yi,. Then ab and cd do not
intersect.

PROOF. Assume contrary that ab and cd intersect. Then at least
one of the four angles Zacb, Zcbd, Zbda and Zdac is greater than or
equal to /2. We may assume that Zacb > 7/2. Then we have ac < ab
and ¢b < ab. By Lemma 9.5, the segment ab is not contained in IMin,
which is a contradiction. Thus, we have proved our lemma. Il

For a line segment ab contained in I',,;,, we set

K ={2€C\{a,b} ; Lzab< /6 and ZLzba <7/6}.

LEMMA 9.7. Let cd be a line segment contamed_m I'win which is
different from ab. Then K- does not intersect with cd.

Proor. We prove our lemma in two cases.

Case 1: #{a,b,c,d} = 3. In this case, we may assume without loss
of generality that a = c. For the sake of contradiction, we assume that
the segment cd intersects with K. Then, since Zbed < /6, we have
bd < max {E, 51} Thus, by Lemma 9.5, the longer segment of ¢b and
cd is not contained in I'uin, which is a contradiction. Thus, we have
proved our lemma in the case # {a, b, c,d} = 3.
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Case 2: #{a,b,c,d} = 4. We first prove ¢,d € K. Indeed, if
cE ?@, then we have @¢ < ab and bc < ab. Hence by Lemma 9.5, the
segment ab is not contained in I',;,, which is a contradiction. Thus,

g

LEMMA 9.8. Let b;, b;, b, € E be distinct. Assume that the segment
b;by, is contained in I'yyy. Then Ay(1/v/2;by,. .. ,by) does not intersect
with b]_bk

PROOF. Assume contrary that A;(1/v/2;by,...,b,) intersects with
b;bg. Then since b;b; > o; and b;by, > o;, we have Zb;b;b, > 7/2. Hence,
we have b;b; < b;jby, and b;b, < b;by. Thus by Lemma 9.5, the segment
bj_bk is not contained in I',;,, which is a contradiction. Thus, we have
proved our lemma. O

9.5. Ahlfors regularity

Werecall B = B(s;by,...,by). Let ay, ..., a4_o be the line segments
of BNTI',. Take b € = such that

b —bg—1| = ceg{abil} ¢ = bg-1l,
and set
(9.13) a1 =BN{z;z=0+1tb—0b,_1),t >0}.
We cut B by these line segments ay, ..., o,—1 to obtain a simply con-

nected bordered surface B’. Then 0B’ contains the line segments

Bhﬁia s 7&(]—176&717

where 3; and ] are two copies of a;. We have
OB'=pUpBU---UB1UB, | UIB.

LEMMA 9.9 (Ahlfors regularity). Assume that (C,by,...,b,) is &-
thick, where 0 < e < 1. Let v be a cross cut of B', which divides 0B’
into two parts o1 and oo. Then we have

153

(9.14) min {{=(o1), (=(0s)} < 2 Li=(r).

Proor. For all distinct b, ¢ € =, we have
(e(60c0B)) < qm5 lelppe(an)) <
Hence, we obtain
(9.15) (=(0B') < 3mq*.

Let P, € OB’ be the end points of v. We set A;(r) = A;(r; by, ..., b,).
We prove (9.14) in two cases whether one of P or () is contained in
A;(1/10) for some i = 1,...,q or not.
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Case 1: One of P or @) is contained in A;(1/10) for some i =
1,...,q. In this case, we assume that P € A;(1/10). The proof is
divided in two cases.

Subcase 1-1: i # q. Let b; € = be a point with
9.16 b, —b;| = mi — bl
(9.16) 65 = bil = _min e —bil
If ~ is not contained in A;(1/2), then a subarc of v connects 9A;(1/10)
and 0A;(1/2). Hence, we have

ot DN

leuenia(@i (7)) >

I

where?
©ij = Pb.p;- In general, for an arc 4/ contained in the disc {|z] < 1},
we have
4
(9.17) le(y) > ggEuchd(V/)-
Hence, we have

4
X — = —.
Y

o] Do

t=(7) > le(pis(7) >

Thus, by (9.15), we obtain the estimate (9.14).

Next we assume that v is contained in A;(1/2). Let o7 be the part
of OB’ which is contained in A;(1/2). Then by Euclidean geometry
and Lemmas 9.7 and 9.8, we have

leuciia(01) < 60mucaia(y)-
Hence, by (9.17), we have

918) lelpig(01)) < 5 belioig ().

Claim 1. Let b,,b; € = be distinct. It is enough to show the
estimate

x o @ 1+ lenP 5
4

It les(2)? 19l (2)]

for z € Ay(3).

Denote

A? 1 C 1
2 2
=25, @ =5 eGP =5 6, =3

2We have the function

z — by 1
gpsyt(z):gobmbt(z): bt*b ) L10/5,15(’2) = bt*b .

which was defined on (7.1) at [19, page 757]
and abbreviated at[19, page 760, line 5].
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Now
1 B> D*°+C*D BD*+(”
T BB+ A2 D 1 DB+ AY
Case (i) s = 1. In this case, we have |b; — b;| < |b, — bs|, means D < B.
Hence for |z — b;| < |b; — b;|/2, means C' < D/2, we have
_BDP+C" _BD'+ DA _5D 5
DB+ A2 — D B2 4B — 4
Case (ii) s # i. In this case, we have |z — bs| > |b; — b;|/2, means
A > D/2. Hence for |z — b;| < |b; — b;|/2, means C' < D/2, we have

_BD*+C* _1D*4+D?4 5D _5
- DB+ A2~ DB+ A2/B 424~ 4

Here we used the fact that

1 1
R G
B+ A2/B = 24°
which comes from
1 T a’ — 2?
h(z) = = W(r)=——-—=.
(z) r+a?/z 2?2+ a?’ (z) (2 + a?)?
This proves our claim. U
Now by (9.18) and claim above, we have
5¢> 75q>
lz(0n) < —~lelpi (o) < —=L=(v).

This shows our estimate (9.14).
Subcase 1-2: i = q. Let b; € E be a point with

9.19 bj —by—1| = — bg—1]-
(9.19) |bj — bg—1] ceEr{l{abz(,l} ¢ = g1
If v is not contained in A,(1/2), then as in Subcase 1-1, we have
2 4 8
le(pg15(7)) > 55T 95

Thus, by (7.13), we obtain the estimate (7.12).
Next we assume that 7 is contained in A,(1/2). Let o1 be the part
of 0B’ which is contained in A;(1/2). Then as in Subcase 1-1, we have

15
(9.20) le(pa-14(01)) = S le(pe-15(7))
Claim 2.
l=(01) < 10¢°Ce(pq-1,5(7))-
Proof of Claim 2. Let bs,b; € = be distinct. It is enough to show
the estimate
@ 1+ oy
L+ |pse(2)]? |Q0:1—1,j(z>|

2
<10
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for z € A,(1/2). We have
by — bs| % [bj = bg—1]” + 2 — by |?

A pu—
b; — by—1] |by — bs|? + |z — bg|?
By (9.19),
|bt - bs| < ‘bt — bq—ll + ‘bs — bq—l| < 2“’]’ — bq—l‘ -9
b; —by1| — b — bg—1] — [bj = bg

We can use the parallellogram identity
2 +yl? <o +yP + o —yl* =2z + 2y, 2,y€C,
with ¢ = 2z — b, and y = b — b,—; to obtain
|2 — by_1]* < 2|by — by > + 2|z — by|?.

Hence

A< 2

|z — bs|?
B P R R P PR
- |z — bg|?
o 2 b P A b P
B |2 — bs[? .

Since z € A,(1/2) (see definition of A,(1/2) from page 757), we have
2= by | > g —OR>2c—b, |, ce=.

Choose ¢ = b, to obtain

|z — by—1| > 2|bs — by—1]-
Hence,
|z —bs| > |z — by—1| — |bs — bg—1]

> 2|bs — bg—1] — [bs — bg—1] = [bs — bg—1].
Also, b; € = satisfies by (9.19)
[bj = bg—1| = |¢ = bg—1| = [bs — bg1].

(9.21)

Hence )

6|bj _ bq—1|

——— <446 =10.

Fob ST

Hence, by (9.20) and the claim above, we have
l=(01) < 10¢°lz(pq-14(01)) < T5¢%C=(v).

This shows our estimate (9.14).
Case 2: Both P and @ lie outside of |J{_, A;(1/10). Since 0B C

A<4+

{_1Ai(1/10), P and Q are contained in the line segments 31, 57, . . ., B4—1, 5,1
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Subcase 2-1: Both P and () are contained in one of the same line

segment in (1, 3y, ..., 81,8, 1. In this case, we may assume that P
and () are contained in 3. We first observe that for all ¢ € =,
(9.22) /PeQ < g

This is obvious if i = ¢ — 1. We consider the case i # ¢ — 1. Let
ab € T bhe the line segment containing «;, where a,b € =. The
estimate (9.22) is obviously true if ¢ is equal to a or b. Let ¢ € = be
different from a and b. Then, by Lemma (9.5), we have

/PeQ < Lach < g

Thus, we have proved (9.22).
By (9.22), we have

Zpea(P)0pea(Q) <

bl

for all distinct ¢, d € Z.
Claim 3. Let ¢,n € C\ {0} be distinct. Then we have

(9.23) G, < £e(Cn) < S[¢.m.
b
A\ fe(ab)

Geometric proof of Claim 3. Let 8 = Z(0n < w/2. By elementary
trigonometry, [(,n] = sin(0/2), while ¢c((,n) = 6/2. We see that

2
sine > —x, 0<z<m.
s

Namely,
h(z) = sin(x) — %a:
satisfies h(0) = 0, h(7/2) = 0 and A’'(0) > 0. We obtain that
le(n) _ 4
(Gl 2sin(6/2)
as desired. U

0 T
20 — o>
Z3 2

<
T2

See the exercises or Yamanoi’s paper for an analytic proof.
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Subcase 2-2: P and @ are contained in two different line segments
in Bi, 01, B¢-1,58,_1- We assume that P is contained in ;. In this
case, we shall prove

€
24 (= —.
(9.21) =) > 5o

First we consider the case i = ¢ — 1. Let b € Z be the point which
appears in (9.13) and set

K ={zeC\{b};Zz0P <7/6}.
Since K N T = 0, we have

(9.25) v ¢ K.
Claim 4. There exists ¢ € =\ {b} such that
(9.26) 1% < |ppe(P)] < 10.

Proof of Claim 4. We order Z\ {b} = {c1,...,c4—2} such that
e = bl < - < ega — 0.
By the assumption made in Case 2, we have
c1 — b
10

Case (i) |P —b| <|c; — b|. In this case, we set ¢ = ¢;.
Case (ii) P —b| > |c;—2 — b|. In this case, we set ¢ = ¢,_s.

Case (iii) |¢; —b|] < |P —b| < |c4—2 — b|. In this case, we take j such
that |cj_1 —b] < |P —0b| < |e; —b|. Since (C,by,...,b— q) is e-thick,
we have

<|P—b| < 10]c, 5 — bl.

We set ¢ = ¢j. Then we have ¢ < |¢p,(P)| < 1. Thus, we have proved
Claim 4. 0

Now by Claim 4, we may take ¢ such that (9.26) holds. Then
by (9.25), the arc « intersects with K. Hence, we have
, > =
éEuchd(‘;Ob,c(’y)) =90
In general, for an arc 7' contained in the disc {|z|] < 11}, we have

1
e(?) 2 755 fncia(7)-
Hence, we obtain (9.24).

Next we consider the case i # ¢ — 1. Let ab be the line segment
which contains ;. Then, by Lemma 9.7, v ¢ K. Let w € 0K; be
the first point where v and 0K; intersect. We may assume without
loss of generality that ZwbP = 7/6. By Claim 4, we may take ¢ such
that (9.26) holds. Here, we remark that Claim 4 is proved for the
case © = ¢ — 1, but the proof shows that the same statement is valid
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for © # ¢ — 1. By the same argument as in the previous case, we
obtain (9.24).

Now by (9.15) and (9.24), we conclude the proof of Lemma 9.9. We
note 7320w < 2. O

COROLLARY 9.10. Assume that (C,by,...,b,) is e-thick, where 0 <
e < 1. Let ~ be a loop cut or a cross cut of B, which divides B’ into
two parts. Then one of them, denoted by D, satisfies the following two
estimates:
153

— 2
(=(DUdB') < ;’ 0=(7)
217q3

g

A(D) <

l=(7).

PROOF. We first remark that every Jordan domain D C B satisfies
(9.27) A(D) < 20(0D).

When (=(0D) > m/2, this is obvious. If {z(0D) < m/2, then 0D is
contained in some hemisphere. Hence D C C is contained in some
hemisphere; otherwise C \ D should be contained in some hemisphere,
which is impossible by 0,1,00 € C\ D. Hence (9.27) is true.

Now if « is a loop cut, then we take D such that D € B’. Then
by (9.27), the second estimate holds. The first one is trivial.

If v is a cross cut, then we take D such that ¢z(DNJB’) is shorter.
Then by Lemma 9.9, the first estimate holds. Now D is bounded by
the closed curve yU (D NdB'). Hence by (9.27), we obtain the second
estimate. U

9.6. Proof of Theorem 9.2(2)

First we prove ‘Covering theorem 2’ [12, p. 329] in our particular
situation. In the following, area and length are always measured using
wg and /=, respectively.

LEMMA 9.11. Assume that (C, by, ..., b,) is e-thick, where 0 < & <
1. Let G be a covering surface of B'. Let S be the mean sheet number
and L be the length of the relative boundary. For a line segment [ €
{Bl, By Ba-1, 5:;71} in OB', let S(B) be the mean sheet number over
8. Then we have
218q3
€

L.

S =S(B)] <

PrOOF. We decompose G into sheets G, ..., G, as in [12, p. 323].
Thus, G; C B’ is the part where the covering G has at least j preimages.
Let S; be the mean sheet number, S;(8) be the mean sheet number
over 3, and L; be the length of the relative boundary of the jth sheet
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G;. Then we have

n

S = ZSj? SB)=)_5;(8), L= ZLa‘-

j=1

We shall show

218q3
15

L.

je

(9.28) 155 = S;(B)] <

for all j = 1,...,n, which will establish our lemma.

We apply Corollary 9.10. Since each G is divided by loop cuts and
cross cuts of total length L;, one of G, or B'\ G, which we write D;,
satisfies the two estimates of Corollary 9.10. Hence, by Lemma 9.4 and
(=(B) > 1, we obtain

A(G;)  (=(DnNp) 21843
9.29 3= < L.
(9:29) A(B) =B | = e 7
If D; = G, this is what we need to prove.
If D; = B" — Gy, then we have

AG)) _ | ADy)
A(B) A(B')’
=Gnp) _ | DD
(=(B) l=(8)
Thus, by (9.29), we obtain the estimate (9.28). O

LEMMA 9.12. Assume that (C,by,...,b,) is e-thick, where 0 < & <
1. Let F be a covering surface of B. Let S be the mean sheet number
and let L be the length of the relative boundary. For a line segment «
from {aq,..., 041}, let S(a) be the mean sheet number over a with
respect to l=. Then we have

218q3

15 = S(e)] < =

L.

PROOF. By deforming F' slightly, if necessary, so that S, S(«),
L change arbitrarily small, we may assume without loss of generality
that the relative boundary of F' has no arcs of positive length above

aq,...,04-1 and that F' has no branch cuts points above ay, ..., aq_;.
Let {o;}._, be the cross cuts of F' over ai,...,aq-1. By these cross
cuts, F'is divided in Gy, ..., G. Then each G; is a covering surface of

B’. Let S; be the mean sheet number and let L; be the length of the
relative boundary of this covering. Then we have
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Let 8 and ' be the line segments in B’ that are two copies of . Let
S;(B) and S;(B’) be defined as in Lemma 9.11. Then we have

19 .3
25 - 5(6) — Si(8) <~ L
hence
k / 91943
25 =) (Si(B) + Si(B))] < —L.

i=1

Now each o; is contained in {8Gi}f:1 exactly two times. Hence, we

have
k

D (Si(B) + 5:(8) = 25().

i=1
This concludes the proof. O
Now we prove Theorem 9.2(2). We follow the proof of Toki [29],

who simplified the original proof of Ahlfors [1]. As in the proof of
Lemma 9.12, we may assume without loss of generality that the relative

boundary of F' has no arcs of positive length above a4,...,a,-1 and
that F' has no branch points above a1, ...,aq — 1. Let {aj};n:l be the
cross cuts of F over oy, ..., o, 1. Given o;, which lies over oy, we set
g:(O")
Noi) = ——1¢.
( J) 55(041@)

We have
(9.30) 0 < A(oy) < 1.

We consider two cases.

Case 1: There exists o; which does not divide F'. In this case, we
may assume that oy, ..., 0, satisfies

(1) F\ (01 + -+ + 0,) is connected,

(2) every oj, n+1<j <m, divides F'\ (o1 + --- + 0,,). We have

(9.31) n—1<o"(F).

We remark that o;, n+1 < j <m, divides F'\ (o1 +-- -+ 0,,) into
m —n+ 1 parts Gy, ..., Gy _n. We may assume that the boundary Gg
contains g,,. Among Gy, ..., G,,_,, there exists at least one part whose
boundary contains only one cross-cut except oy, ..., 0,. We denote this
part G and the cross-cut o,,1. Also among Go, ..., G,,_,, there exists
at least one part whose boundary contains only one cross-cut except
01y, 0n,0nsr1. We denote this part G5 and the cross-cut o,2, and
so on. Thus, we have Gy, Gy, ...,Gp_p and 0,41, 0ni0, .., Oy

Now each Gj, is a covering surface of B’. The boundary of Gy
contains o,,x. Let S; be the mean sheet number and let Ly be the
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length of the relative boundary. By Lemma 9.11, we have

218 3
Mopir) < Sk + d

Ly.

Hence, we have

m—n 9183

(9.32) Mopsr) < S+ L.
k=0 €

On the other hand, by Lemma 9.12, we have

(9.33) (- 15 <3 Aoy + 2L

Jj=1

Using (9.32), we obtain

By (9.30), we obtain
218(q4 + q3)

(g—2)S<n-1+ .

L.

Thus, by (9.31), we obtain our result.
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Case 2: All o; divide F'. In this case, 0;, 1 < 7 < m, divide F into
m + 1 parts Gy, ...,G,,. Among them, there exists at least one part
whose boundary contains only one cross-cut. We denote this part by
G and the cross-cut o;. Also among Gb, ..., G,,, there exists at least
one part whose boundary contains only one cross-cut except ;. We
denote this part GGy and the cross-cut oo, and so on. Thus, we have

Gl,...,Gm and O1y...,0m.
By Lemma 9.11, we have

Aog) < Sk +

Hence, we have

(9.34) k=1 k=1 =

By (9.33), we obtain our estimate.






CHAPTER 10

Proof of Proposition 6.3

We shall derive Proposition 6.3 from Proposition 9.3 to conclude the
proof of Theorem xx. Since Proposition 9.3 only treats the case when
(C,a1(z), ..., aq(z)) is 55-thick, we need to decompose the general case
into 5-thick cases. We use a similar trick as in [18] and [17] based on
combinatorial arguments of trees.

10.1. Combinatorial lemma

A g-tail of a tree I"isamap 0 : {1,...,q} — vert(I'), where vert(I")
is the set of vertices of I". For v € vert(I'), we set

pr={ie{l,...,q};0(i) = v},
(10.1) P! = {v" € vert(T',); v and v" are adjacent },
P,=Prup
We say that (I", 0) is stable if #P, > 3 for all v € vert(T").
Assume (I, 0) is stable. For each 7 € P,, we define a subset SY C
{1,...,q} as follows. If 7 € P/, then we set S? = {7}. For 7 € P!, we

remove the edge {v, 7} from I" to obtain two connected components T,
and I';, where I', contains v and I'; contains 7. We set

Sr={ie{l,...,q};0(i) € vert(T',)}.
We define a map ¢, : P, — {1,...,q} by

Ly(T) = max Sy.

Lem 10.7 }—{ Lem 10.5)

FiGURE 10.1. Proof of 6.3.

Lem 10.3}—(Lem 10.2)

117
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0

le U1
2
e Uy
4

FiGUurE 10.2. Example of a tree.

For each v € vert(I'), we have ¢ € ¢,(P,). Let j € t,(P,) \ {¢q} be the
largest element. We set

Lv(Pv)l = Lv(Pv) \ {.]7 q} :

ExampLE 10.1. (1) vert(I') = {v}, 0 : {1,2,3} — {v}. The set of
edges of ' is empty. In this case, we have P™ = {1,2,3} and P" = (),
hence P, = {1,2,3}. Thus, (I',0) is stable. We have

Sy={1} S;={2} S5={3}

and

Thus, ¢,(P,) = {1}
(2) vert(I') = {v1,ve} and 0 : {1,2,3,4} — {v1,v2}, where
01)=wv, 9(2)=wv, I3)=wvy, I4)=1y.
The set of edges of I" consists of one edge which joins v; and vy. In this
case, we have
P ={1,2}, P! ={v}, P, ={121v},
Pl ={3,4}, P, ={wn}, P,={3,4,v}.
Thus (I', 0) is stable. We have
Sp= {1}, Sy ={2}. Su={3.4}.
St ={3}, Sr={4}, Sy={12}.

Hence,

(1) =1, 1,,(2) =2, 14,(v2) =4,
ly(3) =3, 1, (4) =4, 1y, (v1) =2

Thus, ¢, (P,,)" = {1} and ¢, (P,,) = {2}.
LEMMA 10.2. Assume (I',0) is stable. Then we have the disjoint

UNLoON
{1...a-2t= |J w®)

vevert(T)
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PRrRooF. The inclusion
U w(P) c{1,...,¢—2}
vevert(T")

is obvious. We prove that for each ¢ € {1,...,¢}, there is a unique
v € vert(I") such that i € ¢,(P,)". Set d(¢) = v, and 9(i) = v'. Then
there exists a unique path joining v, and v':

(10.2) Vo = Vg, V1, ..., 0, = 0.
We set k = min {s;i € ¢,,(P,,}. We remark that
(10.3) i € Ly, (Py)".

This follows by ¢ — 1 € 1,,,(P,,) if k =0. If k > 1, by i & ¢,_,(Py,_,),
we have ¢, (vg) > i and ¢y, (vg) € 1y, (P, ). Hence, we obtain (10.3).

Next we show the uniqueness. First, we take a vertex w outside
the path (10.2). Then for 7 € P, with ¢ € S¥, we have i € S¥.
Hence i ¢ 1,(P,). Next, we consider the vertices in the path (10.2).
Obviously, i ¢ ¢, (P,,) for s < k. For s > k, by i € 1, ,(P,, ,),
we have i = maxt,, (P, \ {¢}. Hence i ¢ ¢, (P,,). This shows the
uniqueness. O

10.2. Construction of a tree

LEMMA 10.3. For z € X(aq,...,q,), there exists a stable q-tailed
tree (I', 0) such that the following conditions hold:

(1) For all v € vert(T'), the marked sphere (C, {abv(f)(z)}Ter is
2%—thick,

(2) If v and v’ are adjacent, then there exists an annulus A with
modulus greater than (1/27)1og(2%°) such that (C, {a,, ()}

< i reP\{v'}
is contained in one component C\ A and (C,{a,,,x(z)} '

reP,\{v} ¥
contained in the other component.

PROOF. Starting from the ¢-tailed tree ('), 9!)) defined by vert(I'!) =
{pt}, we consider the following algorithm:

1: If a g-tailed tree (I'l¥l, 9¥1) satisfies the condition (1), then output
(T[] 9l Otherwise go to the next step.

2: Find v € vert(I'™) such that the marked sphere

(@7 { Ul (z) }rePik] )

is not sy-thick. Thus there exists an annulus A with Mod(A) >

(1/27)log 2% that separates P to (P) and (P)”. We construct

a neq g-tailed tree (I'*1) glk+1) by replacing v with two new vertices
" and v such that PFY = (quk])’ U {v"} and Pﬁﬂ] = (quk])” U {v'}.

,U/

Return to the previous step.
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Note that each ('™, 9%} is stable. Hence, the above procedure
terminates at most in ¢ steps and yields the desired stable g-tailed tree

(I, 9). O

We summarize the conclusion of Proposition 9.3 applied to {a;};c, (Py)
as the set of rational functions. For each v € vert(I'), we apply Proposi-
tion 8.3 to obtain a holomorphic motion QASU : x C — C which extends
{ai};c,, (P,). Let g, : © — C be the quasimeromorphic function de-
fined by

ng(/\a 9) = fo-

For v € vert(l',) and 7 € P,, we define A? C C as follows: Let
s < 1/10.
If 1,(T) # q, then we set

A? ={z € C;|z— a,,(n(z)] < spl},

where

_— min a;(x) —a,, ()]
Pr = R ) 1) ~ A (@)

When ¢,(7) = ¢, let j be the maximal element in ¢,(P,) \ {q}. We
set

A? ={z € C;|z —aj(x)| > R,/s},

where
R,= max |a;(x)— a;(x)|.
_max fai(x) = (o)
We set
B, = @\ U A_$,
(10 4) TEP,
ot = > o(F)+ = > o(F)*
FEL(gy " (By),Q(r,t)) FEP (g5 (Bu),Q(r,t))

Then, by Proposition 9.3, we have

(#P, — 2) /m/QT <7’, f-a ,Q(t)> dt

CLj—(l

) ’ "
m/2  pr t 267 748 1 3/4
< / / Mdudt + 7 <7°+ —) (logr)1/4
0 1 U m T(r)

for r > 74, where 7 and j are distinct elements in ¢,(P,) \ {¢}.
So far we have assumed s < 1/10. In what follows, we take s so
that % <s< %. Then we have the following lemma:

(10.5

LEMMA 10.4. Forv € vert(T'y) and 7 € P,, we have a;(z) € AY for
all i€ S?.
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PRrROOF. The assertion is obvious if 7 € P*. In the following, we
assume that 7 € P'. It is enough to show

(10.6) C\A,NC\AY =0
for adjacent vertices v and v’. Indeed (10.6) implies AY, D AZ' for all
n € Py \ {v}. We take the path joining v and 9(z) :
v =g, V1, ...,V = O0(1).
Then we have
AP DAL DDA DAY S a(w)

as desired.

We prove (10.6). We note that S% USY = {1,2,...,q} is a disjoint
union. Hence, we may assume without loss of generality ¢ € SY.
Thus, ty(v) = q. Set 1,(v)) = j. We take k € ¢,(P,) such that
pY, = lag(x) — a;j(z)|. Then by s > 1/16, we have

(10.7) A D {z € C;|er(z,a5(x), ar(z), ag(x))| < 1/16} .

We note that j is the largest element in ¢, (Py) \ {¢}. We take [ €
Ly (Py) such that R, = |a;(x) — aj(x)|. Then by s > 1/16, we have
(10.8) AY > {2 € Cler(z, aj(r), a(x), ag(x))| > 16} .

By Lemma 10.3, there exists an annulus A with modulus greater than
(1/27) log(22°) such that {ax(x), a,(x)} is contained in one component
of C\ A and {a;(z), a;(x)} is contained in the other component. Hence,
by Teichmiiller’s extremal problem [2,p. 30], we have

1
ﬁ.
By (10.7)-(10.9), we obtain (10.6). O

(10.9) |cr(a(z), aj(x), ar(x), aq(x)| <

We apply the following distortion estimate of quasiconformal map-
pings [3,p. 81] to prove a generalization of (10.6): For a quasiconformal
map ¢ : C = C fixing 0 and 1 with K < %, we have
(10.10) l(2)] < 4]2)%, 2] < 1.

LEMMA 10.5. For adjacent vertices v and v', and for all A € Q, we
have

(1011> ng(Auﬁ\ Az’) U (ﬁv’()‘vﬁ \ Az/) = (Z)

PROOF. We keep the notation of the proof of (10.6). Let A € Q. We
denote ¢, 1(2) = ¢u(A, z). By Proposition 8.3, we have K () < 2.
We apply (10.10) to a quasiconformal map

7—1 —1
Pa(w).an(z) © Py © Pa;(N),an(N)
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where we recall the notation from (9.1). Note that this map fixes 0 and
1. Then we obtain

o5 ({z € Cilex(z, a;(N), ax(N), ag(\)| < 277})

C {z € G| cr(z, ai(x), ar(z), ag(z)] <27}
Hence, we obtain
(10.12) ¢, n(T\ AY) € {z € T;|ex(z,a;(N), ar(N), ag(N)| > 277}
Similarly, we have
(10.13)  ouA(C\AY) C {2 € T;|er(z,a;(N), ax(N), ag(N)| < 27} .
By Lemma 7.3 and (10.9), we have

1

(10.14) |cr(ai(N), aj(N), ag(N), ag(N))| < -

By (10.12)—(10.14), we establish our lemma. d

10.3. Final reduction
For 7 € P,, we set
al(rit)=— > oF)— > ot (F),
FeDl, FeDE,
where
DI, = I(g, (A2, Q(r.1). D, = Plg, (A, Qr,1)).

It is evident that D] _is a finite set. We remark that D} _ is also finite,
since €(r,t) is bounded by a finite number of analytic arcs and g, is
real analytic outside the inverse image of {a:(z)},c,, (p,)-

By changing s slightly if necessary, we assume that: For all v and
T € P,, if g, : Q@ — C is non-constant, then g, does not have branch
points over JAY.

LEMmMA 10.6.
(10.15) Xo(r,t) < Z al(r,t).
teP,
If v and V' are adjacent, then

(10.16) Xo(r,t) < —al(rt) + ) al(rt).
TEP,\{v'}

Lemma (10.6) implies Proposition 6.3. Set v, = d(q). By (10.15),
we have

Xvo(ra t) S Z CV:J.D(T, t)

TEPu,
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For v € vertl', \ {v,}, we denote by v~ the vertex with ¢ € S'_.
By (10.16), we have

Xo(r,t) < —ab (r,t) + Z al(r,t).
TEP\{v™}
Taking summation over all v € vert(I';), we obtain
(10.17) Yoo Do ) ol
vevert(T) vevert(l'y) TEP

Since —o(D) < 1 for D € D!

v,7)

Z Z al(r,t)

vevert(l'y) TEP

2. > D b

vevert(Ty) TEPM DeDI

< YD Alge ar(2),92(r 1)),

vevert(ly) TEP

Since 1(gy, ar(x),Q(r,t)) = n(f, ar, Q(r,t)), see (8.2), we obtain

Z Za(rt)

vevert(I'y) TEP™

< > ) (g, ar(x), Qr, 1))

vevert(l'y) TEP™

- Zﬁ(f, a;, Qr,1)).

we have

Hence by (10.17), we have

(10.18) > Xt <3 Af a0 1),

vevert(T'y) i=1

£

Next we apply Proposition 9.3. For each i € ,(P,)’, we take T € P,
such that i = ¢,(7). By i <%, we have i® ¢ S’. Hence, we may take
7' € P, with 7/ # 7 such that i¥ € S%. Let j = max,(P,)\ {¢}. Then
j #1i. By

jaf (2) = ai(@)] < laj(2) — ai(2))]
and Lemma 10.4, we have g ¢ S%. Set i* = 1,(7/). Then i < i* < q.
Hence applying (10.5) to i,7* and taking average over i € 1,(P,), we

obtain
m/2 — .
3 / ( —al Q(t)) dt
a —a;

€Ly (Py)!

m/2 67 7.8 3/4
Xo(u,t) 2°"dq 1 1/4
< S dudt T — 1
< [0 [ 2w ZET () onn
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for r > ~4. Thus, by Lemma 10.2 and (10.18), we have

= [m? f—ai

;/0 T (r, o ai’Q(t)) dt
q m/

<> 2N(f, a;, Q(t)) dt

i=1 Y0

267dq9 1 3/4 1/4
T — |
+ - (T+T(r)> (logr)

for r > 4.
Finally, we show the following estimate to conclude the proof.

m/2 o
/ T (r, %,Q(t)) dt
0 a; — a;

m/2 —
(10.19) < / T(r,¥,9(t)> dt

1\ 3/
+ 22T (r + m) (logr)Y/4.

For the proof, we set

k= k(f,a;,al,a?).

17

Then by Lemma 7.2, we have
(10.20)

m/2
J

1 3/4
< 2¥T —— ) (logr)"/*
<P 1+ g7) o

T (7“, J;;“ Q(t)) +TT (7", Joa Q(t)) —Tlr, 5, Qr,1))| dt

for r > ~4. By the definition of i® and Lemma 10.4, we have

~lad (@) = ai(2)] < laf (2) — ay(2)].
Hence, by Lemma 7.2, we have

(10.21)

m/2
J

1 \3/4 /
<7 (r+——) (logr)
<277 (r+ ) Oom)

) _ 0
T (7‘, g,g(t)) +TT (r, %,Q(t)) —T(r, 5, Qr,1))| dt

for r > ~4. This shows (10.19), and concludes the derivation of Propo-
sition 6.3.
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10.4. End of the proof

We prove Lemma 10.6 to finish the proof of Theorem 9.4 (Theo-
rem 1.2). First we show (10.15). Let W be a connected component of
Q(r,t). We remark that

(10.22) ot (W) =0.

Indeed by oo ¢ Q(t), each connected component of C\ W has non-
trivial intersection with C \ Q(¢). Hence by C\ Q(¢t) € C\ W, we
conclude (W) < o(§2(¢)). This proves (10.22).

We need one lemma from [33,Lemma 1].

LEMMA 10.7. Assume that a finite number of points of disjoint
simple closed curves v; (i =1,...,p) divide C into connected domains

Dy,....,Dpq. Let¢: W — C be a covering map with no branch points
over the boundaries of D; (1 <i<p+1). Put

p+1 p+1

A= UI(C*(DZ»),W), == U P(CH(Dy), W).

Then we have

ot (W) =D o(A)+ ) o' (B).

AcA BeB

Now to prove (10.15), we remark that the estimate is trivial if g, is
constant, since both sides are 0 by (10.22). When g, is non-constant,
by Lemma 10.7 and (10.22), we obtain (10.15).

Next we prove (10.16). We remark that

(10.23) 9o(D) ¢ Ay, for DeD),.

Indeed assume contrary that there exists D € D{],ﬂ) such that g,(D) C
AY,. Then there exists z € D such that g, (2) = a, ) (x), which says
f(2) = a,,w)(z). Since vy (v) € 1,(P,), we have g,(2) = a, ,v)(z). Since
L (V) # 1,(v'), we have a, ,)(2) ¢ Ay, This contradicts g,(D) C A},
Thus, (10.23) is proved.

We prove (10.16) in two cases.

Case 1: g, is constant. In this case, it is enough to show Dq{,’v = (),
for we have x,(r,t) = 0 and a¥(r,t) = 0 by (10.22). Suppose, on
contrary, there exists D € D!, . Then by (10.23), g,(D) ¢ AY,. Since
gy is constant, we obtain 7

g,(2) Cc C\ AY.
On the other hand, by (10.11), we have
90(9, (C\ AY)) C A,

Hence, we conclude g, (Q) C AY, which implies Df],m = (). This is a

contradiction. Thus, we have proved (10.16) when g, is constant.
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Case 2: g, is non-constant. Given H € D}, ,U D}, we consider

the restriction g,|z : H — C. We set 7
D). w=1I(9, (AY), H), Dyru="Plg,'(AY),H), 7€P,
‘/T_;{,H:I<gv_1(Bv)>H)> fU7H:P(g;1(Bv)7H).

We first remark that
(10.24) D!, g=0.

To show this, we assume on contrary that there exists D & Df;v,’H.

By the same reason with (10.23), we have ¢/ (D) #C AY. On the
other hand, we have g, (H) C AY, for H € Al, /UAL . This is a
contradiction. Thus we have proved (10.24).

Now let us fix a component H € Df),’v. We have

o(H) > >, D)+ > e(D)

reP\{v'} DeD]  ,uDl_ 4 DeD{)’v,’Hquiv,

+ Z o(F).

FeFl quFP,

Since H is compactly contained in €(r, t), the boundary OH of H does
not meet the boundary of (r,¢). By (10.11), we have

(10.25) gv(g' (C\AY)) C A
Hence, we have
g (0H) C A},.
Hence, )y = 0 and D) ; = 0 for 7 € P, \ {v'}. By (10.23), g,(H) ¢

v v,

AY,. Hence components D in D}, ; are not simply connected, so
o(D) > 0. Thus by (10.24) we obtain

(10.26) oHy=">_ > oD+ > oF).

reP\{v'} DeD] , FeF! 4

Next we fix a component H € D}/ . By Lemma 10.7 and (10.24), we
have

ot (H)> ) > oD)+ > o"(D)

(10.27) T€PAV} \DeD; . DeD;  n

+ Y oF)+ Y ot (F),

Fe}‘j,H Fe]—‘f:H
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Thus, by (10.26) and (10.27), we obtain
(10.28)

Y. oH)+ Y of(H)

HeD!,
vl v

127

HeDE,

U sV

> > 22 ek D B )
HeD], UDY TE€P\{v'} DED] 4 HeuD[, TeP\{v'} DeD}

+ Z ZQF+Z ZQF. -

I P 1 P P
HEDU/WUDU, . FEF,. HGUDU,’U FeF,y

By (10.25), we have

g, (B,) NQ(r,t) C U HU U H.

HeDl, HeD,, v
v v
Hence, we have

(10.29) > o)+ > ) of
HeDi,ﬁquf,’U Fe]-‘qf’H

Again, by (10.25), we have
g, (A N Q(r, 1)

= Xo(r, 1).
HeD], FeF]y

U HU C U H, for 7 € P,\ {v'}.

HeD!, w HevaU
Hence, we have
(10.30)
DD DD DR DI ID DR D
HeD!, uD!, TEP\{v'} DeD] 4 HeDl, TeP\{v'} DeDY
= — Z al(r,t).

TEP,\{v'}

Thus, by (10.28)—(10.30), we obtain (10.16).






APPENDIX A
Appendix

A.1. Pullback

Let f: A— B and g: B — C. In this case, the pullback of g by f
is

ffg=golf.
The domain of definition of g was “pulled back” to A.
Consider
[ stz amz),
B

where dm(z) = dxdy is the Lebesgue measure. Now

[ sGram(z) = [ g EFant) = [ £o@ amt)

Hence in this case

f(gdm(z)) = g(f())If (2)]” dm(2).

If we set
w = g(z) dm(2),
we obtain
frw=g(f)If (2)” dm(z)
A.2. Derivatives
We have
rd [* - rd [* -
e 1 70 - 1 10
smir |, eslf e = - [ Relog(f((re)))as

- L4 pe / “log(f((re')))d6

L [* f'((re'))(re?)idd

=Reoni )l T ey
B 1 21 f/(Z)
=Reon ) T ™

= Re(n(r,0, f) = n(r, 00, f))
=n(r,0, f) — n(r, o0, f)
by the argument principle.
129
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First, we want to show the identity

A d 2 f(2)
r z
%% 0 log’f(re )‘ 271' f(Z) dZ n(r, f>0) —n(r,f, OO)
We see that
ilo |f(re®)| = 41 <10 f(re?®) +1o f(rei"’))
dr & dr 2 & &
B 1 f/(’l”e ) f/( ez@>ez€
2 (rei) * f(re?)
We obtain
r d : o [ fl(re®)re®idd ' (re?)reido
o dr log | f(re')[do = Ari ( frei®) N f(rei) )
r [ f(re?) fi(reif)
imi ( Flre®) 7 Flred) dz)
Therefore
d 2 4 27 d )
e [ toslstreian = - [ g f(reas
IR Y OIS S A C
- 2 (27’[’2 |2|=r f(Z) dz 2mi |z|=r f(Z) dz)
T f(2)
" or f(2) o

( ,f,O)—TL(T,f,OO),

where, in the end, we used the Argument principle. Hence (A.1) holds.
We have the notation

N(r, f,0) = /17“ n(t’—f’o)dt.

t
We divide both sides of (A.1) with r and integrate from 1 to r to obtain

1 r 2 )
o || logls(seldbas = N(r.£,0) = N(r, £,00),
2 )1 Jo

Example. Let ¢ be an analytic function and z = re. Now

d AN d i0
25103;\9(7“6 )| = (logg(re ) +logg(re ))

dr
(A 2) B g/<7,ezt9)ez€ g/(Tez'G)ei@
' g(rei) g(rei)
_ op 9 (re?)e”

g(ret®)
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We obtain

d , 1 g (2)z
2— log |g(re”)] = —2Re
ar B = PR

When ¢ is meromorphic, h(z) = ¢'(2)z/g(2) is analytic and h(0) #
0, 00, since the possible pole or zero of g cancels out. The function
g'(2)z

9(2)

is harmonic as the real part of an analytic function.

Re

A.3. Modulus
A.4. Modulus of rectangle
Let @ = [0,a] x [0,b]. Then the ratio

b

m(Q) -
modulus of () measures “how thick @ is”. It is a good measure for
thickness, since it is scale invariant: if Q" = [0,1] x [0,b/a], then

m(Q') = m(Q), for example.
The conformal map ¢

o(z) =exp | ze 2 —
a

rotates @ clockwise 90 degrees, scales the height of the rectangle to be
21 and then maps the rectangle to an annulus

p(Q) = A(0,1,¢*3),
where
A(zo,1m1,1m2) ={2€C;r; <|z— 2z <m}.

If we define the modulus of an annulus A(zp,71,72) to be

1 T
m(A(zo,11,72)) = Py logi,
then \
1 e*a b
m(p(Q)) = oy log——=-= m(Q),

and ¢ preserves the modulus.
To define modulus for a general simply connected domain in the
complex plane, we follow the idea that

b ab  area(Q)

MO0 @ T Tensth( Q)

We will obtain so-called “length-area methods”.
[From Fletcher, Markovic - Quasiconformal maps and Teichmiiller
theory]
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Let © C C be a domain. A metric p(z) is admissible if p is measur-
able, p(z) > 0 and A(p) # 0, 0o, where

Alp) = / P(2) dm(z).

Let I" be a family of rectifiable curves in 2. For v € I, the length of ~
with respect to p is

Lip) = [ o)t

and we define

L(p) = inf L, (p).

yerl’

DEFINITION A.1. The extremal length of I is

AMI) = Sup 255)) :

where the supremum is taken over admissible metrics p.

Extremal length can be thought of as an average minimal length?
for curve families. We say that I'y < I's if for all 7, € I's, there exists
~v1 € I'y such that v C vs.

LEMMA A.2. ]f I < FQ, then /\(Fl) < )\(Fg)

Proor. Fix p, then L, < L.,, so the inequality holds if the infi-
mum is taken on both sides. Thus A\(T';) < A\(T'y). O

ExaMPLE A.3. Let I' be the family of curves connecting vertical
sides of a rectangle ) and not leaving ). Fix p. Then

L(p) < /Oap(af +iy) dz,

where the integral is over a horizontal curve.

2
(bL(p))? < < [ dasdy) <ab [ (e)dudy
Q Q
by using the Cauchy-Schwarz inequality. This then yields

Lp) _a

Alp) — b

'Let T be the family of curves connecting vertical sides of a rectangle Q. We
want to show that

a a
M) = —=—.
(L) ab b
Then we will have ) .
m(Q) = m = P
So, A(Q) measures the “length of Q" and m(Q) = 1/A(Q) measures the “thickness

of Q.



A.4. MODULUS OF RECTANGLE 133

and so a
AT < 5

Take po(z) =1 for z € @ and py(z) =0 for z ¢ Q, then
L?(po) _a
A(po) b

Thus \(T") = a/b.

EXAMPLE A4. Let A= A(0,71,7m2) = {2z;r1 < |z| <12}, and I be
the family of curves that separate the two boundary circles, with the
curves not leaving A.

Any path is longer than the circular path following the inner bound-
ary component of A.

L(p) = inf Ly (p) < / " (")) d6

vyel

for some r € [ry,75]. Then

(oo (52) o) < ([ [ et < [

by the Cauchy-Schwarz inequality, and so

L*(p) o o

A(p) ~ log(ra/r1)
Take po(z) =1 for z € A and 0 for z ¢ A, then
L*(po) 2w
Alpo) — log(ra/m1)’

A.4.1. Quasiconformal diffeomorphisms. Let f : Q2 — f(Q)
be a C'-diffeomorphism, that is, a bijection with continuous partial
derivatives. Since f is a diffeomorphism, it is well approximated by a
linear map. The linear map df maps the unit circle to an ellipse with
major axis a and minor axis 4. The area of D is m, and the area of
df (D) = maf3, so the Jacobian Jy(z0) = |f.|* — | fz|* = 8. Since sense-
preserving maps are being considered here, |f,| > |fz| and so J; > 0.
The dilatation (or distortion) at zj is defined to be

o« IS+
CANTARTE R

The complex dilatation at zj is

A(T) =

Dy =

Iz

f:

The dilatation and distortion are related by
1+ [yl
1= gyl

K=

f:
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By the Cauchy-Riemann equations, if f € C!, then f is conformal
if and only if fz = 0. If f is conformal, Dy =1 and a = 8 above, so df
maps circles to circles.

DEFINITION A.5. Let f: Q0 — C be a diffeomorphism. We say that
f is a quasiconformal map if Df(z) is bounded in Q. We say f is a
K-quasiconformal map if

A3 Di(z) <K, 2z€eQ.
f
K is defined to be the infimum of all such K.

If f satisfies (A.3), but is not bijective, then f is called K-quasiregular.

A C'-diffeomorphism is conformal if and only if it is 1-quasiconformal,
and so, in some sense, the larger K7 is, the further f is from a conformal
map.

A.4.2. Modulus is a conformal invariant.

THEOREM A.6. Let f:Q — f(Q) be a C* K-quasiconformal map,
and let I' be a family of curves which do not leave Q. Let T'y = f(I") C
f(). Then

r
M <y < ).
K
PROOF. Let p be admissible for I and define

P -1
= (e ™) ©
where f(z) = ¢ and p; is admissible for I';. Then

|fz|+|fz|
Fd¢)? = < K A(p).

If vy = f(y), for y € " and v, € T'y, then

/mmu/ﬂm
Y1 Yy

L’Yl (Pl) 2 L’Y(ﬂ)

which implies

and hence
L(p1) > L(p)

and so, A(I') > K;l)\(F). Apply the same argument to f~! for the
other inequality. O
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A.5. Teichmiiller spaces
A.5.1. Pants. A pair of pants is a set homeomorphic to
D(0,4)\ (D(2,1) U D(—=2,1)).
A closed surface with g holes, that is, of genus g can be divided to
(A.4) 2g — 2

pants. To see this, note first that a double torus with 2 holes can be
divided into 2 pants. Hence, in this case

29 —2=2

as the formula shows. On the other hand, if a surface has g holes, then
one hole can be introduced by adding 2 pants. Hence, formula A.4
holds.

Each pant has 3 boundary components and on a surface, they are
shared by 2 pants, so there are

(29—2)-;:39—3

cuts. Each cut is described by its length and an angle, which explains
in which position the parts are joined. Therefore each cut is described
by one complex parameter. We see that a surface of genus g depends
on
39 —3

complex parameters.

The reasoning can be made exact by so-called Fenchel-Nielsen parametriza-
tion.

However, for this to be meaningful, we need to show that the de-
pendance is somehow continuous.

A.5.2. Miscellanious. Uniformization theorem states that a sim-
ply connected Riemann surface is isomorphic to either the Riemann
sphere C, the complex plane C or the unit disc D.

Here C, C and D are not isomorphic to each other. Namely, C is
compact but C and I are not. Moreover, f : D — C can be non-
constant and analytic, but g : C — C cannot, by Liouville’s theorem.

A.5.3. Thin and thick. Hubbard writes 7, p. 86]

“Bill Thurston and Dennis Sullivan have taught me
that, roughly, one can think of a Riemann surface as
made of standard plumbing joints connected by pipes
that are cut to order and can be arbitrarily long. More
precisely, every Riemann surface consists of a “thick
part” with bounded geometry, corresponding to stan-
dard plumbing joints, and a “think part” that may be
unbounded but is essentially simple — just a pipe. In
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this section we discuss a theorem of hyperbolic geom-
etry, Theorem 3.8.3, which justifies this view.”

A.6. Improvements to Yamanoi’s estimates on a and B

Yamanoi did rough estimates

1
<

|sinf| <1, log
logo ~ logo

and did not optimize the powers in § = (logo)* and 7 = (log 0)'° and
A(r)%. We will optimize these things here.

Yamanoi got the estimate

| ot s < EE g ) + @) + A

We can estimate Yamanoi’s auxiliary functions better by

~ 97
. <
(A.5) a(t) < g o
and
~ 1  6rlogo
(A.6) B(1) < 156 + 8§ log 5 + 5

Also here, these estimates have been simplified for clarity and are far
from sharp. The difference to Yamanoi’s estimates is that we got rid
of the powers 2 in the denominator in the original estimates

a(r) < Cr 107 log o
~ (logo)?’ 52

To treat log% carefully, let 0 < n < 1 and set

h, () = (log )" log

logo’
Now h,(c) = 0 as o — 1.

Let 6 = (logo)? for 0 < p < 4. Then by log% < 4@, we have
(A.7)

1+logo, ~

W(a(ﬂ + B(7))

< 18T +30(log o)P~* + 64(log o) ! log ! + 127(logo)™®

~ (logo)? log o

18
< Tog ;)2 +30(log 0)P~! + 64(log 0)P "1 "h, (o) + 127(log o) "

We choose 7 so that we get some power (logo)?, P > 1, to the right
hand side. Hence, for S > 0, we choose 7 = (logo)3*% and p = 2+25/3
and n = S/3 to obtain

5 1+ logo

log o (@(7) + B(r)) < (120 + 128h()) (log o) +5/3,
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where h(o) — 0 as 0 — 1.

A.6.1. We can replace (logo)® by (logo)**® and A\(r)* by
A(r)?*9, for 0 < S < 1. The rest of the proofs go in same fashion and
we obtain

/m" o(t, f, <k;g ) it < 248(108.0) ST (r, ) 4 )

for ¢ > 1 small enough and

v(r, fAr)*7) < eT(r, f)

for S > 0 by choosing 0 = exp(A(r)®) for s > 0 small enough in the
proof.
Proof of (A.5) and (A.6). Yamanoi’s auxiliary function a satisfies

1/o 1/o T/2 1 — #)sin b
(A.8) aﬂ:/" t7——<{/ / ;?“dwt
1/02 — tet ’

1/o?

We estimate

1 —te] = |1 —tcosf+itsinf| = /(1 —tcos0)? + (tsinf)2 > t|sin 6|

and
[T —te > (1 —1)?
and obtain
1/0‘ 1 t
a(t) < 27'/ %dt
1/0.2 t(]_ - t)
2 /1/0 ! + L + 2 dt
= 7‘ —_
et 1=t (1—t)?
1/o0
(A.9) — 27 []til/UQ
2 (1 (0 +1)+ 20 )
= 27 [ log(o
& 0+ 1)(o—1)
20T 97
<
c—17 logo ~ logo
by

logo <o—-1<2logo, 1<o<e.

On the other hand, since 3(t, a, 7) = (¢, |a|, 7), we can assume that

0<a<1. We have
~ 1/o dt
Bry=sw [ pltan)T

0<a<lJ1/02

Let 0 > 0. As in Yamanoi’s original reasoning, we set

[1/0°,1/c] = I(a) U J(a),
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where
I(a) = [1/0*1/0] 0 [la] =4, |a| +d]
J(a) = [1/0*1/a] \ [la|l = 6,]a| +4],
and obtain
1/o
(A.10) B(t,a,r)@ < o? 5(t,a,r)dt+/ ﬁ(t,a,ﬂﬂ.
1/02 t I(a) J(a) t

Yamanoi’s reasoning shows that
1
/ B(t,a,7)dt < 26 + 2§ log —.
I(a) )

To estimate the second integral, we estimate the Green function.
We have

99, , 1 1
—(te' =at 0 - — - .
89( ¢”,a) = atsin <|1 — ate'|? |a—t629|2)

Here
11 —ate®* = (1 — at cos 0)* + (atsin 0)* = 1 — 2at cos O + a*t?

and similarly
la — te|> = a® — 2at cos  + t°.

We obtain
la —te®|? — |1 — ate* = (1 — a®)(1 — t?)
and hence ) )
99, (1 —a*)(1 —t*)atsinb
— (te = — - - .
80( e”,a) 11 — ate?|?|a — tei?|?

We estimate
11— ate®)? > (1 —at)(1 —at) > (1 —a)(1 —1)

and

la —te| = \/(a — tcosf)? + (tsinf)2 > t|sinf)|.

Hence

@(tew,a)’ - (1+a)a(l+1) <5 1+t

a0 = a—te?| T Tla—t|
Hence, on t € J(a), we obtain
2
Blt,a,r) < S(1+1).
Thus, we obtain
. 2r (Y7 /1
6(t,a,7)—§—7/ <—+1> dt
(Al]_) J(a) t 5 1/0.2 t
27 (o —1 67 log o
= — +logo | < ,
) o )
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logo <o—1<2logo, 1<o<e.

A.7. Hyperbolic geometry
A.7.1. Relation of hyperbolic and Euclidean metrics.

THEOREM A.7. Let AB and C'D be two chords of a circle inter-
secting at O. Then
AO-OB=CO-0D.

PRrOOF. By the inscribed angle theorem,
ANAOD ~ ACOB

and thus
AO B cO

OD OB
O

THEOREM A.8. Let C(0,1) and C(O, R) be perpendicular and C(o,1)N
C(O,R) ={P,Q}. Take A’ € PQ and let A =0A'NC(O,R). Then
204
14047

PRrOOF. Let A” be the inverse of A with respect to C'(o,1). Because
the circles are perpendicular, we have A” € ¢(O, R).

Denote a = 0A, a' = 0A" and d” = 0A”. Let B and C be as
in the picture. Since the circles have a common chord, we can apply
Theorem A.7 to obtain

(1+ad")(1—d')=BA"-A'C = PA-AQ = AA-AA" = (d —a)(d"—d).

Because A” be the inverse of A with respect to C(o,1), we have
a” = 1/a. We obtain

1—(d)?=(d—a)(l/a—d)=d/a—1—(d)?+ad,
which yields

oA’

a’ 2a
2=—+4ad, 2a=d+d*d, d= .
a 1+ a2

For 0 <t < 1, denote & = 2dyy,(0,t) to have

2dhyp (0,t) — ﬂ

e =€ 1—t

Now,

u_i__t 2 2
Sl](l') 1—t 1+t ( ) ( )
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Similarly,
1+ 2t
cosh(z) = T tan(x) = e

Since

"odt 1 /1 1 1 1 1
/ - = —— 4+ ——dt = —log tr_ — arctanh(r),
o 1=t 2 )y 1—t 1+t 2 1—r 2

the hyperbolic radius of an Euclidean disk satisfies
Dy, (0,7) = Dy, (0,tanhr).

A.7.2. Hyperbolic right triangles.

THEOREM A.9. Let AABC' be a hyperbolic triangle in D with angles
a, B, and opposite sides a,b,c. Let v = 90°. Then

(i) cosa = (2!
(ii) sinhq = Sehe

PROOF. (i) We may assume that A = 0. Let P,C,B,Q lie on a
hyperbolic line and P,() € 9D. Let the circle containing P,C, B, Q)
be 3 and let its center be Og. Draw PQ and let B’ = AB N PQ
C' = AC N PQ and be the projections of B and C' on PQ.

By Theorem A.8, we have

(@) oc’ 20C 20B tanh b
cos(a) = = =
OB 1+0C?/ 1+0B? tanhc’
where for example (perhaps in a confusing way)
20B
hp= -
tanh b 0B

ii) Let {B,B"} = OB N and {C,C"} = OC N . The triangle
(ii) Let {B, , g
ABOgB" is isosceles and therefore midpoint B; of B and B” satisfies

OsB, L BB".
Since C" is the inverse of C' with respect to D, we have
1 1 —0C? 2
CcC"=0C"—-0C=— —-0C = = )
ocC ocC sinh b
Similarly
2
BB" = .
sinh ¢

Draw a tangent BD to 8 at B. By definition, 8 = ZABC is the angle
between BD and OB”, and we see that § = ZB,03B. Hence

2BB;, BB" i  sinhb

sin — — — sinh ¢ — )
b 2B0Og cocr 2 sinh ¢
sinh b
By a similar proof, we obtain
. sinh a
sino =
sinh ¢
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Theorem A.10 is the hyperbolic Pythagoras theorem. We have the
planar, hyperbolic and spherical Pythagoras’ theorem?:

& =a’+ b,
(A.12) cosh? ¢ = cosh? a cosh? b,
cos(c) = cos(a) cos(b).
THEOREM A.10. For the triangle in Theorem A.9, we have
cosh? ¢ = cosh? a cosh? b.

PROOF. Since

9 9 tanh®b  sinh’a  sinh®bcosh®’c  sinh®a
I =cos”a+sin“a = =

tanh?c  sinh®’c  sinh®ccosh?b  sinh?¢’
we obtain
sinh? ¢ cosh? b = sinh? b cosh? ¢ + sinh? a cosh? b.
Since sinh? ¢ = cosh? ¢ — 1 and sinh? @ = cosh? @ — 1, we obtain
cosh? ¢ cosh? b — cosh? b = sinh? b cosh? ¢ 4 cosh? a cosh? b — cosh? b.
Hence
cosh? ¢ = cosh?(cosh? b — sinh® b) = cosh? a cosh? b,

as desired. ]

A.7.3. Hyperbolic general triangles.

THEOREM A.11. Let NABC' be a hyperbolic triangle with angles
a, B, and opposite sides a,b,c. Then
(i) cosh ¢ = cosh a cosh b — sinh a sinh b cos .

(11) sina __ sinf8 __ sinvy

sinha ~ sinhb ~ sinhec

(iii) cosh ¢ = cosacosbicosy
sin asin 8

PrOOF. (i) Let D € AC such that BD 1 AC. Assume that D is
in between of A and C. Now

cosh ¢ = cosh AD cosh BD
= (cosh b cosh DC' — sinh bsinh DC') cosh BD

cosha

= cosh a cosh b — sinh bsinh DCW

= cosh a cosh b — sinh b cosh a tanh DC'

tanh DC

tanha
= cosh a cosh b — sinh a sinh b cos 7.

= cosh acoshb — sinh asinh b

21f you like anagrams, these are of course Pythagoras, Hyptagoras and
Sphytagora.
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(i) Now

sinfa=1—cosla=1— coshbcoshe — cosha
B B sinh bsinh ¢

Hence

sinh? o B sinh? bsinh? ¢ — cosh? b cosh? ¢ + 2 cosh a cosh b cosh ¢ — cosh? ¢

sinh®a (sinh a sinh bsinh ¢)?
(1 — cosh®b)(1 — cosh® ¢) — cosh? b cosh? ¢ + 2 cosh a cosh b cosh ¢ — cosh® ¢
(sinh a sinh bsinh ¢)?

B 1 — cosh? @ — cosh? b — cosh? ¢ + 2 cosh a cosh b cosh ¢
B (sinh a sinh bsinh ¢)?

The obtained expression is symmetric with respect to a, b, c. This shows
the claim.
(iii) We write
cosh a cosh b cosh ¢ = cosh a cosh b(cosh by cosh by + sinh by sinh by)
= cosh ¢ cosh? d cosh by cosh by.

We divide this by cosh b, cosh by to obtain
cosh a cosh b(1 + tanh b; tanh by) = cosh ¢ cosh® d = cosh ¢(1 + sinh? d).
We rearrange this to
cosh a cosh b — cosh ¢ = — cosh a cosh b tanh by tanh by + cosh ¢ sinh? d.
By (i), we can replace the left hand side by sinh a sinh b cos v to obtain
sinh a sinh b cos v = — cosh a cosh b tanh by tanh b, + cosh ¢ sinh? d.
Dividing by sinh a sinh b yields

tanh b; tanh b,  sinh d sinh d

+ — :
tanhb tanha = sinhbsinha
= — cos acos 3 + sin asin S cosh ¢,

cosy = — cosh b

which is the assertion. O

A.7.4. Areas of triangles.

THEOREM A.12. The area A of a hyperbolic triangle with sides
a, b, c satisfies
a

t A—t t b
anz— an2 an2.

Proor. We have
cos cos f3

cosha = —, -
sin 8 sin «
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and therefore

2@ 5 b cosha—1coshb—1
—tan® = =
2 cosha+1coshb+1

cosa — sin f cos B — sin «

tan

(A.13) " cosa+ sin 8 cos B + sin «
~ cos(a— f8) — (cosasina + sin 3 cos f3)
~ cos(a — ) — (cosasina + sin 3 cos )
since

cos(av — 3) = cos v cos f + sin asin f3.
Denoting for a moment
cos(aw — ) = cosavcos f + sinasin f = AB + ab,
we have
sin(a + ) = sinacos § + cosasin f = aB + bA
and multiplying these
cos(a—f) sin(a+B) = aAB*+bBA*+bBa*+aAb* = aA+bB = sin a cos a+sin 3 cos B3.

We conclude
sin «v cos v + sin [ cos 3
cos(a — f3)
Hence, by (A.13), we obtain

= sin(a + ().

2gtan29: 1 —sin(a + 3)
25 T 1y sin(at f)

tan

Now by
sin(a + 3) = cos(m/2 — (a+ B)) = cos(A).
Hence
A 1-—cosA 1—sin(a+pB) a b
MY T TicosA 1+ sin(a + 3) gt
which shows the claim. g

We needed the formula

o T , i\’ cosh(iz) =1 1 —cosx
tan® — = (ttanh — | = — : = .
2 2 cosh(iz) +1 1+ cosx
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b, = rsinf

a, = rcosf

FiGURE A.1. Approximation of Euclidean disk by a polygon.

A.7.5. Area and circumference of a disk. An Euclidean tri-
angle can be approximated by a polygon as Figure A.1 shows.

Assume that we are given a disc of radius r. Let n € N with
n > 3. Take n points Pi,..., P, from the circumference so that
LPgOPyi1 = 2n/n. Choose M € PP, so that OM 1 PPy and
denote § = ZMOP, = 27/2n. Then the circumference p,, of the poly-
gon PP, --- P, satisfies

s 21
Pn = 2nb, = 2nrsinf = TQnQﬂ'T‘ — 27r

2n

as n — oo. Similarly, the area of the polygon

1
2 2 2 2n 2
as n — oo.
In conclusion, for an Euclidean circle the circumference is 27r and
the area is 7r?.

We will do the same approximation for a hyperbolic disk.

THEOREM A.13. The hyperbolic circumference of a circle Cq, (0,7)
is 2m sinh(r).

PROOF. Approximate the hyperbolic circumference of Cy, (0,7)
by an n-gon, whose circumference is p,. Draw triangles with sides
b= pn/2n and a = r, such that the angle at the chord is v = 7/2 and
the angle at 0 is § = 7/n. We obtain

sinh b = sinh a sin 3,

which reads
sinh(p,,/2n) = sinhrsin(7w/n).

Hence
sinh(p, /2n)

Pp—————— = sinh T—sm(ﬂ/n)

2.
Pn/2n w/n "
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Letting n — oo, we obtain
L(C(0,7)) = 27 sinh .
0

THEOREM A.14. Area of a hyperbolic disc of hyperbolic radius r is
A = 4 sinh?®(r/2).

We note that, since

A = 4msinh®(r/2) = mr? (%)2 ~ mr?

as r — 0, the assertion seems reasonable for small discs.

PROOF. Approximate the disk by a n-sided polygon, whose area is
K, and perimeter is p,. Divide the polygon to 2n right triangles with
hypotenuse 7, longer side a,, and shorter side b, = p,,/2n. We obtain

K, /2

Pn/2n an,
—— tanh
2 g AT

tan

and further

K’I’L mn
tanh n tanh Z_n tanh Qp,

1 = anh —p,,.
T Pn/4n 2

Taking a limit n — oo, we have p, — 27 sinh(r), and obtain

Ky

A= <lim pn> tanh ( lim &—n> = 27 sinh(7) tanh g

r—00 n—oo

Since

sinh(2zx) = 2sinh(z) cosh(x),
we have

sinh(2z) tanh(z) = 2sinh*(z),
and we obtain

A = 47 sinh? g
]

On a sphere of radius R, the circumference of the spherical disc
D(0,r) is

T sin(r/R)
2rRsin — = 27r————=.
m R sin 7 (i TR
If 0 is the angle between the pole and the circle, this reads as

2mRsin 6.
By integrating from 0 to 6, against dr = d(R#f), we obtain

o

0o
A= / 21 Rsin0d(RY). = [2mR*(— cos 0)],
0

0= 2mR*(1 — cos ).
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Hence, on a sphere of radius R, the area of the spherical disc D(0,r) is
51 —cos(r/R)

2mR*(1 — cos(r/R)) = 7r /R))2

FIGURE A.2. Angle of parallelism.

F1cURE A.3. Angle of parallelism.

A.7.6. Angle of parallelism. Let [ be a hyperbolic line in D and
A ¢ 1. Take B € [ such that AB 1 [. Let C' € [ be different from B.
Draw a line m L [ at C. Draw a perpendicular from A to D € m, that
is AD 1L m.

Now we have a quadrilateral ABCD such that § =~ =0 = 7/2.
However, o < 7/2 since the sum of angles is less than 27 for a hyper-
bolic quadrilateral. This is because the sum of angles is less than 7 for
a hyperbolic triangle.

By the Pythagoras’ theorem

cosh AC = cosh AD cosh DC > cosh AD -1 = cosh AD
implying AC > DA.
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FiGURE A.4. Hyperbolic discs in different domains: D,
right half plane, strip {|S(z)| < 2} and D\ {0}. Bound-

ary in red, point corresponding to origin in green. Also
a hyperbolic radius is shown.

By the Pythagoras’ theorem
_ cosh AC" cosh AD cosh DC

~ cosh AC cosh BC cosh AB’
Now, we have three options:
(1) BC < AD and AB < CD,
(2) BC = AD and AB=CD,
(3) BC > AD and AB < CD.
For example, if BC' > AD and AB > C'D, then

cosh AD cosh DC - cosh BC cosh AB _1
cosh BC'cosh AB ~ cosh BC' coshAB '

which is a contradiction. Similarly, BC' > AD and AB > C'D cannot
hold at the same time.
Assume that (1) does not hold. Since BC' > AD and AB < CD,
sinh BC' _ sinh AD

) _ S )
sin Z/BAC S AC 2 sinh AC sin Z/DCA

and
sinhCD _ sinh AB
) > o '
sin ZCAD b AC = suh AC sin ZACB
This leads to

a=/BAD = /BAC + LCAD > /DCA+ LZACB = ZDCB = 7/2,

which is a contradiction. Hence (1) holds.

In conclusion BC' < DA < AC'. Draw the circle C(C,DA). Since
BC < DA, this circle woult intersect BC'. Since DA < AC, the circle
will intersect AB. Let E = C(C, DA) N AB.
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We study the angle ZBEC. We have

(A.14)
sinh BC  sinh BC sinh BC
i sinh EC _ sinh DA sin ZACDsinh CA
B sinh BC B sinh BC tanh C' A B cosh BC
" cos ACBsinhCA  tanhCBsinhCA  coshCA
cosh BC 1

" coshCBcoshAB ~ cosh AB’
We find the remarkable fact that ZBEC' is independent of the choice
of C.
The point C' can be moved to infinity and ZBEC will not change.
It is seen that if and only if

. 1
ABAF < ZBAO = arcsin (m) s

then AF intersects BC.
The angle

. 1
ZBAO = arcsin (m)

is the so-called angle of parallelism.

A.8. Equilateral triangles forming regular n-gons

A.8.1. The plane. In the plane, six equilateral triangles of any
size make a regular hexagon.
This is because a related right triangle has an angle satisfying
sn =21
2 r 2

and hence 5
a = 2arcsin(1/2) = %

for any r € (0, 00).

A.8.2. On the sphere. On the sphere, equilateral triangles can
form a regular n-gon for n € {2,3,4,5}. However, for n = 2, the n-gon
is degenerate: the closure of its complement is the whole sphere.

Moreover, the regular n-gons can be used to tesselate the sphere.
The convex hull of the vertices is a Platonic solid.

We wish to calculate as in the plane case. The spherical law of sines

reads . .
sina sinf
sina  sinb
the corresponding right triangle satisfies
sin(a/2)  sin90° 1

sin(r/2) sinr  sinr
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implying
.o sin(r/2) sin(r/2) 1
sin — = —, = — = .
2 sinr 2sin(r/2) cos(r/2)  2cos(r/2)

If the sphere has radius R = 1, then » = RO = 0 and we obtain

h=— =2 S, 1
= — = I = I .
R areeos 2sin(a/2) areeos 2sin(mw/n)
If n = 2, we obtain by sin(7/2) = 1 that
f = 2arccos = = 22 = 2—7T
2 3 3
The Platonic solid is degenerated and is actually a equilateral triangle.
If n = 3, we obtain by sin(7/3) = v/3/2 that

1
0 = 2arccos — =~ 109, 5°.

V3
The Platonic solid is a tetrahedron.
If n = 4, we obtain by sin(7/4) = 1/v/2 that

1
0= 2arccosﬁ = 2% = g
The Platonic solid is an octagon.
For the case n = 5, we note that

1 /5—+5

sin(m/5) = 5 5
and hence
1 |2 /5++/5
2sin(m/5) - 5—\/52 10
Therefore

0 = 2 arccos \/ > —;0\/5 ~ 63,43°.

The Platonic solid is an icosahedron.

A.8.3. On the hyperbolic plane. We will find that equilateral
triangles can form an n-gon for n > 7.
The right triangle satisfies

in & — sinh(r/2) 1
e sinh(r) ~ cosh(r/2)’
Hence 1
=9 h—— =29 h—F—.
r arcCos 2sin(a/2) arcCos 2sin(r/n)

For large n, sin(m/n) ~ 7/n and we obtain

n
r ~ arcCosh —.
2
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For large z, coshz &~ €%/2, arcCosh z & log(2z) and we obtain

(n) ~log -

r(n) ~ log —.

&

Next, we list a few values r(n).
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