Research Seminar in Mathematics 2019
Exercise session: 22.3. at 10-12 in room M305

Exercise 1.1 Show that composition by a rotation of the Riemann sphere keeps the

spherical derivative invariant. That is, (g; o f)#(2) = f#(z) for
(a) ¢1(2) = az, where |a| =1,
b) =) = 1,

1-1z

(c) g3(z) = . _f% , where a € C\ {0}.

a

Exercise 1.2 Show that the chordal metrid] satisfies
(a) [z,w] = [1/z,1/w],

|
b) ——
(b) 1+ |c|?

1+ |cf?

E [z,w], for z,w,c € C.

[z, w] < ez, cw] <

Solution.

Solution.

Exercise 1.3 Let a; = p;/q; € Ra, where p;,q; are polynomials of degree at most d.
Show that there is a subsequence (a,)neny and a rational function a € R, such that
a, — a locally uniformly in the chordal metric outside a finite set of points in C.

Hint. Method I. Use the theory of quasinormal families, see Schiff - Normal families pages

208-213.

Method II. Follow an elementary approach and show:

(i) If by, cx € C, k € N, then some subsequence of b,z + ¢,, converges to a polynomial of

degree one outside a finite set of points.
(ii) If a;,b;, ¢, d; are sequences of complex numbers and

pi(2) = a;2° + b2 + cjz + dj = dj + 2(c; + 2(b; + za;)),

then some subsequence p,, converges to a polynomial p of degree 3 outside a finite set of

points.
(iii) Show the claim.

Exercise 1.4 Show that if ¢ is analytic and ¢ is real, then

(i) 4 Re(p(t)) = Re(¢/(1)),

(i) Flo()]* = 2Re(¢ () (2)).

I The chordal metric is connected to the spherical derivative by

b FE = Q)17

f(2) # oo.
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Exercise 1.5 Let? ) y
1— 1 —t
Piog) = 10 g, (i)

et — z|? 1—ze

and |
a—z
g(z,a) = log = —Relogp.(2), ¢a(2)

la(2)]

T 1_az
Show that

(i)

o . 2(1 +£)(1 — t) sin

—P(te”,0) = — :

gyt e 0) 1—teot
(ii) for 0 < a < 1,

8g<t gy = atsind at sin ¢

AR 11— ate®|?  |a—te??

yolution.

Exercise 1.6 Read the following part of the proof of Lemma 3.2. Check the details and
include intermediate steps, where further explanation is required.

For 0 <t < 1, let

T0€[0,27] \ xE€[70,70+7] z€[10,70+7]

a(t,0,7) = sup ( sup  P(te”™,0) —  inf P(te“",@))
and

p(t,a,7) = sup sup g(te”,a)— inf g(teix,a) .
T0€[0,27] \ z€[10,70+7] xT€[T0,T0+T]

Set a(t,7) = a(t,0,7). Since P(z,0) = P(ze~%,0), we have a(t,0,7) = a(t, 7).

For 1 <o <e, let

1/o - 1/o
i = [ atnf Bo=sw [ AtanT

)
/o t jal<1J1/02

Claim 1. We have

a(r) < 4e*r o487
a(r :
“logo T logo
Proof of Claim 1. Since (by Exercise 1.1(i))
0 : 2t(1 +¢)(1 —t)sind
—P(te”,0) = — :
gt e 0) 11— te0t
and
11 —te] = |1 — t(cos @ +isinf)| = /(1 — tcos )2 + (tsinf)2) > t|sin ),
we have
0 .
— P(te”,0)| < 0<t<lL
gt e )‘_(1—t)2’ st

2Yamanoi has an extra factor 1/27 in the definition of P(z,6). Because of this, the constants in
Yamanoi’s paper are slightly incorrect in this place.



Hence, we obtain (by the mean value theorem)

(tr)< T o AT 4o’ o]
at, T = —.
S A2 012 (-1 -

Lo dt 4702
al(rT) = alt,7)— < ——logo.
)= et < gples

Since logo < 0 — 1 andf| 0% < €? < 8, we complete the proof of the claim. O

Claim 2. Let § = (logo)?. Then

Bir) < 0? (25 s

(e2+1)7
(logo)T

Tlog o
+oT+
log o )

(1.1)

+10e*(log 0)® < +90(log o).

107
(logo)T
Proof of Claim 2. We denote ¢ = (logo)?. For |a| < 1, we set

[1/0°,1/c] = I(a) U J(a),
where
I(a) = [1/0*1/0] N [la] —4,]a] +§]
J(a) = [1/0*1/a] \ [la] =d,|a| +4].
Then we have

Lo dt dt
(1.2) B(t,a,7)— < o / B(t,a,7)dt+/ B(t,a,7)—.
t ~ J1(a) J(a) t
<e2<9

1/02

First, we estimate the first term on the right hand side of (1.2)). Since

l1—a 1—la®)(1—|z?
azl _ ¢ |a\)(2|2|)’
z—a |z — al
is maximised when arg(z) = arg(a), we have
- 1 —tla 1
t,a,7) < max g(te?, a) = log —— < log ——.
Blt,a,7) < e glie”,a) = log o I < log Gy
We obtain
1 1
B(t,a,7)dt < 2/ log — dx = 2(log o)* + 8(log o)* log :
I(a) 0o log o

by [logl =z +zlogl. Bylogl <1 forz e (0,00) we have log(1/logo) < (1/logo),
and obtain

/ Bt a,7)dt <20+ 8 0
I(a) !

(1.3) ogo

= 2(logo)* + 8(log o) < 10(log 0)?,
since 1 <o <e.
Next we estimate the second term on the right-hand side of . Since
B(t,a,7) = B(t,lal, 7).

Srecall: 1 <o <e<3
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it is enough to consider the case 0 < a < 1. Since (by Exercise 1.5(ii))

8g(t 0 ) at sin 6 at sin
—(te",a) = —— — —
06 |1 — ate?®)2  |a — te?|?
and
11— we®| > |w||sin 6],
we have
99 . 1 1 1 1 1
—Z (te* < < .
‘ae(e ’a)‘ ST at Ta—t o1t a i
Hence, we obtain
Blt,a,7) < =+ —.
— a/_
Hence, on t € J(a), we have
1—t>1/o

a—t25:(log0)4

and consequently

oT T
t < —.
/8( 7a7 T) _ o — 1 + 5
Since logo < 0 — 1, we obtain
oT T
t < —.
Bit.am) < o %
Thus, we obtain
dt 1 241 10
(1.4) Bt a, ) < gr 4 TI0BT (e ):g .
J(a) t ) (log o) (log o)

From ((1.2)—(1.4), we complete the proof of our claim.

Hence
Tlogo

6 Y

~ ~ 40 )
a(r)+ﬁ(7)§ﬂ+02 20 +8—— | + o7+
log o log o

where, for example 6 = (log o)*.



Solutions

Solution (a) Let h(z) = g1(f(2)) = af(z). Now
W (2) = LGl I (27 4 €| B VA €))]
L+h(z)]? T+]af(z)]? 14+ ]f(2)]

;= ).

(b) Let h(z) = g2(f(2)) = 1/f(2). Now

0= () -3

Whn) = LOUIEPL_IfC)
LH/fEP  T+I7()]

(c) Let h(z) = g3(f(2)), where

and

5 = ().

w(:)= 4
Now
v (z+1/a)(1/a) = (1 = 2/a)
93(2) = (= + 1/a)
et e o o
(24 1/a)? (2t 1/a)®
Since

|z +w)? = (z+w)(Z+0) = |2* + |w]* + 20 + 2w = |2]? + |w]* + 2 Re(20)
for all z,w € C, we have
e+ 1/aP+ 11— z/a)?
B |z 4+ 1/al?

1 z z|? z
:|Z|Q+W+2Re(a)+1—l—‘;‘ —2Re ()
|z 4+ 1/al?
(1 - #) (1+ 2%
|z 4+ 1/al?

1+ g3 ()]

We see that

I C I
B =T g GIE T TR
Hence for h(z) = g3(f(z)), we obtain

G E _ 1FE)

h(z2) = = = f#(2).
&= T lwG@P ~ e T
The particular rotations
1 1-— %z
gi(z) =z, ga(z) = P 93(z) = W,

satisfy that: ¢g; keeps the origin fixed, g exchanges 0 and oo, and g3 sends a # 0,00 to
the origin. Clearly any rotation of the Riemann sphere is a composition of the mappings

9j-
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Moreover, it can be shown that a Mobius transformation 7T : C — C is a rotation of the
Riemann sphere if and only if S is unitary. That is, T" is of the form

az+b a b
TS(z)Z)\C_L—EZ7 S:/\(_b &)7

where a,b € C, |af> 4+ [b]> = 1, and |\| = 1.

%k ok

Solution (a) We see that
1 1

(1.5) {1 1}_ z w B |z — w|
Zw] T+ PlVI+ Pl I+ 2P+ W]

B

= [z,w].

(b) Since 1+ |cal®* < (14 |c|*)(1 + |al?), we obtain

ez, cw] = lcz — cwl
(1 6) 7 \/]‘ + |CZ|2\/1 + |C’I‘U|2
| ol EE I
(VI VI P TH wf T e
On the other handf]
L+ |e/? lcllz — w]
I : >
¢ 1+|c\2\/(1+|2| )(1+ [w]?)
(1.7) B lcz — cw
\/( o esp )( P |cw|2>
I#fel* 7 1+cf? ) \ 1+[e[* T 1+]cf?
Since, z,w, c € C, we deduce that
| |cz? > Jew]? 2
< < < .
e < T = T =t

Hence, we see from ({1.7)) that

(1.8)

Method 2. Inequality (1.6 implies ((1.8)) by a change of variables:

Replace in ([1.6) the numbers z, w and 1/c by z/¢, w/c and d, respectively, to obtain

[Z,UJ] -1 | |2 [Z/C,’UJ/C] 1/|C|2 +1 [Z/C, U)/C] 1 |d|2 [ %y U}]
This is inequality (1.8]).
* %k

4Thanks to Hui Yu and Honggiang Tu for this solution!



Solution [1.3| First, we show that there can be exceptional points.

Ezxample 1. Let
2"(z—=2)+7m 2"(2—3)+e

R e TP R TYppa o
Then
1, zeC\{2,3},
an(2) > ¢ m, 2=2,
e, z=3,
as n — oo.

Example 2. Let d be a positive integer and let by,..., b5 € C. Let
d

2“(2—]€)+bk
H 20(z—k)+1°

an(2) =

Then a, is a rational function of degree d and

o) {1 FECA L d),
by, Z:kE{l,...,d}7

as n — oco. Hence a,(z) — a(z) = 1 locally uniformly outside a finite set of points.

Example 3. Let d € N, let z1, ..., 24 € C be distinct and let by, ...,by € C. Let a be some
rational function of degree d. Set

an(z) :a(z)+ (H 2n(Z—Zk) + (bk+1>> 1

S Mz — ) +1

Then a,(z) is a rational function of degree d and

a(z), z¢{z,...,2},
an(2) = {a(zk) +bk, z=z€{21,..., %},

as n — oQ.

Method I. We summarize facts from Schiff - Normal families, pages 208-213.

DEFINITION 1.7. Let F be a family of meromorphic functions on a domain {2 C C. Then
F is quasi-normal on € if every sequence of functions {f,} C F contains a subsequence
which converges spherically uniformly on compact subsets of Q\ E, where E is a (possibly
empty) finite set of points of . This set £ of exceptional points may vary with the
particular sequence and constitutes the set of irreqular points.

Due to the uniform convergence on compact subsets, the convergence is either to an
meromorphic function or to the function = oo on Q \ E. If the set of irregular points
never surpasses ¢ in number, yet for some sequence there are ¢ such points, then ¢ is the
order of the quasi-normal family.

THEOREM 1.8 (Theorem A.9 in Schiff - Normal families). Let F be a family of meromor-
phic functions on a domain 2 which take values a, b, c at most p,q,r times, respectively,
with p > q > r. Then F is quasi-normal of order at most q.

Solution of Ezercise . Since a; € R4 attains values 1,2,3 at most d times, by Theo-
rem , {a;};cy 18 quasi-meromorphic of order d. Hence there is a subsequence and a set



8

E of d points such that a; converge spherically uniformly to a meromorphic function a or
to a constant function = oo in C \ E. By Hurwitz’ theorem the limit function a satisfies
a € Rd.

THEOREM 1.9 (Hurwitz). Let {fr} be a sequence of holomorphic functions on a connected
open set G that converge uniformly on compact subsets of G to a holomorphic function
f # 0. If f has a zero of order m at zy then for every small enough p > 0 and for
sufficiently large k = k(p) € N, fr has precisely m zeroes in the disk defined by |z—z| < p,
including multiplicity. Furthermore, these zeroes converge to zg as k — oo.

Theorem can be proved by using Morera’s theorem and argument principle.

Method II. (i) Assume that

B =sup |bx| < 0o, C =sup|e| < oo.
keN keN

Then for some subsequence b,),
b, >beC, m — oc.
From the obtained sequence (¢,,)men We find another subsequence ¢, such that
cn >c€C, n—oo.
Hence
b, >beC, ¢,—ceC
as n — oo. Hence
bpz +c¢, = bz +c.
If b = 0, then this is a constant function.
If B= o0, C < o0, then
bz + ¢, > 00, n—oo, ze€C\{0}.
If B < oo, C'= o0, then
bz +c, > 00, n—oo, ze€C.
If B=C = o0, and
bpzo + ¢, /> 00, n — 00,
for some 2, € C, then
bz + cn =bp(z — 20) + (bp)2zo + ¢n > 00, N —00, 2z F# 2.

Hence, in the case B = C' = oo, the sequence b,z + ¢,, converges in the whole plane except
possibly at one point. The exception zy can exist. For example, if 2 = —2, then

2y 42" = _ontl L ontl — (0 4 co, N — oo.

Therefore the assertion holds.

(ii) We see that outside a finite set E, for some subsequences,
bj + 204
converges to a polynomial of degree 1 (can be constant),
z(bj + zay)
converges to a polynomial of degree 2,

¢j + z(b; + za;)



converges to a polynomial of degree 2,
z(cj + z(b; + za;))
converges to a polynomial of degree 3, and
dj + z(c; + z(bj + za; ))
converges to a polynomial of degree 3.
(iii) By the proof of (ii) we deduce that for some subsequences p,, — p and ¢, — ¢, where

p and ¢ are polynomials of degree d. Convergence happens outside a finite set E. Now,
by the triangle inequality of the chordal metric and ((1.5]), we have

{&ﬁ}gﬁgﬁyﬂﬁﬁ}:Fgﬁyﬂ%ﬁ}

2 2
Gn|” +1 pl©+1
|| p|

(1.9)

[pn, 0] +

Hence

[pn<z> p<z>] P41 PEFFL ) g2 o,

; pnl2),p(2)] +
w2 aG) ] =l PO G
as n — oo, for all z € C\ E such that p(z), q(z) # 0,00. The assertion follows.

The fact that the convergence is uniform is not totally clear from this proof.

However, the convergence seems to be locally uniform. Since the Riemann sphere is
compact in the spherical metric (open cover of a compact subset has a finite subcover),
in this case, the locally uniform convergence implies uniform convergence.

% ok ok
Solution (i) We calculate
d—rs et h) —e) et h) —el)  —
g =l B R S U
heR heR

(ii) By (i), we have

ERelp(t) = = (0l + 20 = 3 (#0) + 70 = Re((1).

(iii) By (i), we have

CIoP = S o(0)ol0) = (P00 + 910 = 2Re( (1) 1)

Alternative solution. Let p(t) = x(t) + iy(t), where x(¢) and y(t) are real analytic
functions in ¢.
(i) We have

Rl = s lalt) — () = /() — i 1)

Telt) = (@ iy(t)) = iy

and

P(t) = 2! (t) + iy (t) = 2'(t) — iy (D).
Therefore, Loo(t) = ¢'(1).



10

(il) We have

and
Re(¢'(t)) = Re(2'(t) + iy (1)) = 2'(t).
Therefore, & Re(p(t)) = Re(¢'(t)).
(iii) We have
()" = %(932(75) +1(t) = 2(z()2'(t) +y(t)y (1)

and

2Re(¢'(1)¢' (1)) = 2Re[(2'(t) + iy (1)) ((t) — iy ()] = 2(x(t)z'(t) + y()y' (1))

Therefore, 2 |(t)| = 2Re(¢'(t)(t)).

* >k 3k

Solution We first check the equality
1 — 2 1 —i6
P(z,0) = 1ol = Re (—+ = )

e 1 — ze—if
We see that
1+2 (1+2)(1-2) (1+2)(1-23) 1-Z+z—|z
1—2 J1—z22 — J1—2z2 — [1-2zp
1—|z2 2z—-z 1—1z* 2Im(2)
BT R T R T TR

where for z =z + iy, 2 — Z = 2iy = 2iIm(z). Hence
l+w  1—|wf?
1—w |1—w?

Re weC\{1}.

Set w = ze~* to obtain

1 —1i6 0 1— 2
Re (i) = Re (e' i 2) el i = P(z,0).

1 — ze—i0 el — » | |eif — 2|2
(i) Since
: 1 — |te®)? 1— ¢
P(te”,0) = = = ——
(te”, 0) 1 —te?2 |1 te?]?
where

|1 —te|> = |1 — tcosf +itsinf)?> = (1 — tcos6)* + t*sinf = 1 — 2t cos O + 12,

we obtain
o) Pte.0) —(1 =)L)l —te”*  —(1—1?)-2tsind 2t(1+1)(1 —t)sinf
PR e e - = - = — -
00 ’ |1 — te|* |1 — te?|? |1 — te|*

(i) Let 0 < a < 1. We have

2
1 , , 1
= é(log 11— ate”|* —log|l — ate|?) = §(A(9) — B(6)).

Here
A(6) = log(1 — 2at cos § + a’t?)
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and
B(6) = log(a® — 2at cos  + t%).

Honce 2at sin 0 2at sin 0

, at sin , at sin

A(Q):m, B(@):m.

Hence

9, 0 atsin 6 at sin 6

%g(te a) = 11— atei®|2  |a— teif]2

Some alternative solutions. (i) Denote

1 te?y
0 = — ! 0 —_ =
#(0) 1—tei0” 7 (9) (1 — te?)?

Since < Re|f(t)|* = 2Re f(t) f(t) by Exercise (iii),

0 ; 1— —i60
L 10)? = 2Re g (0)(0) = 2Re 1L D)

|1 — te?f]*
Here
tei(1 — te™) = te'i — t%

= ticosd — tsinh — t%

= —tsinf + [t cos O — t7].
Hence J -

GIeOP =

and

d . d —2t(1+t)(1 — t)sind
P 6 — (1 — 2 2 _ :
L P(1e?,0) = (1— ) 21o(0) e

(i) We start from

1 — te®
Since £ Re f(t) = Re f'(t) by Exercise (ii)
TR I 0Y(_ 4005
iP(tew,O) _ Re (1 —te)tei (1‘—1— te)(—te'q)
(1 — tei?)?

db
_Re 2tei9§ ~ 9Re te?i(1 — t‘e*i0)2
(1 — teif)? 11— tei|t
te?i — 2t2; + t3e~;
|1 — teif|!
—tsinf + t3siné
11— te|*
—2t(1+¢)(1 —t)sind
|1 — teif|!

70
P(te,0) = Re <1+i) .

= 2Re

= 2Re

We used Euler’s identity ¢ = cos + isin 6 and the fact that cos is even and sin is odd.

(i) Let 0 < a < 1. Since log z = log|z| + i arg z, we have

1 a—z
g(z,a) = log RO = —Relogp.(2), ¢a(2)

T 1-az
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Hence (by Exercise 1.4(ii))
/
@(teie, a) = —Re (Mteiei)

06 ©0a(2)
Here

valz) _ d
= —l a

oe)  dz 08 %a®)
= diz(log(a —z) —log(1l — az))
_ -1,
S a—2z l1-az
_al—az) a-z
S 1—azl2 |a—z?

Since 0 < a < 1 satisfies a = a, we obtain

0 . / . . 1 —at —1i6 —t —i6
—g(tele, a) = —Re w“—(Z)tewi = —Retei all —a c ) _ @ -
06 ©a(2) |1 — ate|? la — te?|?

Here
—teia(1 — ate™) = —a [te"i — at?i]
=—a [it cosf —tsinf — atQi}
=atsinf +i [a2t2 — at cos 6}
and
—tei(—(a — te™™)) = te"i(a — te™)
= ate”i — t%
= aticosf — atsinf — %
= —atsinf +1 [atcos@ — tQ} .

Hence ) )
atsin b atsin 6

|1 — ate®®|? B la — tei®|?

9 ,, i
%(te 67(1) =

Remark. Many times the trigonometric estimates are difficult. Then, it is useful to
estimate

|1 —re P < (1 —7r)? + [t
Here A =< Bif C™'A < B < CA for some C € (0, 00).



